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Page 38. Prob. 17 — Right hand member (in brackets) should 

have index 2. 

« 46. Last line, d = 4^. 

« 50. Omit " Art xii." 

" 53. Ex. 1 — Num. of last fraction, for a; = a read x-a. 

" 60. Ex. 4 — Index of x in 4th term should be m - 3. 

95. Read page 92 for ** page 86." 

110. Ex. 3 — Last term in denom. read — for +. 






« 1 28. Prob. 1 5— For a; - 4 read a; - 1. 

" 133. Ex, 6 — After a^ (in brackets) insert x. 

♦' 146. Prob. 9 (2)— -For + read « before /^. 

" 194. Ex. 7— Insert - before value of x. 

« 197. Ex. 14— Middle fraction of (4) for +6 read - k 



NoTEjrp Teachers. — The last two articles of chapter on Fac- 
Jb^npg^ikn^lsome of the more difficult exercises, may be omitted 
' Id^going t&rio«gh the book the first time. 






Cage's IKatj^ematual Swie«. 



THE TEACHER'S 

Hand-Book of Algebra; 

CONTAINING 

METHODS, SOLUTIONS AND EXERCISES 

.p 

ILLUSTRATlNa 

THE LATEST AND BEST TREATMENT OF THE ELEMENTS | 

OF ALG£BBA« 



BY 

J. A. McLELLAN, M.A., LL.D., 

HIGH SCHOOL INSPECTOR FOB OKTABIO. 



*The object of pure Maiheniatics^ which U anotJiername for Algelf^DUfm* 



of the laws of the human intelligence*'*— STLTBBTEit, / ^^ 



TORONTO: ^v!PLE\^ 

W. J. GAGE & COMPANY. ^ 

NEW YORK : D. APPLETON & COMPANY. 
LONDON, ENG. : W. KENT & CO.. PATERNOSTER ROW. 

1879, 



/S-/. /. 7/ 



Entered according to Act of Parliament of Canada in the year 1880 by W. J 
Gaoe & CoMBAJsn, in the office of the Minister of Agriculture. 



PREFACE. 



This book — embodying the substance of Lectures at Teachers* 
Associations — ^bas been prepared at the ahnost unanimous request 
of the teachers of Ontario, who have long felt the need of a work 
to supplement the elementary text-books in common use. The 
foUowing are some of its special features : 

It gives a large number of solutions in illustration of the best 
methods of algebraic resolution and reduction, some of which are 
not found in any text-book. 

It gives, classified under proper heads and preceded by type* 
solutions, a great number of exercises, many of them illustrating 
methods and principles which are unaccountably ignored in 
elementary Algebras. 

It presents these solutions and exercises in such a way that 
the student not only sees how Algebraic transformations are 
effected, but also perceives how to form for himself as many 
additional examples as he may desire. 

It shows the student how simple principles with which he is 
quite familiar, may be applied to the solution of questions which 
he has thought beyond their reach. 

It gives complete explanations and illustrations of important 
topics which are strangely omitted or barely tduched upon in the 
ordinary books, such as the Principle of Symmetry, Theory of 
Divisors, Factoring, Applications of Homer*s Division, &c. 

A few of the exercises are chiefly supplementary to those pro- 
posed in the text-books, but the intelligent student will find that 
even these examples have not been selected in the usual appar- 
ently aimless fashion ; he will recognise that they are really 
expressions of certain laws ; they are in fact proposed with a view 



iv PREFACE. 



to lead him to investigate these laws for himself as Boon as he 
has sufficiently advanced in his course. Nos. 8, 9, 10 and 11 
afford instances of such exercises. 

Others of the questions proposed are preparatory or interpreta- 
tion exercises. These might well have heen omitted, were it not 
that they are generally omitted from the* text-hooks and too often 
neglected hy teachers. Practice in the interpretation of a new 
notation and in expression hy means of it, should always precede 
its use as a symhohsm itself subject to operations. Nos, 23 to 
86 of Ex. iii., and nearly the whole of Ex. xv. may serve for 
instances. 

By far the greater number of the exercises are intended for 
practice in the methods exhibited in the solved examples. As 
many as possible of these have been selected for their intrinsic 
value. They have been gathered from the works of the great 
masters of analysis, and the student who proceeds to the higher 
branches of mathematics will meet again with these examples 
and exercises, and he will find his progress aided by his familiar- 
ity with them, and will not have to interrupt his advanced 
studies to learn processes properly belonging to elementary 
Algebra. In making this selection, it has been found that the 
most widely useful transformations ar^, at the same time, those 
that best exhibit the methods of reduction here explained, so that 
they have thus a double advantage. A great part of the exercises 
have, of necessity, been prepared specially for this work. 

Articles and exercises have been prepared on the theory of 
substitutions, on Elimination, &c., but it has finally been decided 
to hold these over for Pt. ii., which will probably appear if thf 
present work be favorably received^ 
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CHAPTER I. 



Section I. — Substitution. 



Exercise i. 

1. If a = 1, 5 = 2, c = 3, d = 4, » = 9, y — Q, find the 
value of the following expressions : — 



a^(a7— y) — (6-c)(rf-a)-(y-6)(a? + c). 

(a?+ti)(yH-6-Hc) + (aj-d)(a-6-(?) + (t/ + (£)(a-aj-d). 

(a_6)(c3».52a;)-(c-d)(63.ei2a:) + (rf-6-c)(d3-.c3) 
t/ — a rf + 6 _ o^'^ + ft 
rf + a d— c d — b 

2. If a =^8, 6 = - 4, c = •- 9, and 2« = a+5+c, find the 
value of the following expressions : — 

«(« — a)(« — 6)(«-c). 

8^ -(«-a)(« — ^)-(« — 5)(s-c) — (5 — c)(»— a). 
2(«-a)^«— 6)(«— c) + a(«-6)(s-c)-f 6(s-c)(s-a) + c(«-a)(s-6), 

8. If a = 2, 5 = - 8, c = 1, jb =k 4 J, find the value of the 
following expressions : — 

aJj-6^ a^^b^ {a -by (a-by 

a^ab^ 0^-53 a;| 2a;-8 _ 8a;-l )a?-l 
a2-a6 + &2' a3-53' 2I 8 4 i"2~* 

( a.f6)](a-h6)^-c^[ ^ 

462c3-(a2-63-c3)^' 
o''^(6-c)-f&^(c~a)-f-^^(<t-6) 
(a-6)(6-c)(c-a) 
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4. If a •-= 6, 5 = 5, = - 4, (f = - 8, find tlie value of thf 
following expressions : — 

v/(6«+ac)+ y/{c^—2ac), v/]*^+a<5+ v/(c«— 2ac)|. 

2a- ^/(Z»8 -oc/ c» + 2t/(£/2_c2)' 

5. If a5 = 8, y = 4, «=0, find the value of : — 

{x^-y^)-T-^{Qx^ + S(Sx^ + 3xy+y^)y}. 

6. Calculate the values of (a:+y+^)^~8(a;3+y3+^^) ^^^^^ 

(a) a5 = l, y = 2, «3=8. 

(6) a; = 2,y = 8,;5 = 4. \ 

(c) aj = 8, t/ = 4, ;2; = 5. 

(d) a=10, 7/ = ll, 2=12. 

7. Given jc ^ 8, y = 4, « = — 6, calculate the values of 

(x+y+x)^ -B^x+y+z) (xy+yz+zx). 
x^{y+z)+y^{z+x)+z^{x+y)-^2xjz. 
x^{y-z)+7j9lz-x)+z^{x-y). 
{Bx''4z)^+9{Ax-z)^-{12x-5z)^. ^ 

{Sx'^iy+6z)^ + (ix+Sy+12z)9-^(5x+5yi'lSz)K 

8. If « = a+6+c, find the value of 

(2s-a)3 + (25-6)2-(25+c)3, given 
(1) a = 8, Z» = 4, c = 5, (2) a = 21, A = 20, c=2D, 

(3) a = 119, 6 = 120, c = 169, (4) a = 3, 6= -4, c = 5, 
(6) a = 5, 6 = 12, c=-18. 

9. If a = l, 6 = 8, c = 6, d=7, <fi=9,/=ll, prove that 

1 + 1+1+^4 = 1(141 
ab be cd de ej 2 \ a / 



a6c feci crf« d^ 4 \aA i^'j * 

i^icfi^ ^(d edtf 9 \abc d^j^ 
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ci^ct^j^e^-cd-de-ec^d^-^e^+P-'de-ef-fd. 

10. If a=l, 6 = 2, c = 3, (i = 4, « = 5,/=6, ^ = 7, prove that 

a+b+c-^d+e=iefy a + b+c+d+e+f^ify^ 

ab(a-\'b) 

ab[a-^b) ab[a-i-b) 

a2 4.63+c2+rf2+e2+y3= ML'^.^). 

ab[a+b) 

a^+b^^c^+d^-i.e^+p=,(^a+b+c + d-{-c+f)^ 

a4 +M +e4 = cd{c+d){ c^d-i) 

bc{b-}-c) 

bc{b'{-c) 

6c(6 + c) 

bc(b+c) 

11. Assume any numerical values for «, y, and z, and calculate 
the values of the following expressions : — 

(a:*-10a;3 + 5ic)2 + (5a;4-lCic2 + l)2-(a:» + l)«. 
(aj+l)3_2(ic+5)3-(ic + y)3+2,ic+ia)3 + (ic+12)8-(a; + 16)3. 

(«2 -y2)3 +(2aJ2/)2 - (X3 +2/2)2 {l2(a;3 +2/3}»}. 

(«3-8a;y3)2 + (ga;2y.2^3)3-(a;2 4.^2)3. 

(3a;3 + 4a;//+i/3 j2 + (4^.3 +2^:7)2 - (5a;2 +4a;>/ +y»)3. 

(«-2/)^ + (i/-^)^ + (^-ic)3-3(a;-y)(y-;5;(;5~aj). 

Art. I. If x = any number, as, for example, 8, then x^ 
(which = x.x) = 3a, aj3 (which = x.x^) = 8aj2, a;* (which * x.x^) = 
8x«, &0, Or 8«», J^a; = aj3, Sa:^ =«*, 3a;*»»*, &o. Hence prob* 
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lems like the following may be solved like ordinary arithmetical 
problems in " Bedaction Descending." 

Examples. 

1. Find the value of a;^ — 2a?— 9 when z = 5. 

a;»-2a;-9 
5 

6x 

8x 
5 

15 Explanation, 

-9 x^ = 5x, 

/. a;2 - 2a; = 8a: = 15, and 

o .-. a;2-2a:-9 = 15-9 = 6. 

2. Find the value of a;^-a;3-4a;3-8a;-5 when a; = 3. 

x^-x^-ix^-Bx-b 
8 

i?i Bx^ 

— ajS 

fj 2aj3 

8 

P^ 6x^ 

-4a;» 

r, 2aj3 

8 .-. a;^-a;3--4a;3-8a;-5 = 4 

— ifa; = 8. 

Ps 6aj 

-8aj 

r^ 8aj 

8 

Pa 9 

% •• *• 
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Explanation* 

:. a;*-a;8 = 2a;8 = 6iB», 

.-. a;*-a;8-4a;2=2aj»=6a?, 

.-. a;*-a;3-4iB3-8a: = 8a;=9, 

8. Find the value of 2x^+12x^+6z^ -12a;-f 10. 
Using coefficients only, we have 

2+12+6-12+10 

Pi -10 

+12 

Ti + 2 

- 5 

+ 6 

fg - 4 

- 5 

Pb 20 

-12 

^s 8 

+10 

r^ -80 

/. the quantity ^ — 80 if »= - 6. 

Art. II. If the coefficients, and also the values of x are small 
numbers, much of the above may be done mentally, and the work 
will then be very compact. Thus, performing mentally the mul- 
tiplications and additions (or subtractions) of the coefficients, 
and merely recording the partial reductions ri,r^,r^, and the 
result r^, the last example would appear as foUow9 \^^ 



BTJBSTITUTION, 



-5 ) 2 +12 +6 -12 +10 

2 

-4 

8 

-30 

Art. III. In the above examples, tlie coefficients are "brought 
flown" and written below the productsjp^, jpg, jOg, jp^, and are 
added or subtracted, as the case may require, to get the partial 
reductions rj, rg, rg, and the result r^. Instead of thus ** bring- 
ing down " the coefficients, we may " carry up *' the products jp^, 
jOg, jpg, jp^, writing them beneath their corresponding coefficients, 
and thus get r^, r^, rg, r^ in a third (horizontal) line. Arranged 
in this way Ex. 2 will appear 

1 -1 -4 -8 -6 
+ 3 +6 +6 +9 
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+ 3; 4; 



1 +2 +2 
and Ex. 3 will appear 

2 +12 +6 -12 +10 
-6 -10 -10 +20 -40 



2 +2 -4 +8; -30 

Comparing these arrangements with those first given (Ex. 2 
and 3), it will be seen that they are figure for figure the same, 
except that the multiplier is not repeated. 

Art. IV. "When there are several figures in the value of a;, 
they may be arranged in a column, and each figure used sepa- 
rately, as in common multiplication. Where only approximate 
values are required, " contracted multiplication " may be used. 

4. Find the value of Sa:^ -16Ca;4 + 344a:3+700a;2-191Ca;+ 

1200, given « = 51. 

3 -160+844 +700 -1910 +1200 

1 3 -7-13 87 -23 

50 160 -350 -650 1850 -1150 



7 -13 +37 
result is 27,. 



-23; +27 
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5. Given a;s 1*188, find the value of 64a;^ — 144a;+45 correct to 
three decimal places. 

1 
1 
8 
8 



64 








-144 


+45 


" 


64 


76-712 


89-5678 


-880419 




6-4 


7-5712 


8-9567 


-8-8042 




6-12 


6-0570 


7-1654 


-8.0484 




•192 


•2271 


•2687 


- -1^41 


64, 


75-712, 


89-5673, 


• 88-0419, 


- •0U86, 



• • 



result is — -004. 

Exercise ii. 
Find the value of 

1. a;4-l]a;3-lla;3-18a;+ll, fora?=rl2. 

2. a;4 + 50a:3-lCa;3-lCa:-61, for a =-17. 
8. 2a;4+249a;3-125a;3-M00, for «= -125. 
4. 2a;3-478a;3-. 234a;- 711, fora; = 200. 

6. a;*-8a;2-8, fora; = 4. 

6. »« - 515a;« - 3127iB4 +525^8 -2090a;2 +81 5Caj- 15792,, for x 
1=521. 

7. 2iB«+401aj*-199a;8+899a;«-602a;+211, for «= -201. 

8. 1000aj*-81aj, fora; = -l. 

9. 99aj*+117a;3 - 257aj3 -825a: - 60, for aja If . 

10. 5a;* +4»j7a;4+200a:8+196a;2-2iea;- 2000, fora;=-09. 

11. 6a;*- 620a;* -1080a;S + 1045a;2-4120a;+9000, fora; = 205. 
Calculate, correct to three places of decimals, — 

12. a;8+8a;2-18a;-88 for a; = 8-584 18, for a; = -8-77931, and 
for a; =-2-80512. 

13. 2/*-142/2+y+88 for 2/=:818181, for 2/=-l'84818, and 
for y= -8-28319. 

Exercise iii. 
What do the following expressions become (1) when x^a, (2) 
when x= -a'^ 

1. a;*-4^a;3 + 6fl2a;«-4a3a;4.a*. 

2. |/'(a;»-flra;+a»). 8. •|/(«'+2^ra;+a»). 
4. (a;2+flra;+a2)8-(a;2-fla;+tt2j3. 

If a; = y = «: = a, find the value of the following expressions : 
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5. (x-y) (y-z) («-«). 

6. {x+y)^ {y'{-z—a){x+Z'-a), 

7. x{y+z) (y»+;5»-iB») +y(«+a:)(«»+a;3-y3)4.2;(»fy) (a;» + 



8. -:L- + ^L- + 



y+« «+« aj+y 
Find the value of 



9. ± + ^whenx=-^. 
a b a-\-h 

10. -^^ + .^J— . + -y^, when «= l(a- J+c). 
a(o— a;) ©(c-a) a(x-c) a ' 

a b — a o(o+a) 

12. (a+aj) {b+x)-a{b+c)+x^, whena;= — . 

b 



18. bx+cy+az, when a; = 5+c-a, y = c+a-6, « = a+6 -c, 
14. ?^l±g+g - -i-^. when x= -a. 

\aj+fc/ aj-a-26 ^^ ^ 

16. (p-q) (x+2r) + (r'x) (p+q), when a;=!l??-lil. 

2q 

17. a8(6-c)4-6*(c-a)+c2(a-6), whena-.&=:0. 

18. (a+i>+c) (6c+ca+a5) - (a+b) (b+c) (c+a), when a= -5. 

19. (a+6+c)»-(a3+58+c3)\ whena+2» = 0. 

20. (a;+y+«)*-(a;+y)*-(y+2;)4-(2+a;)4+aj*+y*+«*,when 

aj+y+^=o. 

21. a»(c-68)+&3(a-c3)+c3(5-a3)+a6c(a&c-l), when5-a» 

"22. aW^J^r + 6W?^!±ir,whena«+6«=0^ 
28. Express in words the facfc that 

24. Express algebraically the fact '' that the sum of two qnan- 
tities multiplied by their difference is equal to the difference of 
the squares of the njuinbers.'* 
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25. The area of the walls of a room is equal to the height mul- 
tiplied hy twice the sum of the length and breadth : what are the 
areas of the walls in the following cases : 

(1) length If height h, breadth b, 

(2) height x, length b feet more than the height, and breadth 
h feet less than the height 

26. Express in words the statement that 

(a;+a) (x+b) =x^ +{a+b)x+ab. 

27. Express in symbols the statement that " the square of the 
sum of two quantities exceeds the sum of their squares by twice 
their product." 

28. Express in words the algebraic statement, 

(x+yy =x^+y^+dxy{x+y). 

29. Express algebraically the fact that "the cube of the differ- 
ence of two quantities is equal to the difference of the cubes of 
the quantities diminished by three times the product of the 
quantities multiplied by their difference/' 

80r If the sum of the cubes of two quantities be divided by 
the sum of the quantities, ihe quotient is equal to the square of 
their difference increased by their product ; express this algebrai- 
cally. 

81. Express in words the following algebraic statement : 

x-y 

82. The square on the diagonal of a cube is equal to three 
times the i^quare on the edge ; express this in symbols, using 
I for length of the edge, and d for length of the diagonal. 

83. Express in symbols that " the length of the edge of the 
greatest cube that can be cut from a sphere is equal to the square 
root of one-third the square of the diameter.** 

84. Express in symbols that any "rectangle is half the rectan- 
gle contained by the diagonals of the squares upon two adjacent 
sides." [The square on the diagonal of a square is double the 
square on a side.] 

85. The area of a circle is equal to 7f multiplied into the s^ua]:^ 



10 BUBBTITUTIOM. 

of the radius ; express this in symbols. Also express in symbols 
the area of the ling between two concentric circles. 

86. The volume of a cylinder is equal to product of its height 
into the area of the base, that of a cone is one-third of this, and 
tliat of a sphere is two-thirds of the volume of the circumscribing 
cylinder ; express these facts in symbols, using h for the height 
of the cylinder, and r for the radius of its base. 

Exercise iv. 

Perform the additions in the following cases : 

1. {b'-a)x+{c-b)y, SLndi {a+b]x-\'(ff+c)y. 

2. ax-hy, {a^b)x-'{a-^b)y, and (a + 6)a? — (6— fl)y. 

8. (y—z)a^ + {z-'X)ab + {x-y)b^t and (aj-y)a> — («-y)a&-.(aj 

4. ax+by+cz, bx+cy-^-aZy and cz+ay+bz, 

5. (a+6)a?3 4-(6+c)^3+(a+c>3, (6+c)a;2+(a+c)y»-f (a+&)2», 
{a'{-c)x^ + {a+b)y^ + {b+c)z^, and-(a+&+c) (x^+y^-^z^). 

6. x(a--b)^ +y(b-'c)^+z{c-a)9, y{a-6)» +«(6-c)«+aJ(c- 
a)3, and2(a-6)3+aj(&-c)3+y((j-a;^ 

7. (a - 6)a;2 -f (i» - c)y 3 + (t? - a)»» , (6 - c)aj' + (c - a)y « + (a - ir)«», 
and (c-rt)a;3 + (rt-%* + (^-c)a». 

8. {a-hb)x+{b+c)y-{C'{'a)z, {6 + c)«+(c-t-a)a?— (a+6)y, and 
{a+c)y-\'(a+b}z'-(b+c)x. 

9. a3-3a6-it-/;«, 263-i58-fc8, a6-j6«-f6», and2a5-i5». 

10. ax^'-Bbx^ -9<^a;•'-^7/;aJ^ and -Sbaf + lOaaf. 

11. What will (ax—by '^cz)-{'{bx+cy^az)^{cz'{-ay+hz) be- 
come when x-y-z = l ? 



^ 



Section II. — Fundamental Fobmulas and theib Application. 

4. By Multiplication we get 

{x\-r) fj;+«)=a;'-f(r + «) x-\-r8 A. 

{x{'r)\x-\-!i){X'^t)=^x^'^{r'\'S'\-i)x^'k-{r8±8t'\-tr)x-\-r8t B. 

From A we immediately got 
(^J;i/)'^-x»±2u;y-|.y» [1] 



•* 
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((K + y + «)»=«« + 2a;y + 2a»+y» + 2^«4 22 [2] 

(2a)2 = 2a2 + 2 lab [8] 

{x-^y){x — y)-=x^—y^ [4] 

From B we derive 

(x±y)^=x^±Sx^l/-]-dxy^±y^ [6] 

= x^±7j^±dxy{x±y) [G] 

ix + y-{-zy=x^-hy^+z^-^Sx''{y-\-z)'^Qy^{z-hx) f8«^(x+y) 

+ 6^yaj [7] 

:=x^-ry^ + z^ +S{x + y) {y^z){z + x) [8] 

= x^-\-y^-\-z^'\-3{x+y -}- z) {xy '\- yz-k- zx)-^3xyz.,, [U] 

(2a)3 = 2a3 + 3^a^h^ QZabc [10] 

[The symbol £ means the sum of all such terms as] 

Formula [1] . — Examples. 

1. We have at once {x^yY + {x—yY = 2{x^ + 2/2), and 
(a; + y)a_(aj — y)3=4;r2/. 

2. (a + 6 + c + c?)^ + (a — h — c + dY may be written 

{(a + t^) + (6 + c)}3 4- {(a + c?) — (6 + c)}», which (Ex. 1) = 
2{(a + tZ)3+(6 + c)^} ; similarly 

(a — &4 c — c?)«+ (a + &— c — rf)« = {(a — df) — (6-.c)}2 + 
{(«_c/) + (6-c)}2=2{(a-(^)2 + (6— c)2}; 

.-. (a+i> + c+ (i)'»+ (a — & — c + c^)« + (a — 6 + c — d)a4. 
(a + & - c - (i)« = 2{(a + dy + (6 + c)3+ (a - ti)» + (6 - c)8} = 
(again by Ex. 1) ^(a^+h^j^c^j^d^y 

8. Simplify (a+6+c)8-2(a+&+c)c + i;» ; 

This is the square of a binomial of which the first term is 
(rt-^-5.f(*) and the second -c; the given quantity .". as 
{(a+6+c)-c}2 = (.( + 6)3. 
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4. Simplify {a+h)^ -2{a^+b^){a+b)^ + 2{a^+h^). 

By Ex. 1. 2(a4+M) = (a«+52)» + (a«-.63)3; /. given quan- 
tity =(a+Z^)*- 2(a2 + h^)(a + b)^ + {a^ + 6«)» + (a^ - 68)2 = 
{(a+6)2-(aS^+Z/2)}3 + (a3-63)2=a* + 2a262+64 = (a» +62)». 

Exercise v. 

1. (a;+3y2)2 + (a;^82/2)2, (ia2 + 86«)«-(la2 -82.2)3. 

2. Shew tbat {mx+ny)^ + {nx-myy = {m^-^n^) (x^+y^). 
8. " ** (iwa;-n2/)2^(waj-W2/)2 = (w2-w2) (a;2-2/2). 

4. Simplify {aH-86)2+2(a+86) (a-6) + (a-6)2} {a-6}2. 

5. " (»+ 8)2 + (a;+4)2-(aj+5)», and (^^2-2^2)2^ 
(i//2+2a;2)2. 

6. Simplify (a+6+c)2 + (5+c)2-2(6+c) (a+6+c) 

7. Shew that {ax-\'hy)^ + {cx-\-dy)^ + {ay - 6«)2 + (cy-cfa;)2 3 
(a2 + Z/2 + c2 + cZ3) (a;2+2^2). 

8. Simplify (a;-82/2)2^_(3a;2.2/)2-2(8a;2-y) (x-dy^). 

9. " . (a:2+a;2/-2/2)2-(a;2-a;y-y2)s^and(l+2a;+4a;2)2 
+ (l-2a;f4a;2)2. 

10. If a + 6= -Jc, shew that (2a-6)2 + (25-c)2+(2c-a)2 + 
2^2a-6) (22>-c)+2(26-c) (2c-a)+2(2c-a) (2a-^) = ^V*. 

11. Simplify2(a-5)2-(a-2i)2; (a2+4a&+62)2 -(a2 4.62)s. 

12. " (a+^)2-(t+c)2 + (c+d)2-(d+a)«. 

18. " (i»-y)2+(ii/-;2^)2+(^;8;-a;)2 +2(iaj-2/) {{z-x) 
+ ^iy%){h'^-x) + 2{ix-'y)iiy'-z). 

14. Prove that {x-y)^+{y-zy+{z-x)^ = 2{x-y){z'y) + 
%-») (2 -a;) +2(2-1/) («-«). 

15. Simplify (l + a;)4-2(l+a;2) (1+ a;) 2 +2(1+ a;*). 

10. " (x+y+z)^ - (x+y-zy -{y+z-x)^ -{z+x-y^. 
17. '' (a;-2?/+82;)2 + (8z-22/)2+2(ic-22/+82) (2y-82). 

18. ** (^2 +62 _c2)34.(c2 _ [,2)2+2(62 -c3)(a24.^>3«c2), 

B|a9t " (fB+^)^ + (iB-2/)*-2(a;-j^)2(a;+^)2. 
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20. " (5rt+86)« + 16(8a+i)»-(18a+56)». 

21. Sliewthat (8a-6)3+(86-c)» + (8c-a)2-2(6-8«) (86-c) 
+ 2(86-c)(8c-a)-2(a-8c)(8a-6)-4(a+6+c)«=0. 

22. If22 = 2a:y,provethat(2a»-2/3)a + (2«-2y8)3+(«3-22;2)« 

-2(2aj2-2/3)(>g3_2y»)+2(a;3-222)(a2-22/8)- 
2(ic3-223) (2a32-y») = (ic+2/)*. 

28. Simplify {l+x+x^+x^)^ + {l-x-x^+x^)^ + 
(l-a;+««-a;8)2 + (l+aj-a;«-a;3)3. 

24. Simplify {ax-\'by)^-2{a9x^ + bhj^) (ax+hy)^ -^ 

^a^x^+h^y^). 

Formulas [2] and [8]. — Examples. 

1. (l-2«+3aj2)3=:l-4a;+6a;3 

+4a;«-12«3 

+9x^ 

= 1 - 4a;+10ic« - 12a;8 +9aj*, 

2. (a6+6c+crt)3 = a»&3 + 2a63c+2a26c + 6M+2«5c«+c«a3=a 

y2+2/4 = (a;+2^)* + (a;+y)2{(a;+2/)3 + fic-?/)3} -f «* -f 2aj V + 2/* 
= 2(a;+2/)* + (:c3.2/3)3+aj*+2xV+2/* = 2{(a;+2/)*+a;* + 2/4}. 

4. (a;2+a;y+2/^)^=i»*+2»^y + 2a; V +a522^^ +2a;^3 +2/* = 
(a+2/)3a;« +a;32/2 +y^{x+y)^. 

5. In Ex. 8, substitute 6 — c for a?, c -a fory, and consequently 
6 — a for x+y, then since (6 — a)^ = (rt— fc)2, Ex. 8 gives 
{(a-6)8 + (6-c)8+(c-a)3}3=2{(a-6)4 + (^,-c)4+(c-a)*}. 

6. Making the same substitutions in Ex. 4, we have 

(c — a)*(a — J)3, or, multiplying both sides by 4, 

{(a-6)3 + (6-c)3 + (c-a)3}3 = 4(rt-6)3(6-c)3 + 4(6-^c)ax 
(c-a)»+4(c-a)S>(a-6)3, and .'. fromEx. 5, (a-i)*4-(6-:c)*-f 
((.-a)*:*2(a-6)»(6-.c)a + 2(6-o)»(c*a)3+2(c-a)2(a-e>)^ 
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Exercise vi. 

1. (l-2a;+3a;3-4«3)3, (1 -a; + a;3 -a;3)». 

2. (l-2a;+2a;»-8a;8 -«*)», {l+Sx+dx^ +x^)^. 

0. (2a -6-c» -.!)», (l-aj + 2/+0)3, (ia;-i2/+62f)'- 
4. [x^^x^y+xy^-y^)^, {ax-^bx^-^-cx^+dx^)^. 

6. Shew thai; (a^ 4-62 + c«) (a;^ 4-2/«+22)-(aa:+ 6y+ C2)2 = 

6. Prove that (aH-6)a;+(6+c)y + (c + a)2 multiplied by {a—b)x 

+ {h^c)y+{c—a)z, is equal to the difference of the squares of 
two trinomials. 

7. Shew that (a-6) (a-c) + (6-c) (6-a) + (c-a) (c-5)- 
jf(a-6}3 + (6-c)3 + (c-a)3}=0. 

8. Simplify {a-(6-c)}« + {6-(c- a)}» + {c-(a-&)}». 

9. Show that {a^+b^''X^)^+{al+bl-x^)9 + 2{aaj^+hb,y 

10. Prove that {(a-6)(6-c)+(6-c)(c-a) + (c-a)(a-Z/)}5 = 
(a-^)8 (6-c)» + (6-c)2 (c-a)2+(c-a)3 (a-6)2, 

11. Square 2a— i5a;—Jcaj + 2(/a;. 

12. If a; + 2/ + 2 = 0, shew that a;* + ^* + 2* = (a;3 -2^2)8 + 

18. Provethata2(6+c)8+&2(c+a)2+c2(a + ?>)2 -|-2a6c(a+& + c) 

Art. V. To apply formula [4] to obtain the product of two 
factors which differ only in the signs of some of their terms : — 
gi'oup together all the terms whose sigas are the same in one fac- 
tor as they are in the other, and then form into a second group 
ail the other terms. 

• Examples. 

1, Multiply a + 6— c+i by a— 6 — c— (i; here the first group i& 
a— (J, the second b-^d; /. we have 
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2. (1 + 8x+Bz^ + «») (1 -~ Sic 4- 8aj8 - «».) = {(1 + 2x^) + 
(fc4-a;5)} {(l+Sa;') - (8a;+a;3)} = (l+8a;»)» - (8a;+a;»)3= 1- 

8. Find the continued prbdnct of a-{- f'-^-c, fc+c—a, c+a— i and 

The first pair of factors gives {(&+c)+a} {(5+c)— a} = (6+c)« 

The second pair gives {a— (6 — c)} {a+(&— <?)} =a* — 6*+26c 

^c' ; the only term whose sign is the same in both these results 

is 2bc ; hence, grouping the other terms, we have 

{26c+(i» + 3»-a«)} {26c-(6»+c8 - «»)} = 
(26s)»- (63 +c»-a3)3 = 2a«6»+26M+2c3a«-a4. 54.^4. 

4. Prove (a3+a6 + 6)»-a»6» = (a«+cf6)»+(a6 + 68)». 
The expression =(«34.^s) {a^+2ah+b^) = {a^+b^) (a+6)» = 
a«(a+6)«-|-68(a+6)» = (a«+a6)3+(a/;+62)«. 

Exercise vii. 

I. (a»+2a5+62) (a«-2a6+6S). 

8. (a«-a6+263) (a8 + a6+268) ; (a;*+4ary) (a:* ---%). 

4. {{x+y)x-y{x-y)\ {{x-y) x-y(y-x)}. 

5. Simphfy: (a;+3) (a;-8)+(a;+4) (i;-4)-(a; + 5) (a?- 5). 

6. " (l+ar)* + (l-a;)*-2(l-a;8)2, 

7. (a;8+y^)»-(2a;7/)3-(a;2 -2/2)8. 

8. (2a2-362+4c3) (2a2+8i2— 4c»). 

9. (2a+6- 8c) (6+8c-2a) ; (2a— 6-8c) (i-Sc— 2a). 

10. (a;*+^*) («»+?/«) («+2/) («-Z/)- 

II. (a;»4-iC^+2/») («» -xy+ij^) (x^-^x^y^+y^). 
12. (a+6-a6— 1) (a+64-aHl). 

18. Prove (a24-6«+c2)(6«+c3-a«)(c2+a3-.52)(a3+62-c2) 
fc46*c* when a* = 6*+c*. 

14. {x^+y^''ixy){x^^y^+ixy). 

!«• («*-2«8+8»»-2»+l) (»*+aB«+S»«+2«+l). 
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16. Multiply {2x-y)a^ - {x+y)ax +x^^ by {2x - 2/>^ + 
{x+y)ax-x^. 

Prove the following : 

17. {a^-hh^'{'C^+ab-\^bc+cay-'{ah + hc + ca)^=:(a+ 5+c)3 

{(«+&) (He)} » + {(6+c) (c+a)}3. 

{rt-{-6+c — (i) (a + fc — c-frf) (c+d+fit— i) (c+^— a+5). 

20. Find the product oix^'\'y^+z^-'2xi/+2xZ'-2yz and «' + 
2/2 +29 - 2a;i/ - 2^:2+22/2. 

21. (a;3 +y^+xyi/2) («» -a;!/|/2+y2) (a;* -y*). 

22. (l-6a+9a3)(j-f.2a+3a2). 

23. {(w+n)+(p+j)} (w-j+;?-»;. 

24. Obtain the product of 1+x+x^, x*+x — l, x^^-x+l, and 
l+aj-«2. - 

25. (a-52)3 (a+63)3 (a8+i4)> (a^+fcs)*. 

26. Shew that (a;^ + a;y + y^)^ (aj^ - «]/ + y*)* - (x^y^)^ = 

Formula A. — Examples. 

1. Multiply 35* — a;+5 by a;^ —a;— 7 : here the common term is 
aj9 —a?, the other terms +5, and— 7, hence the product = (a;* —a;)* 
4.(-7+5)(a;?-a:)+(-7x5) = (a;«-a;)3-2(aj'-a;)-85x=a;*- 
2a;»-a;2+2aj-85. 

2. (a?— a) (aj— 8a) (a;+4a) (aj+6a): taking the first and third 
^ factors together, and the second and fourth, we have the product 

= {x^+dax - 4a2)(a;^-|-3aa;-18a2)»(a;«+8aa;)» - (4a« + 18a9) 
X(a;^+8aa;)-72a4=2&c. 

Exercise viii. 

1, (a?«+2a;+3) (a;^ + 2a;-4); (aJ-y+S^) (aj-y+52). 

2. (a;+l)(a;+5) (a;+2)(a;+4); (a;3+a-.6) (a;3+26-a). 

8. (a»-8)(a3-l)(a9+5) (a»+7); (a;* + »? + i)(a?4+aj3-.2), 
4. {(a;+2/)«-4a;y)} {(a;+y)'+5a;y}. 
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6. (nx^y+d) (nx-^y+l). 

7. {x+a—y) (x+a+dy). 

8. (a;^» +af -a) (aj2» +a;» -6). 

11. Multiply together a? -2+ ]/2, aj-2 + i/8, aj-2-|/2, and 

12. (a;H-a+2») (a;+6-o) (a?-a+6) (aj+6+c). 

18. (a+b+c) {a+b+d)+{a+c+d) (b+c+d) ^(a+b+c+dy. 
14. Prove that 

(2a+26-c)(26+2c-a)+(2c+2a-i>)(2a+26-a)+(25+2c-a) 
(2c+2a - i») = 9{a6+6c+ca). 

FOBMULAS [5] AND [6]. — ^EXAMPLES, 

1. We get at once 

(aJ+2/)*+(»-y)» = 2a;(a;»+8y*). 

2. Simplify (a+6+c)3-8(a+&+c)«c+8(a+6 + c)c«^c«. 
This plainly comes under formula [6] , the first term being a+h 

+c, the second — c ; hence the expression is {(a+6+c)— c}« = 
(a+6)3. 

8. Shew that (aj'+»y+y*)" +(aJ2/-aj2-y')8 — 

This comes under formula [6] , the first term being 
(«' +a;|/-j^t/3), and the second- (x^-xy+y^) ; we have therefore 

{(a;2+a;y+y»)-(aj«-a?i/+y«)}8 = (2ajy)8 = 8ajV- 

Exercise ix. 
Simplify 

1. (l-aj«)»+(l+a.2)s, (aj»+ajy8)»-(aj»-a^8)8. 

2. (a+26)»-(a-6)«, (8a-6)8-(8a-26)s. 
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a (ic+y-«)»+3(a;+y-2)^2+«*+3{a;+2/-2).:'. 

6. (H-a;+aj-0*-(l-»+a;2)3-6a;(l+««+a;*). 

7. (a-6-c)3+(6+c)s + 3(6-|.c)2(a-6-c) + 8(a-fc-c)2(fc+5). 

8. (:^a;-4y -j- 52)3 -(og - 47/)3 + 3(52 - Ay)^ (dx - 4y + 5^)^ 
8{3a:-42/ + 52)2(5«-4y). 

9. (l+a:4-x2)3+3(l-a;3)(2+a;2) + (l-a;)». 

10. SUewtbata(a~26)3-fe(6-2a)3 = (a+fc)(a-6)3. 

11. Sliewtliata3{a3~2Z>3)s + [,3(2a3-63)3 = (a8.js)(a3j|.i,8)8. 

12. (jj2+xi/+2/''^)»+6(aj24.y2) (^xi^xy^yA)+^x^^xy'hy^)^. 

13. Shew that a3(a3 + 263)s + 63(2a3 + 63)3 + (fia-b^)^ = 
(a«+7a363+66)3. 

14. Simplify (cX'hbyy+a^y^'\'b^x^Sahxy(ax-\-by), 

16. What will a^+b^+c^—Sabc become when a+b+c = 7 

16. Find the value of «« -y^+z^+dx-y^z^ when a;^ ^y^ ^^i 
*0, 

FOBMULAS [7], [8] AND [9]. — ^ElCAMPLES. 

1. Simplify (2aj-3y)3+(4y- 5a;)3+{3aj-y)3- 
8(2»-.3y) (4y-5aj) (3a5-y). 

By [8J this is seen to be {(2aj- 32/)+(42/— 5a;) + (8a?-.y)}3a 
(0)8=0, 

2. Prove that(a— 6)3+(6-.c)3 + (c-a)3 = 8(a-6) (b^e) (c~a). 

Iq [8] substitute a— 6 for x, b^-c for y, and r — a for 2; for 
these values ;c+7/+z = 0, and the identity appears at once. 

8. Prove (a+6 + c)3 -(6 +c-a)3 — (a+c— 6)3-(rt4.i_r)3 = 
24aZH;. 

In [7] let a?s=64-c— a, y = c+a — 6, 2 = a+6— c, and therefore « 
H-^s:^c, ^-)-2; = 2a, e+a; = 26, and this idtutity at once appears. 
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Exercise x. 

1. Cube the following: l^x+x^, a^h-e, 1 — 2x'\-2x^-ix^, 

2. Simplify (aj2 + 2a;-l)» + (?a;-l)(a;- + 2a;- 2) — 
(a:S + 8aj«-l)8. 

8. *Prove that {x+y){y +z){z-^7^ •\-xyz = {x-\-y-\-z){xy A-yz-^-zx), 

4. Prove that {ax — hyY + a^y^ — b^x^ -•{' dabacy (ax — by) =« 

5. Simplify (a;-2t/)3+(y-22)3 + (2-2a;)3 + 8(a;-y-22)x 
(y-2-2a;)(2-aj-2y)+(a;+t/+2)3. 

6. Simplify {2x^ - 82/2+422)34.(2^2 _ 0^2 + 4x^)s + 
(22«-3a;2+4y2)3. 

7. Simplify (2ax-hj)^ +{2by -cz)^ + {2cz—ax)^'\' 
B{2ax-\-by — cz) {2by -\- cz — ax) (2(Z+ax — by). 

8. Prove (x^-^dx^y-y^)^ +{^xy{x + y)}* = {(a?- y)^+^x^y} 
x{x''+xy+y^}K 

9. Prove9(a:3+y'+28)~(a;+y+2)* = (4a;+42/+z) (a;-2/)^ + 
(4y+iz+x) (y-2)2+(42+4a;+y) (2-a:)2. 

10. If a;+y+2 = 0, shew that x^+y^+z^ = dxyz, 

11. If aj=2y+8« sjiew that x^-Sy^ -2723 - lSxyz = 0. 

12. Shew that (aj?+ay+t/f)3 + (a;2-ir2/+2/2)8+82«- 
C2« (x^+x^y^+y^) = 0,i[x^+y^+z^ = 0. 

13. Prove that 8(a+5 + c)3 - (a+6)3 - (6 + c)3 - (c+ a)3 a 
8(2a+6+c) (a+26-f c) (a+6+2c). 

Prove the following : 

14 (ax^hy)^ +b^y^ = a^i)^ '{•dahxy{by — ax). 



*Note that the right-hand member is formed from the left-hand ooe by changing 
additi/ma iuto multifflieatUnu, and multipHcations into additions; heuoe in {sc+y-i- 
M).ix.ytVJi-\-M.x the sit^ns + and . may be interchanged throughoat without alter- 
ing we Talne of the ezpresBion. 
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15. a3+63 4,c3-3a6c = i{(a-6)»+(6-c)» + (c-a)2} x 

16. {2-\-b + c) {{a + h-c) (6+c-a) + (6+c-a) (c+a-fc) + 
{c+a-b) (a + 6-c)} = (a + i-c) (b+c^a) (c-{-a^b)+8abc. 

17. a3+63+c3+24a6c = (a+& + c)3-3{a(J-c)2+6(c-a)2 + 

c(a-6)2}. 

18. (a+6+7c)(a-6)2 + (6+c+7a)(6-c)2+(c+a+76)(c-a)3 
= 2(a+6+c)3-64a6c. 

19. (a+6+c) {(2a-6) (26-c) + (26-c) (2c-.a) + (2c-a) x 
(2a -6)}= (2a -6) (26-c) (2c-a) + (2a+6-c) (26+c-a)x 
(2c+a-Z^). 

20. l(x^{y+z)=^a^,y^{z+x)==h^,z^{x+y) = c^,BJidxyz = abc, 
shew that a^ +b^ -^c^ ■^2abc=: (x-^-y) (y+z) {z+x) 

Expansion of Binomials. 
We have' from formula [5] 

(a+2*)3=a3+8a26 + 8a62 + j3 ; multiplying by a+ 6 we get 
(a4-2;)4=a* + 4:aH + Qa^b'^ + iab^+b^ ; multiplying this by 
a+bwe get 

(a-{-by=:a'^ -h^a^b+lOaH^ + 10a^b^ + 5ah^+ b^. 

From these examples we derive the following law for the form- 
ation of the terms in the expansion of a+ft to any required 
power : — 

(1). The index of a, in the^?'5i term, is that of the given power, 
and decreases by unity in each succeeding term ; the index of b 
begins with unity in the second term and increases by unity in 
each succeeding term, 

(2). The coefficient of the first term is unity, and the coefficient 
of any other term is found by multiplying the coefficient of the 
immediately preceding term by the index of a in that term, and 
dividing the product by the number of that preceding term. It 
will be observed that the coefficients equally distant from the 
extremes of the expansion, are equal. 
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Exercise xi. 

1. Expand (a:+y)«, {x+yy, (aj+j()», («+y)'*. 

2. What will be the law of signs if — y be written for y in (1) ? 
8. Expand (a-fc)», (a-26)*, (26-a)*. 

4. Expand (l+m)«, (w + l)«, (2m+l)«. 

5. What is the coefficient of the 4th term in (a — 6) ^ <> ? 

6. Expand (a;3- 2/) 4, (a-263)«, (a3-26»)«. 

« 

7. In the expansion of (a — 6) ^ 3^ the third term is 66a* ^b^, find 
the 5th and 6th terms. 

8. Shew that (a;+y)*-a;*-y« = 5a;y(a;+?/) (aj^+aj/z-f-y^), 

9. From (8) shew that '2{{a - 6)« + (6 - c)« + (c - a)«} = 
6(a-6) (6-c) (c-a) {(a-&)3 + (6-c)» + (c-a)»}. 



Section III. — Hobneb's Methods of Multiplication and 

Division. 



Examples. 

1. Find the product of kx^ + lx^-^-mx+n and ax^+hx-i-c. 
Write the multiplier in a column to the left of the multiplicand, 
placing each term in the same horizontal line with the partial 
product it gives : 

kx^ -^-Ix^ +mx -hn Q 



ax^ 



"he 



dkx^ •\-alx^ -^-amx^ •\-anx^ p^ 

+6A-a;* '\-blx^ -{-bvtx^ + bnx p^ 

-fc/raj^ -^clx^ -\-cmx'\'Cn p^ 



akx^ -f (al-hbk)x^'{-{am-\-bl-{-ck)x^ +{an+bvi'{-cl)x^ 4- 
{bn+cm)x'\'Cn P. 

Art. VI, The above example has been given in full, the pow- 
ers of X being inserte4 ; in the following example detached coeffi- 
cients are uised. It is evident that if the coefficient of tl^e first 
term of the multiplier be unity, the coefficients of the multiplicand 
will be the same as those of the first partial product, and may be 
used for them, thus saving the repetition of a line. 
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2. Multiply 8j;* - 2a:» - 2a: + 8 by jc* +8a: - 2. 



1 


8 


-2 


+0 


-2 


+ 8 






+8 




+9 


-6 


+0 


-6 


+9 




-2 






-6 


+4 


-0 


+4 


-6 



3a;«+7a:«-12a;*+2a;3-8j:» + 13a;-6. 
8. Find the product of (x-8) (a: +4) (a;-2) (a? -5), 



+ 4 


1 -8 

+4 


-12 


+24 




-2 


1 -hi 
-2 


-12 
- 2 




-5 


1 -1 
-5 


-14 
+ 5 


+24 

+70 


-120 




x^ -6a:a 


-9a;» 


+ 94a? 


-120. 



4. Multiply aj8 - 4a;» +2a:- 8 by 2a;* - 





1 -4 +2 -8 


2 





-8 


2 -8 +4 -6 [x^ 




-8 +12 -6 + 9 




2aj«-8a;«+4a?*-9a;3+12a;»-6a? +9 



[x^ X x^=x^] 



In this example the missing terms of the multiplier are supplied 
by zeros ; but instead of writing the zeros as in the example, we 
may, as in ordinary arithmetical multiplication, ** skip a line " 
for every missing term. 

6. Multiply 05* - 2a:3 + 1 by a;* - a:3 + 3. 



1 
^1 
+ 8 



1 +0 -2 +0 +1 r^4v^4-o.8i 

-1 -0 +2 -0 -1 [«*xa?4=aj»] 

+3 +0 -6 +0 +8 



X 



8 



-8aj» +6a?* -7a?» +8 
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6. Find the valne of {x+2) (a?+8)(a?+4) (» + §)• 9(a?+ 2)(«+ 8) 
X(ar+4) + 8(a:+2)(a? + 8) + 77(a?+2)-85. 





1 


+5 
-9 


-16 
+ 3 




+4 


1 


-4 

+4 




+ 3 


1 


+0 
+3 


-13 
+ 


-39 

+77 


+2 


1 


+ 3 
+2 


-13 
+ 6 


+88 

-26 +7fl 
-85 


- 


«*. 


+ 5x'— 7a.' 


»+12a! - 9 



7. Find the coefficient of a;* in the product of x ^ax^+bx^-* 
cx-i-d and x^-\-px+q. 

1 -a +5 -c +d 
— ap 

+q 



+p 



^{b-ap+q) 

Exercise xii. 
Find the prodnct of 

1. (l+a;+a;»+a:»+a:^)(l-ic+a;8-'aj^+a;8-a;i3+a.is), 

2. (l+a;«)(l-.aj«+a;6)(l+a;+a;3+a;3+a;4), 

8. (aj-5) (a;+6) (a;-7) (a;+8) ; (2a;«-a;2+l) (aj*-a;+2). 
4. (a;3 + 5a;2-16a;-l) (a;3-5a;2-16a;+l). 
6. (6a;«-ic«+2a;4-2a;3+2a;3 4.19a;+6) (8a;3 4.4a. + i). 
Obtain the coefficients of x^ and lower powers in 

6. (l + iaj-ia:»+T:V3-Tf^aj4) (1 - ix-ix^-^^^x^^^i^x^). 

7. Multiply 2a;7-a;3+8aj-4 by 8a?«-ac3-«-l. 
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Simplify the following : 

8. (ic+l) {x+2) (a;+3) + 8(aj + l) (a;+2)-10(a;+l)+9. 

9. x{z+l) {x+2) {x+S)"Sx{x-hl) {x+2)-2x{x+l) + 2x. 
10.^{x-l){x-2){x-3)+dx{x''l){x''2)'-2x(x'-l)-2x. 

11. (ar-1) (x+l) (x+S) (a;+5)-U(x-l) (aj-hl) + l. 

12. Given that the sum of the four following factors is — 1, find 
(1) the product of the first pair ; (2) the product of the second 
pair ; and (8) the product of the sum of the first pair hy the sum 
of the second pair. 

+x^ +a;^5 +x^* 

+ «• +x^ +«** 

18. Given that the sum of the three following factors is equal 
to —1, find their product. 

(1) X +a* +a:» +aj>« 

(2) x^ +x^ +x^^ +aji* 
(8) x^ +«« +aj^ +«». 

Art. VII. Were it required to divide the product P in the 
first of the ahove examples by ax^ + 6a;+c, it is evident that could 
we find and suhtract from P the partial products p^y p^, (or what 
would give the same result, could we add them with the sign of 
each term changed), there would remain the partial product ^|, 
which, divided by the monomial ax^, would give the quotient Q. 
This is what Homer^s method does, the change of sign being 
secured by changing the signs of b and c, which are factors in 
each term of i?^, p^, respecUYcly. 



(1) 


z 


(2) 


x^ 


(8) 


aj3 


(4) 


«« 
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H » » 






ej M 


m 


e« 




A« 


e* 


» 




?■* 


s 

u 


1 


$ 


i' 


\ 


+ 


+ 








+ 








« 








« 
















+ 








« « 


en 

1 




« 

g 


+ i 


I 


+ 


+ 


*>^ 








•o 








+ 








g 








^ 
















Hh 








^ "* 




^ 








1 


m 

^ 


+ ' 




+ 


+ 


•*»» 








^ 
















+ 








ID 




•0 


00 


^ 




^ 


il 


^ 




« 





Q? 



rH I i 






t3 


• 




o 


a 


•■g 


• M 


•p^ 




n3 


r| 


no 


4 

^ 


08 


5 


o 



•^2 2 



o ® 




2« 
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2. Diviae8a;«+7a;«-12a;*-t-2j;»-ar«+18a;-6bya;2+3a;-2. 
8 +7 -12 +2 -3 +13 -6 c^6^a,2=^4i 
+ 6-4+0-4+6 



-8 

+2 



8a;*-2a;3+ -2a;+8 



Compare this example with the second example of Homer*8 
^altiplication, performing a step in multiplication, then the cor- 
responding step in division ; then another step in multiplication 
and the second (corresponding) step in division, and so on. 

8. Divide a;^ - ac« + 4aj4 + ISxl - 7a;;+;i2 by'aj^ « ^x^ + 3j?- !• 

1 -3 +0 -4 +18 +0 -7 +12 
+ 3 +0 -9 -86 -27 

-8 -0 +9 +86 +27 [x'' -r-x^^x^]. 

+ 1+0-8 -12 -9 



+8 
-8 

+ 1 



a;4 4-0 -8a;3-12a; - 9; 6x^+ Sx +3 

The quotient is therefore x^ -Sa:^ - 12a; — 9, and the remainder 
6*3+ 8a: +8. 

4. Divide «« - 8a;^ --Sx^ +2a;* + 5x^ + 4a;2 + 1 by a;^ + 2a;-l. 
The zero coefficient in the divisor may be inserted, or it may be 
omitted and allowance made for it in the 2a;— line. See examples 
4 and 5 in multiplication. 



-2 

+ 1 



1 _3 +0 -5 +2 +5 +4 +0 +1 
-2 +6 +4 -4 -6 +2 

1 -3 -2 +2 +3 -1 



1 -8 -2 +2 +3 -1; +5 +0 

[x^ -r x^ =a;'] . The quotient is therefore x'^ - 8a;^ — 2x^ 4- 2x^ 
+8a;— 1, and the remainder 5a;. 

5. Divide 10a;« -lla;'-3a;i+20a;3 + 10a;2+2 by 6a;3-8a;» + 
2a; -2. 
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ArrangiDg as in the ordinary method, wc have 





10 


-11 


-8 


+20 


+10 


+0 


+2 


+3 




6 


-3 


- 6 


+ 12 






-2 


.'*• 


- 


-4 


+ 2 


+ 4 


-8 




+2 








+ 4 


- 2 


-4 


+8 


5 


2 


-1 


-2 


+ 4 


24- 


-12+10 



^ .. X « . « « 24aj2-12a;+10 

Quotient = 2x3 -a;2-2a:+4+ 5^.3 ^8^:8+ 2a: -2 ' 

We first draw a vertical line with as many vertical columns to 
the right as are less by unity than the number of terms in the 
divisor. This will mark the point at which the remainder begius 
to be formed. We then divide 5 into 10, and thus obtain the 
first coefficient of the dividend. We next multiply the remaining 
t^rms of the divisor by the 2 thus obtained. Adding the second 
vertical column and dividing by 5, we obtain — 1 ; we multiply 
by the — 1, add the next column and divide the sum by 5, and so 
on for the others. 

This method is not, however, always convenient. If the hj-et 
term of the dividend be not divisible by the first term of the divi- 
sor, the work would be embarrassed with fractions. We may 
then proceed as in the following examples : 

6. Dividea;«-8a4+»3+8aj'»-a; + 3 hj 2x^+x^-dx+l. 

Let 2aj=y, or a? = J^. 

2 

Substitute -^ for a; in the dividend and divisor, and we have 



Qy< 



2* 2* "»" 23 



% 



2 



y ^ %»2?/3 
2 ^ 



y 



8?/ 



23 2 * " ' 23 "^ 2* 2 "^ 

_ 2/*— 2x8y*+232^3 + 23x8?/2-24?/ + 2«x3 



2« 



y3+y8~2x3y+28 
23 

y*-6y^ + 4y3 + 24yg-16y+96 

23 



^y^+y^-Qy+i A. 
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Dividing t/* -6y^+4y^ +24i/» -16y+96by y^ +y^ - 6y+i by 
the ordinary method, and the quotient by 2^ we have 



y^-ly+11 _ J_ 89 y2 - 114y - 28 
23 23' 2/3^^3 «6y_|.4' 

Substituting for y its value 2a;, and simplifying we get 



«3 _ ?£ 17 _ 1 89a;g-57a;-7 
2 4 "^ 8 8* 2a;3+a;3-3a; + l' 



B. 



By comparing the dividend of A with the original question, we 
find that we have multiplied the successive coefficients of the divi- 
dend by 2°, 2S 22, &c., and, omitting the first term, we have 
multiplied the successive coefficients of the divisor by the same 
numbers. Dividing then by Horner's division we get the coeffi- 
cients 1, —7, 17, and for coefficients of remainder, —89, 114, 
and 28. The first of these divided by 2, 2^, 23 are the coeffi- 
cients of x^ &c. ; and, -89, &c., are divided by 1, 2, 2*. Hence 
the work will stand as follows : — 

a;«-8«;4+aj3+ 3a;2- z+ 3^2a;3+a;2-3a;+l 

12 4 





1 2 


4 


8 


16 82 


-1 

+ 8 
-4 


\ -6 
-1 


+ 4 
+7 
+ 3 


+ 24 
-17 
-42 
- 4 


- 16 + 96 

+ 102 

+ 28-68 




1-7 


+ 17 


-89 


+ 114+28 



1 -6 +4 



X' 



Ix 



'^Quotient = — - — + 



17 1 89a;3 - 
T ~ 8* 



114a? 



28 
4 



2a;3+a;3-8a;+l 



^ - l£ + II ^ 39a;2 - 57a; - 7 
2 4 8 " 8 2a;3+a;3-3a;+r 



♦It wQl, In general, be as convenient to mnltiply the dividend by snch a num- 
ber as will make its first term exactly divisible by the ftrst term of the divisor and 
afterwards diyide the quotient by this multiplier. ' 



MULTIPLICATION AND DIVISION. 29 

7, Divide 6a;«+2 by Sx^-2x+3. 





6x^ 

1 



8 9 



27 


+2 + 8a:»-2aj+8 
81 248 1 8 


+ 2 

-9 


5 




10 +20 

-46 




-60 
-90 


+ 486 -2 +g 

—280 

+226 +1260 



6 +10 -25-140 



- 65 +1746. 



^ 3 ^32 3» 8* 8* 8-2+8- 

Quotients ^ + ^^_^^1^-1. -^^^Z^«2 
^ 8^9 27 81 81 8x»-2z+-d- 

Exercise xiii. 

1. Divide 6a;« + 6a;* -17a;3-6a;3+ 10a?- 2 by 2a;3+8aj-l. 

2. (6a:«+6a;«+l)^(a;2+2a;+l). 

8. (a«-6a+6)-f-(a»-2a+l). 

4. (a;»-4a;8y3-8a;V-l'7a;i/4-12y»)^(a:3-2«y-8j/2). 

5. (a« - 3a*a;3 +8a2a;*-aj«) ^ (a3 -^a^x+Bax^ -aj3). 
Divide 

6. 4a;* + 8x2 - 8a; + 1 by a;«- 2a; +8. 

7. 10a;« + 6a;*-90a;3-44a;3+10a; + lbya;3-9. 

8. x^ —x^y+x^y^ —x^y^ +xy^ —y^ bya;'— y*. 

9. Multiply a;*-4a;»a + 6a;2a2 -4a;rt3 + a* by a;^ + 2a» + a^, 
%nd divide the product by a;* — 2a;*a+2a;a* —a*. 

Divide 

10. a;»-aa:*+ /«»-6a;2+fla;- 1 by a?- 1. - 

11. 6a;«+7a;*+7a;3+6a;2 + 6a;+6 by 2a;3+a;+l. 

12. 60(a;4+3^*)+91ajy{a;3 -y^) by 12a;» - 18«y+6y«. 
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18. 6a;«-481a;* + 79«* + 81a;3-81a;2+86x-481 bya;-80. 
14. ex^-x^+2x^-2x^+2x^'}-19x+ehy3x^+ix+l. 
16. a(a+2Z^)8-6(2a+6)3 by (a-^)3. 

16. {x+y)^ + S{x+y)^z + S(x-hyy'+zfhy{x+y)^ ^ 
2(a; + y)z+z^. 

17. 10a;i«+10a:« + 10a;3-200bya;7+a;3-a;+l. 

18. &wa;^ + (6n+<wi)a;3-hcwa;2+afta;+ac by 6a;+c. 

19. Multiply l+V»-18a:3 by 1- Vaj2 4.3a.3 and divide the 
product by 1+ y a;— 8a;3. 

Find the remainders in the following cases : 

20. (a;3-f8a;2 + 4a;+5)^(a;-2). 

. 21. (a;4-3aj3+»-8)-r(a;-l). 

22. {xi+4:X^+ex+8)-i-{X'\-2) 

23. {21x^^y^)-i'{3x-2y). 

24. (8a;«+6aj4-3»3 + 7a;3-6a; + 8)-^(a;^ -2x). 
26. (6a:4+90aj3+80aj2-.100a;+500)-i.(a;+17). 



Art. viii. The following are examples of an important nse of 
Horner's Division : 

1. Arrange x^ —dx^+lx—B in powers of a;-2. 



2 


1 


-6 
2 


7 
-8 


—6 
-2 


2 


1 


-4 
2 


-1; 

-4 


-7 


2 


1 


-2; 

+2 


-5 






1; 








Hence, a;^ - 6a;2 +7aj- 6 = (a:-2)3 - 5(a;- 2) -7, or as it is gen- 
erally expressed, a;3_ 6a; 3. |, 7a. _ 5=^8 _5y_ 7 if y = a-_2. 
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2. Express x^-^12x^+41x*+66x+2S in powers of x+d. 



-8 




12 
-8 


47 
-27 


66 
-60 


28 
-18 


-8 




9 
-3 


20 

-18 


6; 

-6 


10 


-3 




6 
-3 


2- 
-9 







-S 




3; 
-3 


-7 






1 • 


0. 





Hence a;4+12a;3+47a;8+66a:+28 = 2/*-72/'»+10 if 2/ = a;+3. 

After a few solutions have been written out in full, as in tlie 
above examples, the writing may be lessened by omitting the 
lines opposite the mcrements (— 2 in Ex. 1, and 8 in Ex. 2), the 
multipHcation and addition being performed mentally. The last 
example written in this way would appear as follows : 

12 47 66 28 

-8 1 9 20 6 (10) 

6 2 (0) 

3 (-7) 
(0) 

Exercise xiv. 

1 Express x^ — Sx^+Sx-S in powers of a;— 1. 
«3 + 8a;« + 6a;+9 " a;+l. 

x^ -8x^ +24a;« - 32a;+97 in powers of a;- 2. 



2. 

8. 

4. 

6. 

6. 

7. 

8 

9. 



aj* + 12ajS-f6a;2-7 
8a;*-a;3+4a;2+6a;-8 
x^-lx^ + llx^-lx+lO 
a.3_2a;*^-4a;+9 
x^-9xhj+ex!j^^Sy^ 
x^ — 5x^y + 5xy^ - y * 



a;+2. 
«-2. 
aj-1}. 

a;-2y. 



!1 
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If), 


4f 


Qx^+12x^y + 10xy*+Sy^ 


<f 


2x+y. 


11. 


«< 


X^-^X^+^X-j^j . 


« 


4«-tV 


12. 


<l 


a;4+8a;3-15a;-10 


f< 


«+2. 



CHAPTER IL 



Section I. — The Principle ov Symmetry. 



Art. ix. An expression is said to be symmetrical with respect 
to two of its letters when these can be interchanged without 
altering the expression : 

Thus if in a^ -{-a^x+ax^+x^f we write x for a, and a for x, we 
get x^+x^a+a^^+a^, which is identical with the given expres- 
sion. So, in x^-\-h^X'\-ha-\'a^x, if we interchange a and 6, there 
results a;2+a2fl5 + a6 + 62a; which is identical with the given ex- 
preH3ion ; but it will be seen that the expression is not symmetrical 
with respect to x and 6, or x and a. 

An expression is symmetrical with respect to three of its letters 
a, &, c, when a can be changed into 6, h into c, and c into a, without 
altering the expression. 

Thus a^+h^+Q^ —dabc remains unaltered by changing a into 6, 
b into c, and c into a, and is therefore symmetrical with respect 
to these letters. So, a^+b^a+a^c-^c^a+b^c+bc^, and (a-6)3 
+ (6— c)3 + (c — a)8, are each symmetrical with respect to a, 5, c. 

Again (a?-a) (a— 6)3+(a?— J) (6-c)« + (x-c) (c-a)^ is sym- 
metrical with respect to a, 6, c, but not with respect to x and any 
of the other letters. 

Generallyy an expression is symmetrical with respect to any 
number of its letters a, b, e^ • . . h, k, when a can be changed 

into 6, b into c, c into c^ h into A;, and k into a, without 

altering the expression. 
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A symmetric function of several letters infrequently represented 
by wiiting each type-term once, preceded by the letter 2 ; thus for 
a-k-h-^-c-^- •..-!-/ we writQ 2a, and for ah+ac+ad-^ • . • . 
+ 6c + M+ . , . {%, e, the «um of the products of every pair of 
the letters considered) we write 2a&. 

Exercise xv. 

Write the following in full : 

1. "2, an, 2 (a— 6)8, 2a(&— c), ^ah{x—c), ^aH^c, 2(a+6) 
y.{C'-a){c—h), 2 {{a+cy-h^}, and 2:a(fc+c)3, each for a, 6, c. 

2. 2a6c, 2^2^, Sa^^c, 2(^—6), and 2a2(a-6), each with 
respect^to a, 6, c, c?. 

Shew that the following are symmetrical : 
8. {x-\-a) (a+6) (J+a:)+«^, with respect to a and ft, 
4. (a+6)*+(a— 6)8 with respect to a and 6, and- also with 
respect to a and —6. 

6, (a6-a;y)8— (rt-fj-jc— y) {a6(a;+y)— a^(a+6)} with respect 
to a and 6, and also with respect to x and ^. * 

6. a^ {b—c) — h^{a — c) ^e^ {b - a) with respect to a, 6, c, 

7. {ac'\'hdy+{hc'-adY with respect to a* and 6', and also 
with respect to c' and d^. 

8. x^ +y^+3iB?/(aj8+a;y+y8) with respect to a: and y, 

9. {a;^-y^+3aJi^(2aj+y)}8 + {2/3-ar8+8a:2/(2y+a;)}3 with res- 
pect to X and ^. 

10. a(a+26)*+6(6+2a)3 with respect to a and 6, and also 
with respect to a and —6. 

11. a6[{(a + c) {6+c) + 2c («]+ 6)}8 - (a-c)' (i-c)*] with 
respect to a, 6, e. 

12. an^+h^c^+c^a^+2abc{a+h+c) with respect to a*> 6(j, ca 
With respect to what lettevs are the following, symmetrical ? 

18. aJ2/»+5a^.+2(»8+2^8). 

U.. 2(a^»8+*»y3,-2a5(ajy-fyr+«j). 

15. (/8-A«)«+45r8(/+/i)«+(2/;^-2^«)». 



» 
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16. (x+y) («--«) (y-z)-xyz. 

18. a;«-2/«+««-8(a;8-2/«)(y»-««) («' + «'> 

19. (a+ft)2+(a+c)2+(6-c)*. 

20. (a + 6)4 + (a-c)*+(6+c)* + (a + c)*. 

21. (a+6)i+(a-c)*+(6+c)*+(a+c)* + (c-6)*. 

Select the type-terms in : 

22. a»+2ai + 5«-f2k-f:;2+2ca 

28. a(6»-c2)+6(c2-a2)+c(a3-62)+(a + &) (J+c) (c+^i). 
24. a(6+c)2 +% +a)2 -f c(a+6)3 - 12aic. 
Write down the type-terms in : 

26. (x+y)», (aj-y)S(aJ+y)«-aJ*-2/^ 
«6. (a;+y)^+(a;-y)^ (a;+y)^ -(aJ-y)^ 

27. (x+y-^z)^, (x-y-z)^. V. 

28. (a+ft+c+c^)*, (a2+63+c«+d3)«. 

29. (a+&)3+(5+c)3+(c+a)8. 

Art. X. In reducing an algebraic expression from one form 
to another, advantage may be taken of the principle of symmetry ; 
for, it will be necessary to calculate only the type-terms^ and the 
others may be written down from these. 

ExAlfPLES. 

1. Find the expansion of (a+6+c+cZ+tf+&c.)' 

This expression is Symmetrical with respect to a, 6, c, &c. ; 
hence the expansion also must be symmetrical, and as it is a pro- 
duct of tiro factors, it can contain only the squares a*,h^, c^, &c., 
and the products in pairs, ab^ac^ad. • • • hc^ bd, &c. ; so that 
u*^ and ab are type-ternis. 

Now (a+b)^ =a^ +2ab+b^ ; and the addition of terms inyolv- 
ing a, 6, c, &c., will not alter the terms a^ +2a&, but will merely 
give additional terms of the same type. Hence from symmetry 
we get 
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(a+b+c+J+e+':'i.y^ = '1^ +2ab'¥2ac+2a(l+2ae+ 

+ 63 H-26c+2W+26<' + 

H-c' +2rd+2ce'\- 

+(/» +2(/^+ 

+«' + 

This may be compactly written 

{Zi)^ = Za^ + 2lab. 
2. Expand (a + />)3. 

This has been found by actual mnltiplication — see foAauIa [o] 
— but we may also proceed as follows : 

(1) The expression is of three dimensions, and is symmetrical 
with respect to a and h, 

(2) The type-terms are a', a^b. ^ 
Hence (a-f 6)^ = a3-f fcs -|-n(a*i+i^a), where n is numerical. 

To find the value of w, put a = y = l, and we have (1 + 1)3 a 
l + l+n(l+l); .-. n = 8. 

8. Expand {x+y-k-z)^. 

This is of three dimensions, and is symmetrical with respect 
to X, T/i z. We have 

(x+y+z)^ = {{x+y) +«} ^ = (x+y)^ +&o. 

= a;^+3aj^y+&c., which are type-terms, the only other possible 
type-term being xyz. 

. Now, since the expression contains Sx^y, it must also contain 
dx^z, that is, it must contain Sx^(y+z). Hence 

{x+y+z)^ = x^+dx^y+z) 

+2/3+82/2(2+2.) 

+z^+2z^(y+x) 

+ n{xyz), where n is numerical, and 
may be found by putting x^y = z=^\ in the last result, giving 

(l+]+l)3 = l+l+l+3(l+l)+8(l+l)+8(l+l)+»; 
w = 6. 



• • 
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i. Similarly we may shew that 

(a+6+c+c/)3= a^+Sa^{b+c+d) + 6bcd 

+ b^+Sb^{C'hd+a)+6cda 
'\-c^^Sc^{d+a+b)+Gdab 
'^d^+Qd\a+b+c)+eabo. 

5. Expand {a+b+c+&c.)^. 

The type- terms are a^^ a^b, abo. 

Expanding (a + b+c)^, we get a^ '\-da^b+6abc+&o. 

Hence t^ symmetry we have 

(Za)^ =:Sa^+SlaH+6Zabc. 

6. Simplify (a+&-2c)3+(Z>+c-2a)?+(c+a-26)». 

This expression is symmetrical, involving terms of the types 
a^ and ab. Now a^ occurs with 1 as a coefficient in the first 
sqaar^ with 4 as a coefficient in the second square, and with 1 as 
a coefficient in the third square, and hence 6a^ is one type-term 
of the result : ab occurs with 2 as a coefficient in the first square, 
with -4 as a coefficient in the second square, and with —4 as a 
coefficient in the third square, and hence — 6ab is the second 
type-term in the result : hence the total result is 6 {a^ + b^-^c^ 
^db^bc-'Ca), 

7. Simplify (a;+?/+«)3 + (aj-t/-«)5 + (y— «— a;)*,+ (2— a?-y)*. 

This is symmetrical with respect to a;, ^, 2; ; and the type-terms 
are a;^, Sai^y, ^xyz : 

(1) x^ occurs in each of the first two cubes, and —05* in each 
of the second two cubes, .'. there are no terms of the type x^ in 
the result. 

(2) 8aj3y occurs in \hQ first and third cubes, and — 3a;'y in the 
second and foui*th, .'. there are no terms of this type in the 
result. 

(3) ^dcyz occurs in each of the four cubes, .'. ^i'Kijz is the total 
result. 

8. Prove (a»-f 62 -|-c3-fi2) {w^Jif-x^^y^^z^)^ 
{aW'Tbx+(^-{'dzyz^{nx''bwY-[-{ay^\cwy + {az-dwY-\- 
{by-cx)^+{bz-dx)^+{cz''dy)^. 



• 

The left hand memb^ (considered as given) is symmetrical 
with respect to the pairs of letters, a and tc, b and x^ c and y^ 
d and z, that is, any two pairs may be interchanged without 
affecting the expression. As the expression is only of the second 
degree in these pairs, no term can involve three pairs as factors ; 
hence the type-terms may be obtained by considering all the 
terms involving a, b, Wf x; these are a^w^^ a^x^,b^w^, b*x^, 
^a^w^, ^b^x^\ - 2a5uaj, and are the terms of (aa?— few?)' which is 
consequently a type-term. From (ax—bw)^ we derive the five 
other terms of the second member by merely changing lihe 
letters. 

9. Prove that 

(x^^yz)^ + {y^—zx)^ 4'(«*— «i/)'— S(a;'— yg) {y^—zx) {z^ —xy) is 
a complete square. 

The expressioii will remun symmetrical if {x^—yz) (y^.—sx) 
(2;'— o;^), instead of being nctultiplied by —3^ be subtracted from 
each of the preceding terms, thus giving 

K-2/«) {(x^-yz)^-(y'^'xz) {z^-xy)}. 
+ (y^ - zx) {(y» - zx) 2 - (23 - xy) {x^ - yz) } 
+{z^-xy) {{z^'-xy)^-{x''-iz) (y^-^zx)} 
s: (a;2 — yz)x [x^ -j-y ^ -{-z ^ — Sxyz) 
4-&C. 
4-&C. 
^{x^ +y 3 +5?'5 — 2xi'z) {x ^ + ?/ 3 +2 ^ - Sxyz) . 

Exercise xvi. 

Simplify the following : 

8. {a+h+C'-d)^ + {b+c+d-a)^+{c-+d+a-by + 
(d+a+b-cj^. 

4. {a+b+c)^-a{b+c-a)-b{a+c-b)^c{a+b'-€). 

6. {x+y+z+n)^'\-{x'-y—Z'j^n)^+{x—y'{'Z-ny + 

6. («4^+<;)8+(a+i-c)8+(i»-H;-a)»+(c+«-'6)«. 
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8. (ma +it6+ro) ^ — (wa-j-w6 — rc)^ — (nh -^rc — ma) ^ — 
(rc+wia— ni)*. 

9. a(6+r)(62+c8-a3)+6(c+a)(c8+a2 -5«)+ 

10. (a6+6c+ca)3 - 2a5c(a+6+c). 
Prove the following : 

11. (ax+by+czy'^{bx+cy-{'az)^+{cx+ay-{-hz)^ + 
{ax+cy'jrbz)^'{-{cx'{'by+az)^+(bx+ay+cz)^ 
z=:2{a^+b^+c^){x^+y^+z»)+^ab+bc+ca)(xy + 7jz+zx). 

12. (a+6+c)*+(fe+c-a)*+(c+a-6)4+(a+6-c)* 
= 4(a*+M +c:*)+24(a263+62c2 +c3a3). 

18. {a-^b+cy=:Za^-i'4:laH+6za^b^+122a^bc. 

14. (La)* = 2a* + 4Sa36+62a368 + 122a3i>c+242a6cci. 

16.(a«+&2+c»)3+2(a&nf-&c+ca)3-8(a2 + 6a+c3)x 
(ai+6c4-ca)2 = (a8+63+(f8-8a6c)3. 

(a2+62+c*-a6-ac-6c)3. 

17. (2a-&-c)2(26-c-a)« + (26— c-a)2(2c-a-i)2-f. 
(2c-a-6)3(2a-6-c)2 = 9(a2 + 62+c2_a6-5c-ca). 

18. (ar2+26rs+cs2)(aa;2 + 26a;^+q/2)- 

19. {a^+ab+b^){c^+cd+d^):={aG'\'ad+bd)^ + 
{ae'\-ad+bd){bc — ad)+{bc—ad)^. 

20. Sbew that there are two ways in which the given product 
in the last example can be expressed in the form p^+pq+q^, and 
two ways in which it can be expressed in the form p^ -pq+q^* 

21. 6{w^+x^+y^+z^)^:^(w'hx)^'h(w-x)^ + {w-^y)^i' 
{w-y)^'\-{iV'{-z)^+{w''z)^-\'{x+yy + {x-y)^+{x+z)^ + 
(^-2)* + (yH-2)*+(2^-2)*. 

22. |{(a+^+c)5 + (a-6-c)*+(6-c-a)«+(c-a-6)»}a 
i{(a+^+c)3+(a-6-c)3 + (6-c-a)3 + (c-a-6)8}x 
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Section II. — Theory of Divisors. 



Ally expression which can be reduced to the form aaf'+ht^'^ -f 
ca^""*+ ....+ .... +Aaj + /p, in which n is a positive 
integer and a, b, c, , . ^ . h, k are independent of x, is called 
a PoLTNOME in x of degree n. 

The expressions /(a?)", F{xy, p(aj)*, are used as general symbols 

for polynomes ; the index n. m. indicates the degree of the poly* 
nome. 

Theorem I. If the polyn(5me/(a;)*be divided byjr— a, the 
remainder will be /(a)*. 

Cor. 1. /(«)*—/(«)* is always exactly divisible by aj- a. 

(Particular case: a?"— a* is always exactly divisible by a?— a). 

Cor. 2. If /(a)" = 0, /(a?)* is exactly divisible by a; — a, le,, /(»)" 
is an algebraic multiple of a; -a. 

Cor. 8. If the polynome /(»)" on division by the polynome 
^(a;)"* leave a remainder independent of x, such remainder will be 
the value of /(a;)* when ^(a:)*" = 0. 

Examples. — Theorem 1. 

1. Find the remainder when aj*-7a:*+18»^-16a;« + 9aj-12is 
divided bya? — 6. 

The remainder will be the value of the given polynome when 5 
is substituted for x. (See Art. III.). 



1 


-7 
5 


+18 
-10 


-16 
15 


+9 
-5 


-12 

20 


1 


-2 


3 


-1 


4; 


8 



Hence the remainder is 8. 

2. Find the remainder when (a;— a)^ + (a;— fc)s + (a+6)s is 
divided by a+a. ^ • 

ForaJSubstitute-a,thea(-2a)3 + (-a-6)3 + (a+6)3 = -8a«. 

8. Find the remainder Vfhenx^'^a^+b^+(x+a)(x-^b){a+h) 
is divided by x+a+b. 
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For X snbstitnie —(M-^-h) «Dd ure get 
-{a + b)^+a^+b^+ab{a+b)zs^2ab{a'{-b). See Fonnnla [6]. 

4. Flfidtiie ziemaiiiiler wbea (4;S-4-2air;-£a^)»<2;>-i2k»c-&i>) 

+82(«-a)*(rp+«)'* is divi^ied ¥y «» - 2a*. 
«• — ^a* may be struck out wiierever it appears. 
This reduces the dividend to 

In this substitute 2a* for x* and it becomes 

-64a»+32a8 = -32aS 
vluch is the required remainder. 

Exercise xvii. 

1. Find the remainder when 8a;*+60a?3 4.54:^ — 60a;+58 is 
divided by «,+19. 

2. Find tiie remainder iwhen px^—Zqx'+SrX'-s is divided by 
JB— a. 

8. What number added to 4a;» A- 84a;* 4- 68a:« +21a?» - 128a; - 41 
vnH give ti sum exactly divisible by 2ii;+18 ? 

4. What number taken from 10a;^<>-20a;« -10a;« --893;*- 
8*9aj2+20 will leave a remainder exactly -divisible by lOa;^ — 11 ? 

Find the remainders £r(»n the following divisions : 
6. (x+iy-x^ -^a?+l, and (a;+a+8)3 -(aj+a+l)' ■^x+2. 

6. af*+3^ -^ aj - y ; a^n^^aw ^ a;+y ; aJ^+^+y^^^ -4- 4c+y. 

7. (aj+l)s+a;3+(a;-l)3-^a;-2. 

8. (a;-a)3(a;+a)5 + (a;« -252)3 -^;c2+6^ 

9. (jc»+aa;+a«)(a;2-aa;+a«)-(a?«-8aa;+2a3)(a.8+3fl^ + 2a») 
'i-x'^+2a*. 

10. (9a2+6a5+463)(9a2-6a5+46«)(81a*— 86a»6» +16*^)^ 
(8a- 26)3. 

11. a^{x^a)9+b^x-b)s-r-x-a'-b. ' 

12. (aa;-f 6y)3+a32/8_j.j8a;3_8a6a;y(aa;+62^) -5- (a+*)(« + y). 
18. a;3+<i3 + t3_8^,5a.^jj._^^5j also-«-a; +Jt— * ftlsa-f* 

z-tt^b. 
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14. Any poJTnosBe diTided by «— 1 giT«8 for remaindei' the 
6QIU of the coefficients of the terms. 

Examples. — Cor. 1. 

1. z^-t-y^ is exactly diTisiUe by «:+y. 

In "a;* - a* is exactly divisible by «—«,'* substitute — y for a. 

2. mx^ —px^+qx+m+p+q is exactly divisible by x+1. 

This may be written 

{w »5 -px^+qx} — {m( — 1)' -^( — 1)* +^( — 1)} is exactly divi- 
sible by «-( — 1). 

8. (x^+exy+^y^y+[x^+2xy+iy^y is exactly divisible by 

(aj+2y)3. For (a.2+6icy+4y8)«-(-a;2 -2a:y-4y3)« is exactly 

divisible by (a?' +6a^+4y^ ) — (—«• -2a;y—4y'), which is 

Exercise xviii. 
Prove that the following are cases of exact division : 

1. «^2«+^4-y^^^i-«-aj+y; x^-y^-^x+y. 

2. a;^«+y^* -^a*+y*;a:^^+y*®-5-ic®+2/^; also-7-a!^°4-2/^°; 
also-^ic^+jr*. 

5. (fla;+5y)«+(fea?+«2/)* -^ {a+b^x+y). 

4. (aaj+6y+c^)8 — (&c-f cy+a2j)s -5- (a--i)a;+(6-<j)y+(c-a)e. 

6. (23^-a;)2»+i4-(2a;-y)2«+i -^ y+x. 

7. (my— no?)* — (wia; — wy)* -r (m+7i) {y — «). 

8. (a:4-y)«+(a;-y)«-^2(jB2+y2). 

9. <«2+jBy+2,8)8+(a;2-a:y+y2)^ -?- 2{x^+y^). 

10. {«+6)» «(«-!»)« -^2i(8fl2 + i2). 

11. (x^+^x+h^y + ix^-bx+h^y '^2{x+b)9. 

12. (a+6)*'*+2+(a-6)4"+2-r-2(a2 + i2). 

la. {a?8+Sajy(»-y)-y3}3 + {a;8-9a^(a;-y)-y3}8-j.2(a;-y)». 
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15. Any polynome in a; is divisible by a;— 1 when the sum of 
the coefficients of the terms is zero. 

16. Any polynome in a; is divisible by x+l, when the sum 
of the coefficients of the even powers of x is equal to the snm of 
the coefficients of the odd powers. (Tlie constant term is in- 
cluded among the coefficients of the even powers). 

Examples. — Cob. 2. 

1. Show that a(a+2b)^ — i(2a+i)3 is exactly divisible by a+ 6. 
By Cor. 2, the substitution of — 6 for a must cause the polynome 
to vanish. 

Substituting; flf(a— 2a)5 4.a(2rt— a)'= — a*+a*s=0. 

2. Show that (ab^xij)^ —{a+b-x—y){ab{x+y)^xy{a+h)} is 
exactly divisible by {x — a){y—a), also by (a?— i)(y-i). 

For a substitute a and the expression becomes 

{ab''ay)^'-{b-y){iil»{a+y)-ay(a+b)}9 
a3(6_t/)3-(6~y){a2(6-y)}=0. 

The expression is, therefore, exactly divisible by a:— a. But it 
is symmetrical with respect to x and y, hence it is divisible by 
y-^a, and as a;~a a,ni y^a are independent factors, the expres- 
sion is exactly divisible by (a; — a)(y — a). Again, the given 
expression is symmetrical with respect to a and b, hence, making 
the interchange of a and 6, the expression is seen to be divisible 
hj{x^b){jy^h). 

8. Show that 6(a«+6«+c«)-5(a3+6»+c3)(a« + ft» + c«) is 
exactly divisible by a+b-^c. 

For a substitute — (6+c) and the result which wonld bathe 
remainder were the division actually performed, must vanish. 

= 6{-(/^4-c)* + 6*+c«}-h306c(6+c)(62+6c+c»). SeQ[l]and[6]. 

The expansion being of the 5th degree, and symmetrical in h 
and c, it will be sufficient to show that the coefficients of 6^, 6*tf, 
b^Q* vanish, the coefficients of b^c^, bc^, c^ being the coefBcients 
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tbe former terms in reverse order. Calculating tlie coefficients 
these type-terms we get 

6{-66*c-1063c2-...}+80(6*c + 263(;2 + ...), 

lich evidently vanishes. Hence the truth of the proposition. 

In the last example it has been proved that the difference of the 
lantities here declared to be eqnal, is a multiple of a+&+c, i.e., 

this case, a multiple of zero. Hence under the given condition 
ley are equal. 

Exercise xix. 

Prove that the following are cases of exact division : 

1. (aX''hyy + {hx-'ay)^--{a^'\'b^){x^-y^)-7-a, b, X, y, a+ft, 

2. ax^ - (a3 +b)x^ +b^ -^• ax—b. (Substitute ax for b.) 

« ( {ax'\'by)^'-'{a'-b){x'\'z){ax+by) + {a^b)^xz -^ X'\-y. 
^' \ {ax-b7j)^ ^{a+b){X'\-z){ax-by)+{a'\'b)^az ^ x + y. 

4. 6a^x^+^ax^''10axjf'\-3alxy+2x^y'{'5y^ -^2ca;-y. 

5. l-2a*a?-16-82a3a;3+4-8a«ic3 + '9aa;*-a;* -5- 'eax'-2x^. 

6. x^+x^y^+x^y-^y^-i-x^+y. 

7. (5-d)a3 + 6(6c-6rf)a+9(63c-.62ei) -5-a+36. 

9. a(a+26)8-5(6+2a)3 H-a-&, also -r- a+b. 

10. a«+2a*6+a862+a2a?3-2a5a;3 4.52a;S ^ (a-^b^x+a). 

11. a{6-c)s+6(c-a)3+c(a-6)8 -5- (a-6), (ft-c), (c-^a). 

12. aS(6-.c)+68(c-a) + c8(a-6) -5- (a-i), (6-c), (c-a). 
18. a*(6-c)4-6*(c-a) + (r*(a-6) -^ (a-b), (6-c), (c-a). 

14. (a-i)«(c-i)3 + (6-c)»(d-a)3-(d-^>)3(a-c)3 -5- (a-6), 
&— c), (c— d), (d-a). 

15. {(a^6)8 + (6^c)3 + (c-a)3}{(a-6)2c3 + (&-c)2a2 + 
c-a)862}-{(a-6)»c + (6-c)2a+((j-a)26}2 -5- (a-6), (^-c), 
c-a). 

16. (a;+y)(y+»)(2+a;) +«?,'« va;+j/+«. 



-* 
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17. ab{a^^h*)+hc{h^ -c8)-Hj<i(c»-a«) -ra+ft+c. 

18. (a6-6c-ca)-a2^>8-?»»c»-c«a»-ra+6-c. 

19. (a + 26)8 + (26-8c)8-(8c-a)»+a»+868-27c» + 
a+2b-Sc. 

20. aH^+b^c^+c^a^ -8a»A«c»-i.a6+6c4"ca. 

Examples. — Cobs. 8 and 2. 
1. Find the value of 4a;«+9a;8 - 5z* + 23a:+6 when 2a;» = 8aj -4. 

Since 2x^ — Sx+i s 0, we have simply to find the remaind^on 
division by 2x^ — Sx+i, and if it is independent of d;, it is the 
value sought, Cor. 8. 

4 9 -5 28 6 
6 9 15-3 

^8 -12 -20 4 



8 
• 4 



2 3 6 - 1; p 10 
Hence the required value is 10. 

2. What value of c will make x^ —Bz^ +7«— <; «xao% divisible 
by a?— 2. 

If 2 be substituted for x, the remainder must vanish, Cor 2. 

1-6 7 -c 
2-6 2 

1 -3 l;2-c 

Hence 2 — c=0, or c = 2. 

8. What value of (? will make 6a?«— 5a;*+ca;5-50ic«+19a?-5 
vanish when 2aj2=8a;— 1 ? 

By Cor. 8, the remainder must vanish when the given poly- 
nome is divide by 2a;*— 8aj+l. We may divide at once and find, 
if possible, a value of c that will make both terms of the remainder 
vanish, or we may first express cx^ in lower terms in ^, and 
then divide and find the required value of c from the remainder. 

1st. Method, (see page 28), 

6-10 4c -160 804 -160 



8 
-2 



18 24 12C+86 86c -420 

-12 -16 - 8c- 24 -24C+280 

8 4c+12 12c -140; 28c- 140 -24c+120 
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Hence 28c 3 140 and 24c » 120. Both of these are satisfied by 

• 2nd Method. a?8 = iaj(8a;-l) = |a;2_|a. = |(3ji.-l) _ ja;= 
2ix-i-ia; = l}a;-i; .'. cx^ = licx-.ic. 

Bnbstituting for cx^ in the given polynome it becomes 

6aj«-5aj* -20a;2 + (lic+19)a?-ic-6. 
Divide and apply Cor. 8. 

6 -10 -160 28c 4- 804 -24c- 160 
8 18 24 S6 -420 
—2 -12 -16 - 24 280 

6 8 12 , -140; 28c- 140 -24c+T20 

We thus obtain the same remainder as by the former metliod, 
and consequently the same result. A comparison of the two 
methods shews that they are but slightly different in form, but 
the second method shows rather more clearly that c need not be 
introduced into the dividend at all, but the proper multiples of it 
found by the preliminary reduction can be added to or taken 
from the numerical remainder, and the ''true remainder'* be 
thus found, and c determined from it. 

Exercise xx. 
Find the value of 

1. a;* -8a;3+4aj2 — 8a;+4, given a;2=a;— 1. 

2. a;»-2jc*-4aj3+18a;^-lla;-10, given (aj+l)S = 2. 

8. 2«*-7a;*+12a;3-lliB2 + 2a;-6given (aj-l)3+2=^0. 

4. 8a?« + lla;« + 10aj3 +7a;2 -|.8aj+ 8 given a;3—8a;3 + 2aj- 5 = 0. 

5. fe^ +'9aj« - 16a;* - 5x^ - 12a;3 - 6a; + 60 given 8a;* +a;-4 = 0. 

What values of c will make the following polynomes vanish 
under the given conditions. 

6. a;* + 18a;S+26a;2+52a?-f 8c,givena?+ll = 0. 

7. a;*-2a;3--9a;2+2ca;-14, given 8a;+7 = 0. 

8. a;* - 4a;3 - a;^ + 16a; + 6c, given a;^ = a?+ 6. 

9. 2a;*-10a;2+4ca;+6, givena;3 + 8 = 3a;. 

10. 2a;*+a;3-7ca;3 + lla;+10, given 2a;=5. 
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11. 4ar* + ra;3 + 110a;- 105, given 2^8 -6a; +15 = 0. 

12. 8a;«--16a;4 + ca;3-5a;^-114a;+200, given a;^ = Si; -4. 

13. What values of j[) and q will make a;*+2a;5 — lOa;^— 2^a;+^ 
vanish, given x^ = 3(a;— 1) ? 

14. What values of p and q will make a^^ - ba^ ^ + 10a* -\ha^ 
+29a* -pa^ +^ vanish, given (a2 -2)3 =&« - 8 ? 

Theorem II. If the polynome/(a;)'' vanish on substituting 
for a; each of the n (different) values a^, a^^ a^ . . . . a^, 

in which A is independent of x and consequently 'a the coefficient 
ofafin/(x)». 

Cor. If f{xY and ^(a;)** both vanish for the same in different 
values of a;, f{xY is algebraically divisible by ^(a)"*. 

Examples. 

1. x^+a>x^-\-hx+c will vanish if 2, or 3, or —4 be substituted 
for a;, determine a, h^ c. 

The coefficient of the highest power of a; is 1 ; 

.-. a;9+aa;3+6a;+c=:(a;-2)(a;-3)(a;+4) = a;3-a;«-14a;+24. 

.-. a= -1; b= -14: c = 24. 

2. x^-^bx^+cx+d will vanish if —8 or 2, or 5 be substituted 
for X, determine its value if 3 be substituted for x. 

The given polynome =(a;-f-8)(a;— 2)(a; — 5) ; 

.-. the required value is (8-f 8)(8-2)(8- 5) = -12. 

8. rta;S4-35a;3 + 8ca;+c? will vanish if for a; be substituted —8, 
or if J or 1^, but it becomes 45 if for z there be substituted 8; 
determine the values of a, 6, c, d. 

The coefficient of the highest power of x is a; 

/. ax^ +Shx^ + dcx+d = a{x+3){x-i)(x--li) 
:. a(8 + 3)(3'-^)(8-li) = 45; .-. a = 2. 
.-. 2x^'hSlx^ + ^cx+d=^2{x'\-S){x-i){x-li) 
,-. & = |, c= ^3i, rf = 2i. 
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4. It x^ +;>aj^+<7a;+r vanish for x=a or b, or c, determine p^ g, 
and r in terms of a, 6, <?. 

X- 4-j5a;2 -fgrar +r =r (a; - a)(a;- 5)(a? - c) 

= a;3 — (a + 6 + c)aj* + (aft + 6c + ca)a; — oic 
;. 2>= — (a+6+c) or — 2 a. 
5= a5+&c+ca or 2^6 
r = — abc . or — 2 (ibc, 

6. If x^+px^+qx+r vanish for x = a, or 6, or c, determine the 
polynome that will vanish for «= ft + c, or c+a, or a +6. 

Since x^+px^ +qx+r vanishes for a? = a or ft or c, 

x^^px^+qx—r will vanish for x= —a or —ft or — c, 

and — 2? = a+ft+c; 
Bat the required polynome will vanish for 

05= —p^a^ or --p—bf or — p — c ; 
that is, for «+/? = — a, or — 6, or — c. 
Henoe it is {x+p) ^ —p{x+p) ^ + q{x -hp) — r = 

x^+2px^ + {p^'j-q)x+pq''r. 

The following is the calculation in the last reduction, (See 
page 81). 







-p 


9 


— r 


p 







q; 


jpq-r 


p 




p; 


p^+q 




p 




2p 







6. In any triangle, the square of the area expressed in terms of 
the lengths of the sides, is a polynome of four dimensions ; and 
the area of the triangle, the lengths of whose sides are 8, 4, and 
5, respectively, is 6. Find the polynome expressing the square 
of the area. 

Let a, ft, and c be the lengths of the sides, and A the required 
polynome. 

1st. The area vanishes if any two of the sides become together 
equal to the third side, hence if a + ft = c, ^ = 0, and consequently 
A is divisible by a+ft— c. Similarly it is divisible by b+e-a 
and by c+a—b. 
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2nd. The airea vanishes if the three sides vanish together, 
henoe if a+&+c = 0, ^ = 0, and consequently A is divisible by 

We have thos found four linear factors, but A is of only four 
dimensions. 

.% A = m(a+ 6 +<?)(6 + c - ci){c'\-a - 6)(a+& - c), 
in which m is a numerical constant. 
But62 or86 = m(3+4 + 5)(4+5-8)(5 + 3-4)(3+4-5) 

= 676m; .*. m = jY 
(The above includes all the ways in which the area of a triangle 
can vanish, for the vanishmg of only one side involves the equal- 
ity of the other two, or if a = 0, 5 = c, and .% a-^-h^c^ which is 
included in 1st. ; if two sides vanish simultaneocsly, the &ree 
must vanish). 

Examples on the Cobollaby. 

7. Prove that (a:+l)i3-aj^2 _2a;- 1 is diviaible by 

Factoring the tatter expression we find it vanishes for aj = 0, or 
— 1 or — ^. Substituting these values in the former polynome, 
it also vanishes. But these are different values of «, hence the 
truth of the proposition. 

8. [x-\-y +•«)* — a* — ?/* —z^ is divisible by 

The latter expression vanishes ifa;= — y, so als6 does the former. 

By symmetry they both vanish if ?/= —2 and if ;?= — a. Hence 
they are both divisible by (a;+y)(y+«)(2+a;). But this- expres- 
sion ia of three dimensions, as also is the latter of the given poly- 
nomes, hence it is a divisor of the former. 

9. Prove that {(a + 6)«-f (c+c^)«}(a-6)(c-rf) + 
{(6+c)*+(a+c^)'}(6--c)(a -- d)+ {(6-f.rf)*.f(c+a)«}(&-rf>(c-a) 
Is algebraically divisible by (a— 6)(c — rf).(6—c)(a-d){&— (£)((? — a) 
X (a+6+c-l-ci), and find the quotient. 

Let a = 6 and the former polynome reduces to* 
{(a+c)*-f(a+cf)«}(a-c)(a-d)+{(a+rf)« + (c-fa)*}(.^.6^)(c.4 



THEORY OF DIVISORS. 49 

wbich vanishes, the second complex ierm differing from the first 
only in the sign of one factor, having (c—a) instead of (a - c). 

Hence the former polynome is divisible by a — 6, and by sym- 
metry it is also divisible by a — c^ by a - «/, by ^ — c, by i - rf, by c — d. 

Again, (a + b)^ -{-(c^dy is divisible by {a+b)-^{c-hd); for, on 
putting a 46= —(r.-h^), it becomes {— (c+d)]"' +{€-{• d)^ which 
= 0. 

Similarly the other terms of the former of the given polnomes 
are each divisible by a+b-^-c+dj and consequently the whole is 
so divisible. 

Now all these factors are different from each other, hence the 
former of the given polynomes is divisible by the product of these 
factors, i,e., by the latter of the given polynomes. 

Both of these polynomes are of seven dimensions, hence their 
quotient must be a number, the same for all values of a, &, c, d. 

Putrt = 2, 6 = 1, c = 0, d=-l, and divide. The quotient will 
be found to be —5. 

.-. {(a+by+(c+dy}{a^b){c-d)+{{b+cy+{a+dy} X 

(/,_c)(a-d) + {(6+d)« + (c + a)«}(&-(Z)(c-a)=-5{a-«(c-rf) 

X(b''c){a-d){h-d){c^a){a+b+c + d). 

N.B. — It is not always necessary to find the factors 
of tlie divisor, as the following examples show. 

10. Prove that x^+x+1 is a factor oix^^+x'^ + 1. 

x^-^x+l will be a factor of aj^^+aj^ + l provided 

a;i4+a;^ + l = 0ifa:3+a;+l = 0. 

Jix^+x+l =0 

.-. x^+x^+x =0 

.% aj3+a;2^a;+l = l 

••. x^ =1 

.'. a;« = landa;^2 = i 

.'. x"^ =aj and «;**=. 1:3 

♦% x^+x-\^l is a factor of a?^*+a?^+l« 
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Art. XII. Two other methods of proving this proposition 
are worthy of notice. 

Ist. x^+x+1 will be a factor of x^^+x'^-^l provided it is a 
factor of {{x^^+x^-^l) ± a multiple of (x^ +a;+l)}. 

x^^+x''+l differs by a multiple of x^ +a;4-l from 
xi^+x^i(x^+x+l)+x^{x^+x+l)+x''+x^{x^+x-j-l) + 
x{x^+x+l) + l 

= x^^{x^+x-{-l)+x^(x^+x-\'l)+x^{x^+x+l)-ix''(x^+x+l) \- 

(x^-^x+l) 
= (a;i2+a;»+a;«+a;3+l)(a;3 4-a; + l). 

Hence x^+x+1 is a factor of aj^^-j.^;?^!^ 

2nd. ^''-^^'+^ . ?!izl . ^I± ^ 
x^+x-rl ^ x^-1 aj3-l " 

(x^ ^ - 1) {( a;^^-l ) -x{ x^^-l)} 

(iB7-l)(a;3-l) = 

But we see at once that on reduction both of these fractions 
give an integral quotient, hence {x^^+x'^+l)-^x^+x-hl gives 
an integral quotient. 

11. x^+x+1 is a factor of (ic + l)^ -a;^ -1. 

If aj*^+a;+l = 0, (a;+l)^ -a;^— 1 will vanish also, for in such 
case a;+l= —x^. 

.-. {x+iy -x' -l=^(-x^y -x'f ^1= -x^^^x^ -1, 
which by the last example vanishes if x^ +a;+ 1 = 0*; 
.•. x^+x+1 is a factor of (x+iy — a?^ - 1. 

For x substitute — and multiply by y^ and y'^ respectively, 

and this example becomes 

x^+xy+y^ is a factor of {x+yY -a?^ — y^. 
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Exercise xxi. 

Determine the values of a, b, c, d, e, in the lollowing cases :— 

1. x^+Sbx^ + Scx-\-d'^B,mBhes for aj = 2, or 8, or 4. 

2. x^-j-cx^-^-dx-^e " " a; = l^or -3 or 4^. 
S. x^ + bx^+cx+24: " " a; = 2or-3. 

4t. ax^+bx^+cx+dO. " " aj=3or-6or2. 

5. ax^+cx^ -80a;-|-^. " " aj = l^ or -4, or 2 J. 

6. Slx^ + ecx^+Mx^-e " " a; = lf or -8}or IJ. 

7. flfa;*+fta;3 4.fa;3-81 " " a; = ^or|or8. 

8. ax^+cx^+dx+e ** ** a; = 2 or 1 J or -1 and be- 
comes 14 for aj = l. 

9. aa;3+caj+d vanishes for a; = li, or 2?, and becomes 49 for 
x = Sf determine its value for aj = — 8. 

Given that x^ — px^ +g'a;—r vanishes for a; = a, or b, or c, deter- 
t-ermine the polynome that vanishes for 

10. a; = tT-hl» ori+1, or c+1. 

11. a; = a — 1, orfc — l, or c — 1. 

Ill 

12. a; = l , or 1 — -r> ox 1- — . 

18. x = abf or bCf or ca. 

14. x = a^, or 62, or c». 

15. x = a{b + c)f or h{c + a), or c(a+h), ■'a{b+c) = q'\ 1. 

I a J 



a+h b+c c+a 
16. x= or or 



{a+b_^p_ 



a b 

Prove that the following are cases of exact division : 

17. {x-iy^ -x^ +{x^ -x-^l)^ ^x^ -2x^+2x-l. 

18. (a;-i)i«-«8+(a;2-a;+l)^-ic3-2a;3 + 2a;-l. 

19. (a;-2)io(2a;— 5)>o-a;i<> + 2io(a;3«4a;4.5)5^ 

a.8_6a;2+18a^-10. 

20. (a;3+4aj+8)i»-a;»8-a;2+5a;-3-ra;3 + 6a;2+8j-+8. 

21. (9a;-4)3i(a;-l)3'+a;3i-(9a;2-14a;+4)3i-r(a;-l)x 
(9a;-4)(9a;5--14a;+4). 

22. {6(«-l)}i3-(2aj2 + 8aj-4)^34.(2a;2-8aJ+2)i8^ 

(2ic3+3«-4){2a;»-8gj + 2)(»-l). 
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(a;-HXa;-2)(a;2 -ar+3)(8a;» -5a;-l). 

24. {6(a;-l)}i«-(2ar2+8a;-4)i«-(2a;2— 8x4-2)1 * + 
2(2x3+8a;-4)8(2aj3-8a;+2)*-^(a:-l)(2a;2+8iB-4)(2a;»-8a;+2) 

25. {2(a;+l)(«-2)}««-(a;2-8:r+8)»«-(8a;3-5ar-l)»H 
2(a;^-8a;-|-8)»(8a;3-5«-l)i'-5-(a;+l)(a;-2)(a;»-8a;+8) X 
(8a;»-5a;-l). 

26. 1+x^+x* -^ l+a;+a;». 

27. a;io-fa;*i/»+2/i® -^ x^+xy-\-y^. 

28. l+aj3+ic«+ic»+a;i2 -i- l-fx+aj'+a;^ +^*. 

29. lH-a;*+a;8+a;i»+a;i« -f- l+a;+a;3+a;»+ic*. 

80. a;i»+aj*<>y*+a;»yi<>4-y** -^- ar^+x^jZ+^^+l/'- 

81. ici^+a;4+ic3+aj+l -7-a;*+a;3+a;S+ar+l. 

82. l+a:+a;3+aj3+a;«+a;«+a;«3 -i. 

1 -^-x+x^ +a;^ 4-a;4 +a;* +aj®. 

Find the quotient of the following divisions in which D denotes 
the. product 

88. («/2c2+a2d3)(6-c)(a~d)+(c2a2+6M3)(c-a)(6-«l) + 
(a262+c3d*)(a-6)(c-d) -r- D. 

84. (fec+ad)(62-c2)(as-d2)+(ca + 6(;)(c»-aa)(6a— d2) + 

85. (ft+c)(a+d)(62 -.c«)(a2 -d2)+the two similar terms -i- i). 

86. (63+c»)(a3+ci2)(6-c)(a-d)+ " " -5- D. 

87. {&c(6+c)»+a<i(a+(^)3}(6-c)(a-d)4. " -5-2). 

88. {6c(6+c)+a(i(a + c;)}(63-c3)(a3-rf2)H. " -5-2). 

89. {6c(63+c3)+arf(a3-f-ei3)|(i«c)(a-d)+ ' " -5- P. 

40. (6+c-a-(^)*(fe-c)(a-c?)+ « -^D. 

41. The sum of the fractions -j-, J, i, i, increased by the 

sum of their products two by two, increased by the sum of their 

products three by three, increased by their product is 

equal to n. 
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i2. In any trapezium the square of the area expressed in terms 
the lengths of the parallel sides and the diagonals, is a poly- 
me of four dimensions, determine that polynome. 

id. In any quadrilateral inscribed in a circle, the square of the 
)a expressed in terms of the lengths of the sides, is a polynome 
four dimensions, find that polynome. 

rheorem III. If the polynome /(a;)* vanish for more than 
lifferent values of a;, it vanishes identically, the coemoient of 
ury term being zero. 

l^or. If a rational integral expression of n dimensions be divi- 
le by more than n linear factors, the expression is identically 

0. 

Examples. 

, (a;-tf)(a;-5) { x-b)(x--c) ( a;~c)(a?=a ) 
I- (e-.a)(c-6) "^ {a--h){a-c) '^ "(6-c)(fe~a) --^-"^ " «» 
md c are unequal ; for this is a polynome of two dimensions in 
but it vanishes for x = a, and, therefore, by symmetry for a; =6, 
1 for a; = c, that is, for three different values of Xy hence it 
lishes identically. 

.c)(a-d) + {(c+a)«4-(6+rf)«}(c-a)(Z>-d) = 0. 
Substitute b for a and the expression becomes 

ich vanishes, hence the given expression is divisible by a— 6, 
i consequently by symmetry it is divisible by (a— i), (b-c), 
-d), (a— c), (ft— rf), and (a-d). But the given expression is of 
[yfour dimensions, while it appears to have fix linear factors, 
ice it vanishes identically. 

^"'*-' Exercise xxii. 

Verify the following : 
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4. 



(«-t-^')(«-6)(«-c) (a;+6)(6-c)(6-a)'^ (a;+c)(c-a)(c-6) 



.(a;+a)(a;+^)(ic+c)' 

5. 6c(6«-c2)+ca(c«-a5)+a6(a2-?>») = 

(a+6 + c){a»(6-c)+fc3(c-a)+c«(a-Z»)}. 

x{x-y)(x-z) "^ y{y-x)(y-z) z{z-'x){z-y) "" i^* 

i{(rt+6+c)3-a3-63_c3}. 
8. (adf'\'bcf-^bed-'ace)9-^(bce+aed+acf'-bdf)» 3 

jj (a-^>)fi-f(6-c)g + (c-"g)^ 

(a -6)(6 — c)(c— a) *" «» 

10. (-a:+2/+2)(«-2/+z)(«+y— ^)+«(«-y4-2)(ic+3r-a.) + 

11 (a^-&^)^+(^^-c^)^ + (c^-<i^)^ 
- * • {a+b)(b+c){c+a) ■" 

(a-i)8 + (5-c)8+(c-fl)3.' 

12. ic^(y + ^)2+7/^(z+a;)«+c2(ii;+y)2+2a;ys(ic'+y+2)== 
^xy+yz+^.x)^. 

Theorem IV. If the polynomes /(a;)*, ^(a;)« (n not less than 
m) are" equal for more than n different values of x, they are equal 
for all values, and the coefficients of equal powers of ^ in ^acii 
ar^ e^ual to one another. 
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y (This is called the Principle of Indeterminate Coefficienta The 
fall nse of it cannot be exhibited till the student is able to work 
simultaneous equations.) 

Examples. 

{a-b){a-c)((m-d) "^ {b-a){b-c){b'd) "^ 

c2 d^ 

(c-a)(c-fc)(c-d) "^ {d-a){d-'b){d-c) " ^* 



Assume .. 



3 



{X''a)(x - b){x - c){x'-d) 



A B C D . V 



x-a x-b ' x—c x—d 

in which A, B, G, B are independent of x. 

Multiply by {x-a){x-b)(x-c){x-d). 

.-. x^ = (-4+ jB+C+D)a;3+term8 in lower powers of x. 

Now this equality holds for more than three values of x, hold* 
ing in fact for aU finite values of a;. 

Again multiply both sifes of (a) by «*•« 

(x-b)(x-c){x-d) " \a;-6 ^ x-c ^ X'-dj^ ' 

Put x=^a 



a2 



(a — 6)(a--c)(a-d) 



By svxnmetry ^.^_^^^.^^- = B, &c. 

Adding 

«» ft2 c^ 



(a-6)(a-c)(a-rf) ^ (6-a)(fe-c)(6-rf) ^ (c-a)(c-6)(c-d) 
+ {d^a){d^b)id^c ) = ^45+a+D = 0by(^). 

^ a3(a + 5)(a-j-c) 6g (/^+c)(6+a) cg(c+a)(c-ffe) 
*^* (a-i)(a-cj" ■*" (b-c){b-a) "*" (c-a)(c-6) 
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Assume x^—px^-{'qx—r=^{x-'a)(x — b){x — c), {^' 

:. x^ +px^ +qx+r = {x+a){x+b]{x+c). (jS). 

x^ -{-px^ + qjL'^ -i- rx A , B ^ C 

X"^ -jtx-^ -\'(jx— r ^ x — a x-o x — c ^ 

Multiply by x^ —px^'\'qx—r and equate the coefficients of the 
terms in a;^. {In multiplying the fractioA in the right-hand 
member of ^y), use the factor side of (a).} 

(j = q-2p'+A-\-B^C 
:. A + B-\-C = 2p^. 

Multiply both members of (y) by a;— a 

B C ) 



x(x+a)(x+b){x^-c) 

- =.-4 + 



= A. 



(x-'b){x — €) 

Put 0/' = ^/, 

2a^(a + b){a + c) 
{a-:b){a-c) 

By symmetry 

2 b^{b+c){b-\-a) ^ 2c^c+a)(c+b) __ 

\t^c){b-a) -^^^^^ {c-a){c^b) -^' 
a^aJf.b){a-{-c) _^ b^{b + c){b + a) cHc+a)[c + b) 
(a—b)(a — c) (6— o;(6 — a) {c — aj(c—b) 

= 1{A+B+C)=p^. 

8. Extract the square root of l+x+x^+x^'\-x^+&c. 

Assume the square root to be l+ax+Ix^+cx^'\'dx^+&c. 
.'. l+x+x^-]'X^+x^-{-&c. = {l + ax+bx^+cx^'^dx^+&c.Y 
= l + 2ax'^{a^ +2b).c^+2{ab+c)x^ + {2d+2ac-i-b9)x^ +&Q' 

26+a2 = l .-. h =},{!- I) =J 

2{c-hab) = l .•.^ = ^-ax|) = A 

2d-\-2ac+b2 = l .•.^i=i{l-iV-A} = i\V 
.-. |/(l+a;4-a:3 + &c.) = l + ix+2^-*+T^a;3+^aj* + &c. 
(Note. — As it is frequently necessary to determine the coeffi- 
cient of a particular power of a;, a few preliminary exercises are 
given on this subject.) 
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Exercise xxiii. 
Determine the coefficient of 

1. a;4in(l+flr;c)3 + (l + 6aj)«+(l-ra:)«. 

2. aj« in {l+x+2x^ +dx^)(l-x+Sx^ -[-x^ -5x^\ 

3. x^ in {l+x+2x^ +dx^ + ix^+&c)(l -x+x^ - x^+x* -&c). 

4. x^ mA(x-b){x-c){x-d)'{-B{x''a){x-c){x-d) + 
C(x-a){x-b){x-d)+D{x--a){x-'b){x-c). 

6. »4 in (1— aa;)3(l+<»aj)*. 

6. «* in{l'\-ax)^{l-bxy. 

7. In the product 

(l+ax+hx^+cx^+&G.){l-ax+hx^-cx^ + &Q.) 
prove that the coefficients of the odd powers of x must be all 
zeros. 

Determine the value of the following expressions : 

8 1 1 

' (a-6)(a-c)(a-rf) "^ (6-a)(6-c)0-rf) "^ 

1 1 

{^a){c-b){c'-d) + ((£-a)(rf-6)(t^-c)* 

rt ft 

■(a-ft)(^-c)(a-rf) ■*■ {b-a)(b-c){b--d) "^ *^^- 

a* 

10. =T7 w JT + three similar terms. 

(a— 6)(a— c)(a— rf) 

11. ^ L <« «« 

(a-fe)(a-c)(a-rf) ^ 

12. 7 Tw Tw- — -k; + three similar terms. 

[a — b){a — c) {a— a) 

bed 
(a— t)(a — 6*)(a-^ 

14. «l '»+y+' ;) _^ t^„ 

(a— ft)(a— c) 

(a^b{a—c) 

J6. ^.; («+6)(a+c) _^. .. , 

(a— 6)(.a— c) 
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^„ a(a-{-b){a-}'c){a'\'d) 



c< «< 



1Q ^^^(^H-^)fq+g)(a+rO 
^^* (a-6)(a-6-)(a--c/) "*■ 

a3(ei4-6)(a+c)(flr+rf) ^ ,, ^ 

^^- (a-^>)(a-c)(a-rf) "*" 

20. — — jx?~~\ +two simflarteraM. 
{a—o)(a—c) ' 

[For numerator use x^^+2px+(f)^ — q-{''i)x+{pq-r).] 

(2a+b\2a+c) 

2^' (a-6)(a-c) + *^° ^'"^^«^ *®^°^3- 

[For numerator use a;^ — 2/ x^ 4-Cp3 — 9^a;— (|>j— r).] 

a(b+c) 

22. , Tw ; + two similar terms. 

(a — b){a—c) 

[For numerator use x{x+p),] 

b-\-c+d 

23. 7 Tw w ;77 + three similar terms. 

(a — b){a — c)(a —a) 



24. 



a^{bc+cd+db) 



(a— 6)(a — c){a — d) 



bc4-cd + db 
"^- {a-b){a-c){a-d) ^ 

Extract the square-root of (to 4 terms) : 
26. 1+x. I 27. l-ic. I 28. l + 2a;+3a;«+4a;8+&c. 

29. l-4a; + 10a;2-20a;3 + 35a;4-66a;« + 84a;«. 
80. Extract the cube-root of 1+a?. (To 4 terms). 

Art. XI. 1. Find the condition that pxl^ + 2qx'^r Sknd p'x^ 
'^2q'x-\-r' shall have a common factor. 

Multiply the polynomes hy p' and p respectively, and take the 
difference of the products, also by r' and r respectively, and 
divide the difference of the products by x. 



p 'px ^ •\-2p 'qx 4-jo 'r 
jjp 'x^-\- 2pq 'x +pr ' 



2( 



pr'x^ -\'2qr'x+rr' 
p 'rx ^-^2q'7ix+r 'r 

ipr> -p'r)x-\'2{qr' -r'q). 



\i9^ ' —p 'q)x'\- {pr —p'r) 
Multiply the former of these remainders by {pr'—p'r) and tbo 
latter by i{vq'—p'q)y and the difference of the products i§ 

{pr' —p V) 2 —4i{pq ' - p '(j^\qi' ' — r'q)^ 
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But if the given ^jnomes have a linear factor this remainder 
must vanish, or 

If the given polynomes have a quadratic factor, the Ufuar re- 
mainders must vanish identically, or (Th. III.) 

pq'-^p'qz^O, pr'— |>V = 0, and qr'—r'q = 0, 
or, Z. :^ ± ^ JL. 

2. Find the condition that px^ + ^qx'^ -^-^rx+s shall have a 
square factor. 

Assume the square factor to be (x — a)*. On division, the 
remainder must be zero for every finite value of x, and conse- 
quently (Th. III.) the co-efficient of each term of the remainder 
must be zero. Divide by (a;— a)*, neglecting the first remainder, 

P ^q 3r 9 

pa pa^ ■\'^qa 



a 



a 



pa+^q pa^ -{-^qa+^r \ R 

pa 2pa^ +Sqa 



p 2pa+^q; ^pa^ + 'lqa+r) 

.*. px^-^2qx+r is divisible by »— a (Th. I. Cor.. 2), 

OTf px^r{-Sqx^-^drx+s andipx^'h'^qx-^r have a common divi- 
sor. Multiply the latter polynome by x and subtract the product 
from the former, and the proposition reduces to 

Ji px^+Sqx^ +S7'x-\-s have a square factor, 773;^ -f2^a;4-r and 
ja;-+2ra;-f« will have the square-root of that factor for a com- 
mon divisor. , 

3. If px^ + 2qx^ + drx+s \B,msh for x = a, or b, or c, find in 
terms of x, jo, q, r the value of 



x — a x—b x—c 
Beduce to a common denominator and add the numerators 

8x3 _2{a'}-h-^c)x-\-(ab-\'hc -f ca) 
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I 

MuUiply both numerator and denominator by^ and reduce by 
Th. II., and Ex. 4 of Th. II. 

a.»i+i ^.m+i j.^+1 S(px'"'+^i'2qx^+^+rx'^+^) 
• — . — -|- — . — -|- ^ . ' 

' ' X -a x — h X — c 2^^^ 4-8^a;2 + 8;ia5+s 

4. lipx^ +3//.C2 _|.3^^5 vanish for a; = a, or 6, or c, express in 

terms of/?, q, r, s, the following, a+ 6+ c, a^+ft^+c^, a^j^h^J^c^ 

, a"* + 6"'+c"*. 

Divide a;^+i by a; — a. 

1 
a a r/2 a^ a"* a^+i 

1 a a^ a^ a** ; a^"^^ 

Similarly divide a;^+i by x—h and also by x—c. 
add together the quotients 

1 7 -I =8a;'« + (a + Z»+c)x"»-i+(a2 + 6'» + c^V-' 

a;— a x— b x^ c ^ ' ^ ^ 

Hence, by the last example, the required expressions are the 
coefiBcients taken in order, beginning with the second, of the 
terms in the quotient of B(jpx^^^ +29'a;*^+2-f j-ai'^+i) -j- {^x"^ •\'Bqx^ 
4 B/a:+«). These may now be found by Homer's Division. 

6. Writing s^ for a+6-f-c, «2 ^^^ a^-ffe^+c^, &c., express 
(a — &)4 + (6 -c)4 + (c — a)4 in terms of 5^, »2> *3» ^4* 

By actual expansion 

(aj-.a)4+(a.^5)4+(aj_c)4 = 

3a;4-4(a-f & + c)a;3+6(a2+Z>2+c2)a;2-4(a3 + Z»3 -|-c3)«+ 
a^-\-h'^-\-'c^=.'^x^ — ^s^x^-\-^ScjX^-'A.s^x\Sj^, 
Put a; = «, =6, = c in succession. 

{a-hY +(c-a)4 =3a4-45ia3 + 6s3«^-453a+54 

.-. (a-/>)4 + (^-c)4+(c-//)4 =ij^,s4-4si«3+8*; 
in which .s^ is written for 8 or l-[-l+l, i.^., a«-}-6®+ c". 
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Exercise xxiii. (a), 

1. Determine the oondition necessary in order that x^ -hpx+q 
and x^-^p'x-hq may have a common divisor. 

2. The expression x^+Sa^x^+dbx^ + cx^+ddx^' + Se^x+P 
will be a complete cube if 

e d c — a^ 

/ = — s —- = = b — a*. 

8. Prove that ax^ +bx+c ?jid a-rbx^+cx^ will have a common 
quadratic factor if 

b^c^ = (c3 -a» + &2)((?s -a2 +ab). 

4. Prove that ax'^ +1x^+0 and a-f-6a;3+fic5 will have a com- 
mon quadratic factor if * 

6. Prove that aa;*+ia;S-(-(.a;-|.(f a^i a+hx+cx^+dx^ willhwe 
a common quadratic factor if 

(a-.d)» = (6-c)(6rf-flc). 

6. x^+px'+qx+r will be divisible hj x^-\-ax+h if 

• 

7. x^+pz+q will be diviaible by «» +aa;+6 if 

a« - 4qa9 =j?« and (62 +^)(&3 -^)2 -j^s^^. 

8. Determine the condition necessary in order that a;^ + 4;P^'^ 
+Sqx^+Arx+t may have a square factor. 

Jfx^+ipx^'^Sqac^+^rx+t vanish for x^a, or 6, ore, or rf, 
find in terms of x, p, q, r, t, the value of 

^ aj* af* ic"* ic^ 

»• :r~: + -—r H- — — + 



a5— a X — b x—c x-^d* 

10. 2 a, 2a2, 2 a', 2 a*, 2^', 2a^ 

11. 2 (a- 6)*, 2(«-6)«. 

12. Determine the values of the expressions in £x. 9, 10, 11, for 
{he polynome ap* - 14a;8 +aj - 38, 
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CHAPTER in. 



Section I. — Dibect Application of the Fundamental Fobmuus 



Formulas [1] and [2]. {x±yy =:x^±2xy+y^y &c. 

Art. XII. From this it appears that a trinomial of which the 
extremes are squares, is itself a square if four times the product 
of the extremes is equal to the square of the mean, and that to 
factor such a trinomial, we have simply to connect the square 
root of each of the«squares hy the sign of the other term, and 
write the result twice as a factor. 

Examples. 

1. 4a;*-80a;2i/2 + 4002/* = (2a;3-202/3)(2a;3~20y2) 

2. l-12a;2y2+36a;V=(l-6«V)(l-6a;V)- 

8. (a— ^>)3 + (6-c)2+2(a-.&)(6-c). This equals (a- 6+ J -c) 
x(a — 6+6— c) = (a — c)(a — c). 

4. x^ -^-y^ -{-2^ +2xy -2xz ''2yz. 

Here the three squares and the three douhle products suggest 
that the expression is the square of a linear tnnomial in x, y, z. 

An inspection of the signs of the douhle products enahles qs 
to determine the signs which are to connect x, y, z: we see that 

1st. The signs of x and y must he alike. 

2ad. The signs of x and z must be different, 

8rd. The signs of y and z must be different. Hence we hare 
x+y—Zi or — a?— 1/+2= - (x+y-z), and the factors are 
(x+y-z){x+y-z). 

Exercise xxiv. 

1. 9??i3+l2m+4; c3»»-2c*«+l. 

2. y^-2yh^+z^\ I6x^y^'\'16xy^+iy^. 

8, 9a»62 4-12a6c+4c2; 86;cV- 24^^/3 +4y* 



m— » 
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6. (a + 6)3+c2-2c(a+6); 9a;« -SajV+rVz/*- 

t) +(ir) -2- 

7. (x»-y)»+2{x'-y){y-z9) + (y-z')'. 

8. (ar»-a;y)»-2(a!8-a;y)(a!s/-y»)+(a!y-yS)». 

9. (a+6+c)»-2c(a+6+(5)+c''; y%p* -2p»q' + \«q*. 

10. (8a;-4y)« + (2a!-8y)»,-2(8a!-4y)(2a;-8y). 

12. (6a!2 + 2a^+V)?+(4a;»+6i/8)8-2(4a;»+62/2)x 
Sas'-i- 2*1/ 4-72/*). 

"• {t)^(1) -(t) 

14. a2+62+c3-2a6-26c+2ac. 

15. a* + M+c*-2a263-2a3ca+263c3. 

16. (a-6)2 + (6-c)2+(c-a)s + 2(a-6)(6-c))-2(a-5)(c-a) 
f 2(fe— c)(a-c). 

17. 4a* - 12a»6 + 9^3 -|-16a2c+ 16c2 - 246c. 

Formula [4]. aj^— y' = (a;+y)(a5— y). 

Art. XIII. In this case 'vee have merely to take the sqnare- 
oot of each of the squares, and connect the resalts with the sign 
•f- for one of the factors, and with the sign — for the other. 

Examples. 

1. (a+6)2-(c+rf)2. 

This= {(a+b)-^(c+d)}{(a+b)^(c+d)} 
= (a+6+c+rf)(a+6— c— c?). 

2. Factor (x^ +5xy+y^y -{x^ -xy'^y^)^. 

Here we have 

{(x^-{'5xy+y^)+{x^ -xy+y^)}{{x^ -i'5xyhy^)^('-^ ^xy+y^-)} 
• ^2,(x^'\'2xy+y''){6xy)^12xy{x+y)K 
8, a»-62-c2+26c. 

This»a3-(6-c;» = (a+6-c)(a-'i+c). 
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4. rwCSolve(a»+i2)2^(aa-63)3--(r(2+2,5-cJ>)3. 

This = 4rt«^/2_(rt2+i3_^2)2 

= (2ab-\-a^+b^-c^)(2ab'a^'^b^+c^). 

The former of these factors = (a+i)* — c^ =(a+fe4-6-)(a+5-c), 

and the latter = c2— (a — 6)2) = (c+a— 6)(c— a+6). 

*•• the given expression 

= {(t'\-h+c){a+b''c){c+a—b){c--'a+b). 

Exercise xxv. 



1. 49r/«-462. 

2. 9aa-i63. 

8. Sla^-16bK 

4. 100a;2-.36y2. 

5. 5r?26-206ccV' 

8. 42/*-|a;2z3. 



9. 81a4-l. 
10. a4-1664. 



11. 



a 



16 



-6i«. 



12. a2-63+26c-c«. 
18. (a+26)2-(3a;-42^)». 

14. (aj3+2/*)«-4a;3y^ 

15. (aj-h?/)3-423. 

16. (3a;+5)3-(5a;+8)«. 



17. 4a;2y2_(a.2 4.y2_22)2. 

18. (x^+xy-y^y-ix^-xij-y^)^. 

19. (aj3 -2/2 +22)3 -4a;223. 

21. (2+3:«+4a;3)3~(2-8a;+4a;2)9. 

22. (a2+62+4a6)2-.(a3^.j2)2. 

28. (a2-Z;2+c2-ei3)2-(2ac-2&c?)9. 

24. (a;3 -2/3 -22)3 _47/322. 

25. (a6-a853 4.50)2 _(rt«-5a353 +66)3. 

20. a' 3 -61 2 -|..6a»63 - 66»a3 +86»rt» -.8«»63. 
27. (a;2 + ?/2+2;2 -a;?/— 2/2^ — z.';)^ — (a:y-|-?/2+^a;)^- 
28. (a;2 +7/2 +22 . 2xy+2a:» - 2,ijz)-{y+z)^. 

29. 2a262 + 262c2+2c2a3-a4-64«.c4. 
80. »4 4.y4 4.;54«2a;2(/3-2^2a;2-2;&2a;3. 
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FoSMULA A. («+r)(a;+«)=a^+(r+»)a;+r». 

SXAMPLES 

1. a;«-9a;S+20=.(aj8-6)(a;8+4). 

2. (a;-y)«-fa;-2^-110=(aj-y+ll)(a;-y-10). 

{(a«-a6+5») + (2a+86)}{(a2-a*+6«)-(2a-86)}. 

4. (a;» - 5aj)« - 6(a;» - 5a;) - 40 = {x^ - 5aj+4)(«» - 5aj - 10). 

5. (aa?+6y+c)' — (w— n)(air-+fty+c)— mn 

Art. XIV. It will be seen that the first (or common) term of 
lie required factors, is obtained by extracting the sqnare root xkf 
lie first term of the given expression, and that the other terliui 
kre determined by observing two conditions : '^ 

(1) Their product must equal the third term of the given ex- 
>ression. 

(2) Their sum (algebraic) multiplied into the comnum term 
ilready found, must equal the middle term of the given expres- 
ion. Hence, to make a systematic search for integral factors of 
bn expression of the form a;^±6a;±c, we may proceed as follows : 

1st. Write down every pair of factors whose product is c 

2nd. If the sign before c is +} select the pair of factors whose 
urn is 6, and write hoik factors a;+> if the sign before his -{« ; a; - , 
f the sign before h is—. 

8rd. But if the sign before c is — , select the pair of fiactors 
i^hose differmcc is 6, and write before the larger factor a;+ or a;~ , 
md before the other factor a;— or a;+> according as the sign be- 
:ore 5 is + or — . . 

Examples. 

1. a;2 +9a.+20. The factors of 20 in pairs are 1 and 20, 2 and 
LO, 4 and 6. The sign before 20 is +, hence select the factors 
vhose 9u.m is 9. These are 4 and 5. The sign before 9 is -f, 
lence the required factors are (a;+4)(a;+5). 
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2. x'^ - 8:r-f 12. Pairs of factors o! 12 are 1 and 12, 2 and 6, 
8 and 4. Sign before 12 is +, therefore take pair whose sum is 
8. These are 2 and 6. Sign before 8 is ~, hence the factors 
are (x— 2)(a;— 6). 

8. aj2-21aj-100. Pairs of factors of 100 are 1 and 100, 
2 and 50, 4 and 25, 5 and 20, 10 and 10. Sign before 100 is -, 
therefore take the pair whose difference is 21. These are 4 and 
25. The sign before 21 is — , therefore x— goes before 25, the 
larger factor, and the factors are (a;+4)(a;— 25.) 

4. a;«4-12aj-108. Pairs of factors of 108 are 1 and 108, 
2 and 54, 8 and 86, 4 and 27, 6 and 18, 9 and 12. Sign before 
108 is - , therefore take the pair whose difference is 12. These 
are 6 and 18. Sign before 12 is +, therefore x-\- goes before 18, 
the larger factor, and a;- before 6, the other factor; hence the 
factors are (« — 6)(a;4-18). 

NoTB. — It will be found convenient to write the factors in two 
columns, separated by a short space. Taking Ex. 2 above, pro 
ceed thus : Since the sign of the third term is + , write the sign 
of the second term (in this case ~) above both columns, 

1 12 

(a;- 2) (a; -6) 

Ex. 8 above. Since the sign of the third term is — , write the 
sign of the 2nd term (in^this case —) above the eolumn of larger 
factors, and the other sign of the pair ±, above the other oolumn. 

+ 

1 100 

2 50 
(x+i) (a;-25) 

5. a;«-84a;+64. 

Here we have the factors 

1, 64 

a:-2, a:-82 

4, 16 

and since the last term has the sign + , and the middle term has 

the sign — , we wiite — over both columns. 



FAGTOBINa. g7 • 

- + 
1, 64 

. 2, 82 

a? — 4, x+lG, 

Here, since the last term has the sign -, we write the sign 
[+) of the middle term, over the column of larger factors, and 
;he sign — over the other column. 

7. a;* - 10a;« - 144. 

Here we have the pairs of factors : 

+ - 

1, 144 

2, 72 

4, 86 
a;+8, a;- 18. 

And since the sign of the third term is — , we write the sign of 
ihe second term (in this case — ) above the column of larger 
■actors, and the other sign (of the pair ±) above the other 
column. 

Exercise xxvi. 

2. x^^Sx+U] a;2-19a;+84; x^^-lx-GO. 

8. 4a;3-2iB-^20; 9a;3 -150a;+600. 

4. ^a;2+4ia;-86; 25u;^+40.^•-}-15; 9a;«- 27:^3 +20. 

6. ^\x^ + Ux+12; 16«4-4ic2-20. 

6. x^-{a^ + b^)x^-^a^b^; 4(x+2/)3 -4(a;+//)— 99. 

7. (a;2 4-^2)2 _(a2-63)(a;2 +1/3) -.a2/;3. 

8. (rt+2/)3-2c(a+6)-8c3. 

9. (a;+y)2-|.2(x3+2/3)(a;+y)+(a;3-7/^)3. 

10. (a+6)2-4a6(a+&)-(a3-63)2. , 

11. (x^+xy+y^)^+x^-y^'-5xy-2ij^--2x^. 

12. a3 - 2^/(6 -c)- 8(6 -c)^ 
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18. (z^+y^)^+2a^{x^+y^)+a*^-^h: 

14. (a;2-10a;)«-4(a;3-10a;)-96. 

16. (x«-14aj+40)3-26(a;3-14a;+40)-160. 

16. (»« -xy-hy^)^ + 2xy{x^ -xy+y^) ^Sz^y^. 

17. z^-Bz^+2; x^-2x^-S\ 9x* +9x^y3 -lOyK 

18. (?*•*+<;«— 2; aj«'-«8— 2; «»*-2x"*2^-8y»*. 

19. x'^—{a—h)x'*y*—aby^. 

Art. XV. Trinomials of the form ax^+bx+€{a not a sqna: e) 
may sometimes be easily factored from the following considera- 
tions : — 

The product of two binomials consists of 

1st. The product of the j^7*«t terms. 

2nd. ♦• " second " 

8rd. The sum {algihraic) of the products of the terms taken dia- 
gonally. 

These three conditions guide us in the converse process of 
resolving a trinomial into its binomial factors. 

Examples. 

1. Eesolve 6a;»-18ari/+62/^. 

Here the factors of the first term are x and 6a;, or 2x and da;; 
those of the third term are y and 67/, or 2y and 8y. These 
pairs of factors may be arranged 

(1) (2) (3) (4) 

X 2x y ^y 

Qx 8aj 62/ 8y 

Now, we may take (1) with (8) or (4), or (2) with (8) or (4); 
but none of these combinations will satisfy the third ccnlition. 
If, however, in (4) we interchange the coefficients 2 and 8, then 
(2) and (4) give 

2x 8?/, and 

8a; 2y, where we can combine the '* diagonal*' 
products to make 18, and the factors are 
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Sx — Sy, and 
8a; - 2y. 
The coefficients of (2), instead of those of (4), might haye Veen 
interchanged, giving the same result. 
2. ex^ — Uxy+^y^. 

Here, compaiing (2) and (8), Ex. 1, we see that their diagonal 
products may be combined to give 15, and the factors are 

2a;— y, and 8aj— %. 
8. ex^-20xy+ey^. 

Here, again referring to Ex. 1, we see at once that it is nseless 
to try both (2) and (4), since the diagonal products cannot be 
combined in any way to give a higher result than 18a;^. But com- 
paring (1) and (4), we obtain by interchanging the coefficients 
in (4) x—^f and 

6x^%/, which satisfy the third condition. 
Or, we Height interchange the coefficients of (8), and take the 
resulting terms with (2), getting 2x—%y, and 

8a;— y, 
4. 6a;* +85«y-62/». 

Here the large coefficient of the middle term shows at once 
that we must take (1) and (8) together. Interchanging the co- 
efficients of (1) we have 

Qx-- y, and 

ai + 6y . The same result will be obtained by inter- 
changing the coefficients of (8). 

Exercise xxviL 



1. 6a;2-87a;y+62/^ 

2. ^x^-T^xy-^y^. 

8. 66a;»-76a;y+202/«. 
4. 66a;»-86a;y-202/». 
6. 66a;«~1121a;y +207/3, 

6. 66a;»-68a;2/+20y«. 

7. 66a;»-668a;y-202/«. 

8. 66a;»+86a;y-20y^ 

9. 66a;«-67a;y+20y». 
10. 56a;3+8ay-20y». 



11. 6a;»-16a;y-6y>. 

12. 6a;2+5a;»/-6i/2. 

18. 66a;2+ 562a;y+20y3. 

14. 66a;3- 122a;!/ +202/3. 

15. 56a;»-102a;y- 202/2. 

16. 56a;«-229a;2/-f202/3. 

17. 56a;»-94a;2/+20y3. 

18. 56a;3-276a;j/- 202/8. 

19. 86a;»— 88a;i/-152/». 

20. 72a;2-19a;i/-40y». 
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Art. XVI. More generally, trinomials of the form oa;* +&c+(5 
(a not a square) may be resolved by Formula A, thus 

Multiplying by a we get a^x^ +haz+ac. Writing z for ax this 
becomes z^-^bz+ac. Factor this trinomial, restore Hbe value of 
z and divide the result by a. 

Examples. 

1. 6x^ +5x-A. Multiplying by 6, we get (6x) » + 6(Gx) - 24 or 
z ' + 52 - 24. Factoring, we get {z - 3)(« + 8), hence the required 
factors are |(6j;-3)(6a;+8) = (2.»— l)(3a;+4). 

2. ea;2 - IBxy + 6y « . Factoring z^ -ISzy^ 36y « we get {z - 4y) 
(«-92/), hence the required factors are i{6x^iy){6x^9y) = 
(3a;-2y)(2«-82/). 

3. 33-14a:-40a;». Factoring 1S20 -Uz^z^ we get 
(30-2r)(44+2), hence the required factors are ^^^(80-40«)x 

(44+40iB) = (3 - 4a;)(ll + 10a;). 

NoTB. — The factors may conveniently be arranged in two od- 
umns, eiach with its appropriate sign above it. 

- + 
Ex. 1, above 1 24 

2 13 



1 

e 



{6x'-B){ex+S)^{2x ^l){2x+iy 



Ex. 2, abovo 1 8G 

2 18 
8 12 

l{6x^i){6x-9)=^{Sx'-2){iX'^B). 

[Another method of factoring trinomials of the foi^n ca^+fe-f c 
is as follows : 

Multiply by ia, thus obtaining ia^x^ +4aJ«+ iac. Add b^ - 6», 
yhich will not change the value, ^a^x^ + ^abx+b^ — *' + 4ac ; by 
[1] this may be written (2flfa;+6)^ — (i* — 4ac). Factor this by 
[4] and divide the result by 4a. 
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Ex. Factor 66a;« + 187a; -27885. Multiply by 4x66 or 
2 X 112, 112'a;» +2.187.112a;— 6246240. Add IST^ - 187», then 
112»a;3+2.187.112a;+187«-(187»+6246240)=(112a;+137)»- 
6266009 = {(112a; + 137) +2608} {(112a; + 187) -2508} = 
(112a;+2640)(112a; - 2366). 

We multiplied by 4 x 66, we mast, therefore, now divide by that 
niuaber. Doing so, we obtain as factors (7a; + 165)(8a;— 1C9).] 

Exercise xxviii. 

9. 12a;»-a;-l 

10. 9a;2y» - 8aJ2/» - 62/*. 

11. 4a;2 + acy+8y». 

12. 6&3a;2-76a;»-8a;*. 

18. 6a;*-a;V-352/*. 

14. 2a;*+a;«-45. 

16. 4a;4-87aj2y3 4.9y4, 

16. 4(a;+2)* -.87a:»(a;+2)» -|-9a;*. 



1. 10a;9+a;-21 

2. 10j;«-29a;~21.. 
8. 10a;«+29a;-21. 
4. 6a;»-87a;+56. 
6. 12a»-6a-2. 

6. 12a;a-87a;+21. « 

7. 12a;« + 87a;+21. 

8. 16a«+13a36»-20M. 

17. 6(2a;+82/)»+6(6a;2+5a;y-6y«)-6(8a;-2y)«. 

18. 6(2a;+8y)*+6(6a:» + 5a;y-62/3)a -G(8a;-2y)*. 

19. 6(a;«+a;y+y«)«+13(a;*+a;«y*+y4)-885(a;«-a;y+y«)». 

20. 21(a;3+2a;y+2i/2)«-6(a;«-2a;y+2y2)8«5(a.4+4y4). 

Section U. — ^Extended Application of the Formulas. 

Art. XVII. The methods of factoring jnst explained may be 
applied to find the rational factors, where such exist, of quadratic 
multinomials. 

Examples. 

1. Resolve 12a;» - j»y- 202/3 +8a;+41y- 20. 

In the first place we find the factors of the first three terms, 
which are 

ix+5y, and 
8a; -4y. 

Now, to find the remaining terms of the required factors^ we 
must observe the following conditions : 
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Ist. Their product must = — 20. 

2nd. The sum {algebraic) of the products obtained by xanlti- 
plying them diagonally into the y*8, must =41y. 

3rd. The sum of the products obtained by multiplying them 
diagonally into the a;*s, must = %x. 

We see at once that —4 with the first pair already found, find 
+5 with the second pair, satisfy the required conditionsi and /. 
the factors are 

4a;+6y-4, and 

8aj— 4y*lr6. 

2. p2^.2;?r-2^^+7^r-3r2. -{-pq. 
Here the factors of p^ + v^ ^29*, are 

P+^q^ and 

Now find two factors which will give - S?-^, and which mtilti- 
plied diagonally into the p'B and ^'s respectively, will give 2j7r, 
and Iqr ; these are found to be — r taken with the^r^^ pair, and 
-h3r taken with the second pair. Hence the required factors are 

jj + 29— r, and 

j» — <^ + 8r. 

Art. XVIII. But the following examples illustrate a sorer 
method. 

3. {r2+icy-22/2+2iKs;+7y«-8«». 

Beject 1st the terms involving z^ 
2nd. " " y, 

8rd. " " X, 

and factor the expression that remains in each case. 

1st. x^+xy - 22/8 = {x^y){x+2y). 
2nd. a;3+2asj-822 = (a;+82)(aj-2). 
8rd. ^2y^+lyz'-Sz^ ^ {-y+Bz)(2y-z). 

Arrange these three pair of factors in two sets of three factors 
each, by so selecting one factor from each pair that two of each 
set of three may have the same coefficient of x, two may have the 
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etane coefficient of y^ and two the same coefficient of z {cotfideni 
including sign). In this example there are 

«— y, x+Sz, — y+Sz, 
and «+%» X— z, ^y^-z. 
From the first set select the common terms (including signs) 
and form therewith a trinomial, x^y+dz, 

Bepeat with the second set, and we get x+2y-z. 

:.x^+xy-'2y^'{-2xz+7yz-dz^=^{x-y+Bz){x+2y''z). 

1st Bx^-Sxy-Sy* =^{Sx+y){x—By). 
2nd. 8a;»+80a;+27 =(8aj+3)(a;+9). 
8rd. -8y8 +27 =(y+8)(-8y+9). 

/. the factors are (Sx+y+S^x-Sy+d). 

5. 6a»-7a6+2ac-2062+64ftc-48c«. 

1st. 6a«-7a6-206» =(2a-56)(3«+46). 

2nd. 6a8+ 2ac-48c» =(2a+6c)(8a-8c). 
8rd. -206«+646c-48c8 =(-56+6<?)(46-8c). 

.*. the factors are (2a-5&+6c)(8a+46 — 8c). 

Exercise xxiz. 

1. 7a;2-.a^-6y«-6a;-20y-16. 

2. 20a;«-16a:7y-5y»-68a;-422/-88. 

8. 8aj*+ajV-42^*+10««-17y3-lS. 
4. 20aj«-20|>8+9a^+28iB+852/. 

6. 72a;2-82/»+56a:y+12y— 169aj + 20. 

6. «'— a;y-12y*— 5a:— 15y. 

7. 8a;»+18a;y+9y«+2iG?-«3. 

8. 6a;2+6y2-18a;y-8«2-22/«+8a». 

9. 6«*-10y4+lla;V-26;52+102/2+25y229-15a;^+10a;»««. 
10. 15«*-16t/i-22a;V-152* + lV«* + 50a;»«». 

XI. 4a«-166»-4a6-21c»-866c+8ac. 
12. a*+M+<J*-2aa6«-263c8-.2c»a8. 
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Art. XIX. Trinomials of the form ax^ +hx^ +e can always be 
broken up into real factors. 

If a and c haye different signs, the expression may be factored 
by Art XVI. 

If a and c are of the same sign, three cases have to be consid- 
ered: i. 6=r2v/(ac), ii. 6>2v/(ac), iiL h<2y/{ac) 

Case L 5 = 2|/(ac). This case falls ondor Art XII., formtda 
[1] . where examples will be fonnd. 

Case II. 6>2y(ac). This case faUs under Art XVL, where 
examples ^rill be found. The following additional examples are 
resolred by the second method of that article. 

E:iAMPLZS. 

1. ix^ + ^x^y^-^i/^. 

Here we see that (f^^)^ will make, with the first two terms, 
a perfect square, and we therefore add to the giien expression 
($y^)' ~"($y')^' '^^^ expression then becomes 

= (2a:»+|y»+|2/«)(2a;2+|2/2~3i/') 

= (2a;« -|-22/3){2a;» + iy^) = {x^ +y^){ix^ +y^). 

2. 8a;* + 6a;«+2. 

Here multiplying by 4x3, and completing the square as in 
Ex. 1, we have 

86a;*+72«« + 6«+24-62 = (6a;»+6)2-12 

x= (6a;» + 6 - i/l2){6x^ + 6 + v^l 2), which divided by 4 x 3 give 
the required factors. 

8. ax^-hhx^+c. 

Proceeding as in Ex. 2 we have, by multiplying by 4a, 

ax^+hx^ +c = {ia^x^+Ubx^ +b^ - 6» -f4ac} -j- 4a 
= {2aa;» +fe + 1/(^' - 4(MJ)} {2««» + 6 - 1/(6» -4ac)} -r 4a, 



Exercise, xxs. 

1. x^+7x* + l\ ix^ + Ux^+1. 

2. x^+7x^y9+y^; Sx!^ + 5x^y^+y^. 

8. 4^^+10x^+3; S{x+yy + 5z^{x+yy+zK 

4. x^+lx^y^+Biy^; x^+7x''y^+Sij/^, 

5. 4a;*+9a;V + Hy*; 4(flr+&)4 + 10c»(a+i)« f 8c*. 

6. Bx^+Sx^'y^+i^^y^; 36x^+96x^ + 55. 

7. 6a?*+20a;»+2; Aa^ + 12a^ + l. 

8. 4(a;+y)* + 12(a;+y)''23+2*; 6a;4 4-20a;«y»+2.v*. 

9. 9x^ + Ux^+A; 2x^+Ux^{y+zy + 15{y+z)K 

10. 2a;*+12a;»+15; 7«4+4Ca;3+45. 

11. 8a?* + 36a;V+29y*; 7a;*+20a;2!/»-20y*. 

12. 7(a-6)4+16(rt-6)«c»+5c*; ^a^ + 3aH^+b^. 

13. 8a;*+6aj»i^« + 22/4; 8(^+5)*+6(a3-63)3^:2(a-i)4. 

14. 49a4-84a26»+225*; 257h4 + 60^12^3 +27n*. 

15. 49(m+7i)*-84(m' -n3)«+22(7?t-n)*: 

Cas3 III. 5<2|/(ac). This case may be brought under 
Art XIII. The following examples illustrate the process of re- 
ductiou and resolution. 

Examples. 

1. a;*-7a;9+l. 

We have to throw this into the form a^ — 6*^ : 

a;4-7a;2+l = (a?« + l)8 -9«3 = (a;«+l+8aj)(a;^ +l-8a;). 

2. 9x^+2x^y^+Ay^^{Sx^ + 2y^)^-'9x^y^ 
= {3x^+2y^ - 3xy){3x* + 2y^^ +3xtj). 

8. x^+7j^ = {x^+y^y-2x^y* 
= («3 4-y2+a:i/ y2)(a:2 +2/3 - a;//|/2). 
4. x*-ix^y^+y^=ix''+y^)^-^x^2j9 

= {ya. x9+y/c-i/(2i/-^-b)x}x 
{y/a. x^+l/c+ y{2y'^—b)x}. 
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t 

Art. XX. It is seen from these examples that we hare merely 
to add to the given expression what will make with the first and 
last terms (arranged as in Ex. 5) a perfect square, and to suhtract 
the same quantity. In Ex. 2, e> g.y the*square root of 9a;^ =dx^, 
the square root of 4y* = 2y3, ;. Zz^-\.^y^ is the hinomiai whose 
square is required ; we need .'. 12x^y^ ; hut the expression con- 
tains Bx'y^ ; :. we have to add and subtract 12x*y^ - dx^y^ = 
Ox^y^. 

Hence we derive a practical rule for factoring such expressions. 

(1). Take the square roots of the two extreme terms and con- 
nect them hy the proper sign ; this gives the first two terms of 
the required factors. 

(2) Suhtract the middle term of the given expression from 
twice the product of these two roots, and the square roots of the 
difference will be the third terms of the required factors. 

6. x^+^^x^y^+y^, Here |/a;*=a;», |/y* = y', and the first 
two terms of the required factors are x^+y^ ; twice the product 
of these is +2^^^^) from which subtracting the middle term, 
T^x^y^f we get Hx^y^ ; the square roots of this are ±lxy* 
Hence the factors are a?^+y'±|ipy. 

Note that since yy*= +2/*, or -y^, it may sometimes hap- 
pen that while the former sign will give irrational factors, the 
latter will give rational factors, and conversely. 

7. x^ — llx^y^+y^. Here, taking +y*, we have 

x^+y^+xy y/ld, rndx^+y^-xyy/ld. 
But taking — ^^, we have 

ajS - y9 ^dxy, and x^~y^ — Sxy. 

Sometimes both signs will give rational factors. 

8. 16a;* — 17a;*y'+y*« Here we have 

{ix^+y^+Sxy){ix^+y^'-Sxy, and also 
(4a« -j/» + 5a?|/)(4a;3 -y» - 5xy). 
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Exercise xxxi. 
1. x^+2x^y^ + 9y^, x^-x^y^+y^, x^+x^y^+y^. 

8. x^+1, x^+9y^, 1-121/2 4.162/4. 

4. x^--lx^+l, x^-^9, ix^+y^-3x^y^. 

5. y*-a;4+lla;V»»®+42/S«*+4a;3 + 16. 

6. 4a:4+2/4-8ia;32/^ i»*+2/*-T\«V» 4a;4+l. 

7. ic^^+eV"*, aj*"»+V"», la;4+^»^y4--5Jar«y^ 

8. 4a;4- 8^72 + 1, Ta^y^-ix^-SGyS x^+a^yK 

9. m2a;4+n22/4-(2m7i+i^)a;3i/2, a;*"»+2*"*-y"». 

10. 16a;4-25a;2H-9, 4a;4-16a:2+4, 13a;22/3-9aj4-42/4. 

11. 4a;4-12^|x2t/24-9y4, a;4+6a;3 + 26. 

12. a4+54 + (a4.ftJ4, 14.a4_f.(l_|.^)4. 

13. (a;+3/)4-722(a;+2/)5»+24. > 

14. (a + 5)4+7c2(a+6)2+c4. ^' 

15. 16a4+4(5-c)4-9a2(6-c)2. 

16. 4(a+6)4+9(a-5)4-21(a2-62)2. . -• 

17. (ic^+y2~a;2/)*-7(a;8+2/3)9 + (a.+2/)4. 

18. (a2+aZ)+62)44.7(aS_j3)2 4.(a__ij4. 

19. 16a4+4a2+i, a;4-41rc2+16. 

20. a;4+§l2/8-68rc22/4, l+z4+2528. 

21. (a»+l)4+4(a2+l)2a2+16aS (a;+l)4+2(aj^ -1)2 + 
O(x-l)*. 

Art. XXI. We can apply [4] , Art. XIII., to factor expres- 
eions of the form ax^+bx^ +rbx—r^a. Tliis may be written 

a{x^-r^) + bx{x^+r)={a{x^-r)+bx}{x^+r). 

Examples. 

1. •6a;* + 4ic3+12a;-54. This 

= 6(aj* - 9)+4a;(a;2+3) = (aj2+3){6(rc2 - 3)+4a;} 
= (a;2+8)(6iB2+4aj-18). 
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2. Ux^-hlOx^-^Ox-176. This 

= ll(aj* - 16)+102J,^a;2 -4) = (a;^-4){ll(a;» + i)+10«} 
= (a:3.-4)(lla;2+10a;+44). 

8. 40a;4 + 80ic3+60a;-160. This 

= 10(4aj4-i6) + 15a;(2aj2 + 4):=(2a;2+4){10(2a?2-4)+15ir} 
= (2aj' +4)(20a;*''+15aj-40). 

Note. — To determine r, take the ratio of the coefficient of x^ 
to the coeffisient of z. 

Exercise xxxii. 

Besolve into factors 



1. a;*+2«3 + 6a;-9. 

2. 2a;* + 2a;3+6a;-18. 
8. x^'\'Sx^+12x-'16. 
4. 8a;4+a;3-4a;-48. 
6. 5a;*+4aj3-12a;-45. 

6. lOa;* 4- 5x3+ 30a; -360. 

7. Ja:4+20aj3-|-4a;-yi^. 

8. 25a;* -40x3 + 8a; -1. 

9. 37ia;*-30a;3+48a;-96. 

10. 63a;4-39a;3 + 52a;-112. 

11. 810a;* + V«^ + l»-2i. 

12. 242a;* - 38a;2 - 3a; - 2. 



13. ix^+^x^-^%x-^, 

14. 80a;*-32a;3y+64a;y-320y*. 

15. 24a;*-12a;3y+30a;i/3-150y*. 

16. 2a;* + ia;3y-8a;y»-512i/*. 

17. lla;* + 10a;3-12a:-16H 

18. 40a;*+30a;3+60a;-160. 

19. 18a;*-12a:32/+72a;y3-468y*. 

20. 3a;* + 8a;3y+12a;^3-482/*. 

21. 6a;*+4a;3y-12a;y3-46y*. 

22. 4a;* -14a;3i/+28a;y8 -16y*.' 

23. x^+SOxfy-hl^xy^—^^y^. 

24. 2a;*-a;3y+6a;y3-72y*. 



Art. XXII. Formulas [1] and [4] may sometimes be ap- 
plied to factor expressions of the form « 

ax^ + bx^'{-cx^-{-rhx+r^a» 
This may be put under the form 

a{x^+r^)+bx{x^'^r)+cx^ =a{x^ +r)9 +bx{x^+r) + 
(c-2ar)a;3, -^hich can sometimes be factored. 

Examples. 

•i 

1. a;*+6a;3 +27a:2+162a;+729. 

We have a;*+729+6a;(^-2+27)+27a;3. 

= (a;2 +27)2 +6a;(a;2 + 27) + 9a;2 - 86a;» 
= {aj3+27+3a;}2-86a;2, which [;ives the factors 
a;3-8a;+27, and a;3+9a;+27. 
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2. x^+ix^+ix^+^Ox+25. This 

r= (a:3 + 6) 2 + 4a;(a;3 + 5) - 6053 
= (ic2 + 5)3+4a;(ic3+5)+4ic2-10aj3 
= {aj3+6+2a;-a;x/10}{a;3+5+2a; 4-^/10}. 

Exercise xxxiii. 
Eesolve into factors : 

1. a;*-6a;3j-27a;3-162a;+729. 

2. aj4 + 2aj3 + 3a;3+8a;4-16. 
8. x^+z^+x^-\-x + l. y 
4. a;*-4a;3+a;3-4a;+l. 

6. 4a;4-12aj3-6a;2-12a;+4. 

6. a:*+a4iB3-26a;3-70a;+25. 

7. 16a;*-24aj3-16iB3+12a;4-4. 

8. a;4 + 5a;3-16a;3 + 20iB+16. 

9. a;*+6aj3-lla;2-12a;+4. 

10. x^+ix^y+x^y^ +12xiJ^ +{)y^. 

11. a;*+6aj3-9aj2-6a; + l. 

12. a;4+4a;32/-19a;3t/3+4a:?/3+2/*. 

18. ix^+ix^y-eSx^y^ -10xy^+25y^. 

14. a;*+6a;32/-9ic2i/3-6aj?/S+t/4. 

15. x^-h^x^y+lOx^y^ +12xij^ +iy^. 

16. 9a;*+18a;32/-62a;3i/«-12a;i/3 + 4y4. 

17. lla*+10a;3j2^+39//Tj;32/3 +20xy^-{-UyK 



Section III. — Factoring by Parts. 



Art. XXIII. To factor an expression which can be reduced 
o the form a.F{x)+h,f{x), 

When the expression is thus arranged, any factor common to 
\ and b, or to F{x) and /(a?), will be a factor of the whole ex- 
pression. The method about to be illustrated will be found use- 
iil in cases where only one power of some letter is found. 
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Examples. 

1. Factor acx^ —dbx—bc^x+b^c. 

Here we see that only one power of a occurs, and we therefore 
group together the terms involying this letter, and those not in 
Yolving it, getting 

a(cx^ -Ix) -bc^x+h^c 
= ax{cx — 6) — bc(cx — 6) = (ax — bc)(cx — 6). 

2. Factor m^x^ -mna^x^mnx-\'n^a^. 

Here we observe that a occurs in only one power (a'). 
Therefore we have 

— a^{mnx^n*)-{'m^x^ —mnx 

= —7ia^(mx—n)+mx(mx—n) 

= {mx—n)(rnx — na^)» 

8. 2x^+iax+3bx+eab. 

Here we observe that the expression contains only one power 
of both a and b. W« may, therefore, collect .the coefficients in 
either of the following ways : 

a{ix+6b)+{2x^ +Sbx), 
or, i(3a+6a) + (2a;«+4aaj). 

Now the expressions in the brackets ought to have a common 
factor, and we see that this is the case. Hence, 

a{ix+6b)'^{2x^+dbx) 
= 2a(2a;+86)+a;(2a;+86) ={2x+Sb){x+2a). 

4. abxy + b^y^-\'acx — c^ 
= a(bxy+cx)-\'b^y^—c^ 

= ax{by+s)+{by+c){by—c) =(by-^c){ax+by—c). 

5. y»-(2a+%>+(2a6+a3)y-ra26 

= {y-b)(y^a)K 

6. 2jc^y'^2bx^-bx^y+iabx^y ^x^y^ +iaxy- '-2abxy^-2ay^* 
= b{2x^ - «*y + ^ax^y - 2axy «) + 2x^y — a;«y » + laxy^ - 2ay * 
= fcx(2a:*— a;*y+4axy— 2ay*)+y(2x*— a5'y+4aj?y— 2ay*) 

« G^+ to)(2a;» -a;«y+4aiy - 2ay^). 
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And 2x^-^x^y+4iaxy — 2ay^ 
^a{ixy'-2y^)+2x^-x^y 
= 2mj{2x - y) +x''{2x -y) = (2ay+aj3)(2a?- y). 

7. x^+{2a'-b)x^ -{2ab-a^)x-aH 
:=h{-x^-2ax-a^)+x^+2ax^+a^x 

= -6(a;+a)2+a;(a; + a)2 =(a;-6)(a;+a)a. 

8. rx^-(p-q)x^ + {p-q)x+q 
= g(aj^ — ic+l) +l^a;3 — joa;^ +px 
=:q{x^-X'\-l)-\-px{x^-x+l) ={px+q){x^-x+l). 

Exercise xxxiv. 



6. x^-b^x^-^a^x+aH*. 

7. a«— a3a;»-6»a;«+a86«. 

8. 8x^ + 12ax+10f'X-^15ab. 

9. a2 + (a(j-&3)a;«+6ra;3. 

10. a2+(a(?-6»}a;3-6ca;». 



1. x^y—x^z^xy^+yz. 

2, ahxy + b'^y^-\- acx — c^. 
8. x^z^-ha-v^—a^z^-a^. 
4. 2x^—ax-Abx+2ab. 
6. aj2+2^>a; + 8ax+6a&. 

11. fl5a;3 4 (ac~W)x2 — (a/+f(i)a: + ((/'. 

12. px^'-{p+q)x^ + (jp-\-q)x—q. 
18. fl2+a6 + 2ac-263+76c-8c3. 

14. x^+(a+l)x^'\'{a + l)x+a., 

15. w?/?a;3 H- (wg' — np)x^ — (mr + nq)x + wr. 

16. 35^ — (a+6+c)a;^ + (a6 + &c4-ac)a;-a6c. 

17. x^ -\-{a—b—c)x^ ^{ab — bc+ca)x+abc. 

18. x^-j-{a'\-b'-c)x^ — {bc—ca-ab)x—ahc. 

20. a^bx^-^-ab^xy + acdxy-^-bcdy^ — aefxz^befyz. 

21. a2a;»-a(5-c)aj3-fc(a-6}a;+c2. 

22. rnx^ —nx^y+rx^z — mxy^-^ny^^ry^z. 

23. a??7a5^ •\'(tnby—nay+m(z)x -nby^ —ncyz. 

24. (am — 6cm)j;2+(awi— 6cii)a;+an+n«a;. 

25. a^i^c* - ft^c^a?*/ - a^c^T/a -|- c2a;?/22 - a^b^zx+b^x^yz+a^z^xy 
^x^y^z^, 

26. a* -y7i2a;*-(n-n2)a;3 + (m2n-w27i2)a;«-a(ic34-n3-n). 

27. l-(a-l)a:--(rt-ft + l)a;2 4.(a4-6-c)a;3-(6+c)a;*4-ca;«. 

28. a3««-a2(5_c+J)a;2j/-(a6c-aW4-acd)ar2/» + 6.'?%3. 



S2 
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30. m^jj^x^+m^p^x^^-ip^n^ -q^m^)x^y^-{p^n^ -q^m^)x^yl 
— {n^q- -\-n'^q^x)y^. 

Art. XXIV. Borne times an expression which does not come 
directly under the preceding form, may be resolved by first find- 
ing the factors of its parts. 

Examples. 

1. ahx^+aby^—a^xy — b^xy* 

Here, taking ax out of the first and third terms, and by out of 
the second and fourth terms, we have 

ax{bx —ay) — by(bx — ay) , and heu ce 
{ax-by){hx-ay). 

2. x^-{a+b)x^'\-{aH+ah^)x-an^. 

Here, taking the first and last terms together, and the two 
middle tefms together, we have 

(x^ +ab){x^ - ab) - {a+b)x^ '\-ab{a+b)x 
= {x^-j-abXx^-ab) - {a-^b)x{x^ - ab} 
= lx^-ab){x^ -\'ab-{a+b)x} = (ic« -a6)(a;-a)(a; -6). 

8. ojSw - 4a;^+8. This eq lals 

= a;^(a;^+l)(ic'~ - 1) - 8(ic^ -1) 
= (a;^-l){a;''*(a;»^+l)— 3}. 

Exercise xxxv. 



•«:t 



1. a^ —ab+ax—bx, 

2. abx^+b^xy-a^xy-aby^. 
8. x^+ax^-a^x-aK 

4. a^x+2a^x^ -T2ax^+x^. 

5. acx^ + {ad — bc)x — bd, 

6. 26.c4-5a;3+aj2-l. 

7; a^ -b^-{'ax'-ac — bx'\'b€. 
8. a^ + {l+a)ab+b^. 

10. <c?'-y^+x'^-hxy+y^. 

11. 26+(63-4)aj-2to«, 

12. a;3 4l8»3-4. 

18, |)8-p«g-2pg« + a^^ 



14. a8+rt2-2, 

15. 8^264 -2a63- 1. 

16. 2/»-8i/+2. 

17. 2aS-.a263-a62 4-2^^3'. 

18. i^m^52m_2. 

19. 2/3n_ 21/2^2'*- 2 ?/'»;j2«-2^r 

20. a3-4a63+863. 

21. a^-8a'»c»-|-2c2» 

22. aa;3-(a3+6)a;«4-6«. 
28. 85a;^-6a3«n-9a*. 

24. a362 + 2a6c«-a«c2-6M. 

25. am^-ab^-^-bhri^mK 

26. ^-6a«+27a^ 



FACTOBlKd. /* 88 

27. {x-9^^ + {l-x+y){x^y)z^z\ 

28. 24m2-28m2n+6wn2-7n2. 

29. x^+^-hX^y^+x^y^+y^-*-^. 

80. a;*+2a;'^y-a3a;3+aj22^-2aiC2/3-y^. 

Section IV. — Application op the Thsoby op Divisobs. 

Art. XXV. By Theorem I. we prove that 

85" — a* is divisible hy x—a always 
af^—a^'* *• ** X + a irhenn IB even 
'of + a'' " ** ** x+a when n is odd. 

By actu&l division we find, in the above cases ; — 

X —a ^ ^ 

-^ = a;'»-^-af-*fl+ . • +im'*-*-a"^^ (2). 

X +a • ' ' 

——- = x^'-^'-ar-^a+ . • -a;:A"-*+a*»-i (3). 

Examples. 

1. Eesolve into factors x^—y^ ; here x—y is one factor and by 
(1) the other is x^+xy+y^. 

2. Eesolve a^+{b — c)^; here a+(5— c) is one factor; and by 
(3) the other is a^ -a(i-c)+(6 - c)3. 

8. Eesolve x^ « -f- 1024?/» «. This = {x^y + {{2y)^}\ one factor 

of which is a;^+(22/)2, and by (8) the other factor is 

(a;3)4-(a;3)3(42^3)4.(a.3)2(42,2)8_a.s(42/2)3^(42^3)4. 

-3a;i2_4aj92,2^16iBV-64a;3y« + 256y». 

4. Eesolve (a?— 2y)3 + (2a;-2/)3 into factors. 
Here by (8) we have 

/• the factors are 

8(a? - y)(7«3 - 18«?y+7y«), 
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By (1) we see that this = ^ = ^3^; 

6. Resolve a?* ^ -a* »a+a;»a2 — x*a^ +x'^a^ - a:*a* -^-x^a^ 

x^^-a^^ 
-aj4a7+a;»a»-aj»a»+«a'"-a^^ This = ' , ^ 

(g«-fa^)(a;«-a«) {x^ ■\-a^){x^ - a^){x^ -^a^) 

«(a;2+a2)(a;*-a;«a2 + a*)(a;-a)(a;3+a;a+a2)(;ij3_aw+a2> 

Exercise xxxvi. 

Factor the following : — 

1. a:« -2/*, «» -1, «» +8, 8a» - 27a;3, S+a^a?'. 

2. iB«-aio, 27a»-64, ai3-6», a?iO-822/». 
8. Find a factor which, mnltiplied into 

a*+a»6+a«6«+a58+6*, will give a«-6«. 

4. By what factor must a;» -4a;»y+16a?y2 — 64y3 be multiplied 
to give x^ - 256y * ? 

5. Factor aj^+a?«y+aj*y' +x*y8+a;3y*+x^^* +a;y* +y^. 
Find the factors of the following : 

6. (8y«-2a;«)«-(8a?«-22/')», a»-16&*. 

7. «»-y*-a?(a;«-y«)+y(a;-y). 

10. ««— y«+2a^(a;*+a;2y3+2^4). 

11. (a«-^3+8&»c«, a;*^-a*». 

12. a;»-8aa»+8a»a?-a8 + 68. 

13. a;»+8y»+4a;y(a;«-2a;i/ + 4y»). • 

14. 8a;»— 6a;y(2j;+3i^)-h27y». 

15. l-2a;+4a;2-8a;3. 

16. a»+a4k.+aH'c'+a»6»c3+a54<. +65^». 
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XXVI. 19ie principles illnstrated in Section 11., ehftp. 
ij be applied to factor Tarions algebraic expressions, as in 
owing cases : - 

Examples. 

ind the factors of 

(a+6+c)(a6+^+crt)— (a+i)(6+c)(c+«). 
t. Observe that the expression is aymmetrical with respect 
to a, 6, 6. 

id. If there be any monomial factor a must be one. Pat- 
ting a = 0, the expression yanishes. .*. a is a factor, 
and, by symmetry, b and c are also factors. .'. abc 
is a factor. 

d. There can be no other literal factor, because the given 

expression is of only three dimensions, and abc is of 

three dimensions, 
h. But there may be a numeiical factor, m suppose, so that 

we have 

{a+b+c){ab+bc-^ca)^ (a+b)(b+c)(c+a)ssmabc, 
> find m, put a = b=c = l in this equation, and m = 1. 
the expressions a6c. 

;esolve a2(6-c)+6«(c-a)+c«(a-6). 

i For a = this does not vanish. .'. a is not a factor^ 
and by symmetry neither is b nor c, 

kd. Try a binomial factor ; this will likely be of the form 
b—c'f put 6 — c = 0, i.e., 6 = c in the given expression, 
and there re&^ults 

.a^{c''C) + c^{c-ra) + c^a-'c), which = 0, 
6 — c is a factor, and by symmetry c—a and a—b are ftic- 
torsL Since the given expression is only of ihtee 
dimensions, there can be no other literal, factor ; but 
there may be a mmiencal factor, m (say), so that 

Ind the value of m, give a, 6, c, in this equation^ any valnfis 
wiU ^ot reduce either side toisero; Uta,^l^b92^ ^sfO, 
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and we have ^^Tn( — 2), or ms —1 ; so that the giyen expres- 
sion= -(a— 6)(fc-c)(c— a), or (a-6)(6— c)(a— c). 

8. Resolve a^{b-\'C^)+hl{c+a^)+e^(a+b^)^ab€{ahc^l). 

Here we see at once that there k no monomial fiaetor : 

put b+c^ =:0, ue., b==—c^, and the expression becomes 
a3(_c8+c«)-^c«(c+a3)+c8(a+c*)-c3a(—c«a+l) which = 0; 
.*. bi-c^ is a factor, and by symmetry c+a> and a+6^ are also 
factors ; and proeeeding as in formerjexamples we £jid m=l ; .*. 
the expression = (6 + c*)(c-fa')(a+^*). 

4. Besolve into factors the expression 

(a-.&)«+(6-0)3+(c--a)8. 
As before, we find {hat there are no monomial factors. 

Let a — 5 := 0, or a = &, and substituting b for a the expreseion 

becomes zero ; hence 

a — 6 is a factor. 

By symmetry 6-o ** 

and c—a** . 

Hence the factors are 

m(a — 6)(6— c)(c — a). 

To find m let a«=0, 6 = 1, c = 2, and we have 

6 = 2w, or w=8« 
The factors are, therefore, 

8(a-.6)(6-c)(c-a). 

5. Besolve into factors 

Ab befbre, we find that there are no monomial factors. 
Let a— 6 = 0, or a = 5 ; substituting b for a, the expression be* 
comes zero ; 

therefore a— & is a factor. 

- ' By symmetry b — c " 

and c—a •* 

Now the product of these three factors is of three dimei^ions, 
while the expression itself is of four dimensions. There mast, 
therefore, be another faptor of oi^ diT^engioi^ |t cam|ot be ^ 
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mouomial factor, for the expression has no such factors. It can- 
not bo a binomial factor, such as a +6,. for then, by symmetry, 
b-\-c and c+a would also be factors, which would give an 
expression of six dimensions. It cannot be a trinomial factor, 
unless a, &, and o are similarly involved. For instance, iia^b^o 
were a factor, then, by symmetry, 6— c+a and o — a+ft would also 
be factors, and the dimensions would be six instead of four. The 
other factor must, therefore, be a-p6+c. Hence, 

a«^-c)+68(c--a)+c3(a--6) = w(a— 5)|ft-c)(c-a^(a+6+r); 

To find m, put a = 0, 6 = 1, and c = 2, and we have 

-6 = 6wi; 

Hence the factors are 

— {a — b)(b — c)(c'~a)(a+b+c\ 
or, (a — 6)(a— c)(6 — c)(a+64-c). 

6. Prove that 

a^+b^ ^c^ + S(a+b){b+c){c+a) 

is exactly divisible by a+^+c, and find all the factors. 

Leta4-i+c = 0, or a= —^ft+c) ; substituting this value for a, 

we have 

-(6+c)s + ft3+c3+36c(6+c), or 

-(6 + c)» + (^>+c)3 which = 0, and 

therefore a+b+c ia & factor. 

As before, we find that there are no monomial factors. Since 
a+^+c, the factor already obtained, is of one dimension, the 
olher factor must be of two dimensions, and cannot, therefore, be 
a binomial ; for if a+ 6 were a factor, by symmetry i-fc, and c+a 
must also be factors. The factors in that case would give a 
quantity of four dimensions, whfle the expression itself is only 
of three dimensions. Nor can a^+b^+c^ be a factor. For 
if 80, the other factor must involve a numerical multiple of the 
firet power of a, and, therefore, on taking the first power of a out 
of terms involving first and third powers, we should have left 
90^9 QUipencal multiple of a^-j-b^+c^^ instead of which we get 
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a>+ 8(6 +(?)». Nor can af+(b+c)^ be a factor, for symmetry 
would require two other factors, viz. : b^ +{c+ay, and c' +(a4-6)', 
thus giving a quantilgr of seven dimensions. 

The only factor admissible is, therefore, (a+fe+c)^. 
Hence 

s»m(a4-6+c)3. 
To find m, let a = l, 6 = 0, and c = 0, and we have l = )it. 
Hence the factors are 

(a-f6+c)(a+6+c)(a+6+c). 

7. Simplify 

a(6+c)8 + 6(a+c)a+c(a+6)»— (a+6)(a-c)(6-c) 
-(a-6)(a-c)(6+c)4-(a-6)(6-c)(a+c). 

Let a = 0, and the expression becomes 
hc^ +cb^ + bc(b — c) — bc{b + c) - 6c(6 — c), which equals zero ; there- 
fore a is a factor ; by symmetry b and c are also factors. 

The expression is of fkree dimensions, and ahc is of three 
dimensions, there cannot therefore be any other literal factor. 

Hence the expression = mabc. 

To find m, let a=6 = c = 1, and we have 

?n = 12. 
.•, the expression =12a6c. 

In the preceding examples the factors have been linear^ but the 
principle applies equally well to those of higher dimensions. (See 
Th. ii. Cor.) 

8. Examine whether o^ 4-1 is a factor of a;5"+2a5'*+3ic*+2. 

Let af*+l = 0, or af*=— 1, and substituting, the expression 
vanit»hes, therefore, a3**+l is a factor. 

9. Examine whether a^-\-b^ ia a, factor of 

2a^'j-aH+2a^b^+ab^. 

Let a^+b^ =0, or a^ = "b^, substituting, we have 
. 2M-a63— 264+a63 which?=0, and 
therefore a'-f- (^isafactOTf 
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10. Prove that a'+js is a factor of 

Ijei a^ +b^ =zO, or a^ = —b^; substituting, we have 
-a368-a&*-6»+aa63+a6*+6», which = 0^ and 
therefore a^+b^ is a factor. 

Exercise scxvii. 
Besolve into factors 

2. &c(6 — c)+ca(a — &)+a&(6--c). 

8. (a3-&3)3+(6a-c3)3 + (c2-a2)s, 

5. (a+6)3_(54.c)3+(c-a)3. 

6. a(6^c)s+6(c-a)3+c(a-6)^ 

7. (a+6+c)(a6+6c+ca)— oic. 

8. a8(c-5»)+&3(a-c»)+c3(6-a2)+ak(aftc--l). 

9. a»(6+c)+&2(c+a)+c2(a+6)+2a6c. 

10. (a-&)(c-A)(c-A)+(6-c)(a-A)(a-A)+(c-a)(6-7i)(&-^). 

11. x^y^-^x^y^+x^z^ +xH^+y^z^ +yH^ + 9^^y^z^^ 

12. (a-&)« + (6-c)«+(c-a)* 

18. ai(a+i)+M&+c)+ca(c+a)-(a« + 6«+c»). 

14. a4(c-63)+ft4(a-c8)+c4(6-a.«)+a6c(a363c3-l). 

15. a;4(y3-2;2)+2/4(22-a;2)^.24(aj3-y3). 

16. a;*+y*+2*-2a;V-2y22;2_222x3. 

17. (6— c)(a;-6)(aj-c)+(c-a)(a;— c)(fc— a) + (a— 5){a;-a)(a?— 6). 

18. (a+^>)3 + (i+c)3 + (c+a)3 + 

3(a+26+c)(6+2c+a){c+2a+6). 

19. Shew that a'^-^aH^-ab^ - b^ has a^ -b for a factor. 

20. Shew that (aj+y)^ -a;^ -y'^ ^lxy{x+y){x^ +a^+2/^)^. 

21. Examme whether x^ — 5aj+6 is a factor of . 

aj3-9^»+26jc-24» 
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22u Sliew that a - &+c is a factor of 

a2(*+c)-52(c4-a)+c2(<i+5)+afic. 

2a. Shew that a^ +35 is a factor of 

acd find the other factors. 
24. Find the factors of a^{h — c)+h^{c — a)+c*(a— Z»). 



Section V.« — Factoring a Polynome by Trial Divisors. 



Art. XXVII. To find, if possible, a rational linear factor of 
the poiyuome. 

Substitute successively for x every measure (both positive and 
negative) of the term k, tiU one is found, say m^ that makes ttie 
pol^ome vanish, then x-m will be a factor of the polynome. 

Examples. 

1. Factor i»3+9a;^+16a;+4. 

The measures of 4 are ±1» ±2 and ±4. Sinee every coeffi- 
cient of the given polynome is positive, the positive measures of 
4 need not be tried. Using the others, it will be found that ^2 
makes the polynome vanish ; thus 

1 9 16 4 
-2 -14 -4 



-2 



1 7 2; 

Hence the factors are (a; + 2)(aj34-7a;f 2). 

The labour of substitution may often be lessened by arrang- 
ing the polynome in ascending powers of a;, and using 1^ 
(measure of k) instead of the measures of k, (This is really 
substituting 1 -f measure of k, for l^x). Should a fraction 
occur during the course of the work, further trit^ ol ti)]|t zp^asQr^ 
of k will be n^edless^ 
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Examples. 

2. Factor a:8-10aj»-68a?+ 60. 

The measures of 60 are ±1, ±2, ±8, ±4, ±5, &c. Neither 
+1 nor - 1 will make the polynome vaiiish. Try 2 ; thus 

60 -68 -10 1 
80 



80 -16J 

A fra<3tion occurring we need go no further. —2 will also give 
a fi-action, as may easily be seen. Next try 8 ; thus 

60 -68 -10 1 

20 



20 -14i 

A fraction again occuring, we may stop. - 8 wiU also give a 
fi»dion. Next try 4 ; thus 



1^ 
4 



60 -03 -10 
15 -12 



Next try —4. 



-2. 
4 



15 



60 



-12 



-63 
-15 



- H 



-10 



.15 -19i 
Next trying 5 we find it fails, then try — 5, thus 



-1 



60 -63 -10 1 
-12 15 -1 



12 -15 1; 

The remainder vanishes a^ required ; the factors are, therefore, 

Art. XXVIII. When k has a large number of factors, the 
number that need actually be tiied can often be considerably 
lessened by the following means. 

Add together all the coefficients of x (including the constat 
term h) ; let the sum be called hy 
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From the sum of the coefficients of the even powers of x 
(including k) take the sum of the coefficients of the odd powers of 
X ; let the remainder be called A;2. (In the coefficients are in* 
eluded the signs of the terms). 

1st. If k^ vanish, a; - 1 will be a factor of the polynome. 

2nd. If /fg vanish, x+1 will be a factor of the polynome. 

8rd. If both k^ and k^ vanish, x* —1 will be a factor of the 
polynome. 

4th. If neither Ar^ nor k^ vanish, (writing p for «* a positive 
measure of k greater than 1 ") ; 

(a) We need not try the substitution of p for x unless ^—1 be 
|i measure of A;^, and p+1 s, measure of /?2* 

(/S) Nor need we try the substitution of —p for x unless p+1 
be a measure of A:^ , and ^ - 1 a measure oik^. 

(In trying for measures, the signs of k, /r^, and k^ may be 
neglected. 

Examples. 

1 . Find the factors of x^ - lOa;^ - 63a;+60. (See Ex. 2 ahpve), 

HereA: = 60; k^:= 1-10-68+60= -12, 

A:j,= -1-10+68+60 = 112. 

Tabulating the trial-measures we get 



12 


1, 


2, 


8, 


4, 








60 


2, 


3, 


4, 


5, 


6, 


10, 


12, 


112 




4, 






7. 






12 


3, 


4, 




6, 








GO 


2, 


3, 


4, 


6. 


6, 


10, 




112 


1, 


2, 




4, 









(It is evident that 12 is the highest measure of 60 we need try 
in the upper table, for the next measure, 16, would give 14 as a 
trial-measure of 12, and higher measures of 60 would give higher 
trial-measures. Similarly, 10 is the highest measure that need 
be tried in the lower table.) 
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08 



In thd upper table, 8 is the only measure of 60 that gives a 
full column ; heuce of the positive measures of 60 we need try 
only the substitution of 8 for x. 

In the lower table, 2, 8, and 5 give full columns, hence we 
must try the substitutions —2, —8, —6 for x. 

On trying the four substitutions to which we are thus restricted 
we find ~ 5 is the only one for which the polynome vanishes. 
(See Ex. 2 above). 

2. Find the factors of a?*-|;12a;3-40a;3+*67a;-120. 
A=-120; A^i = 1+12-40+67-120= -80; 
Ar^r: 1-12-40- 67-120= -238. 



80 


1. 


2, 




4, 


6, 
















120 


2, 


8, 


4, 


6, 


6, 


8, 


10, 


12, 


16, 


&o. 






238 










7, 
















80 




4, 


5, 












16, 








120 


2, 


3, 


4, 


6, 


6, 


8, 


10, 


r 


15, 


20, 


24, 


&c. 


238 


1, 


2, 








7, 






14, 


21, 







The upper table gives us 6 as a trial-measure, and the lower 
gives us —8 and ->15. 

Trying these we get 



1 


-120 


67 
-20 


-40 


12 


1 


6 


- 20 










-1 


-120 


67 
40 


-•40 


12 


1 


8 


^40 


853. 








-1 


-120 


67 
8 


-40 
— 6 


12 
8 


1 
-1 


15 


- 8 


5 


- 3 


1: 
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Hence x+15 and x^ - 8a;» + 5x - 8 are the factors. The latter 
cannot be resolved, for our tables above tell us we need trj only 
jc— 6, a;-h3, and a; +15. The first two have been found not to be 
factors, and 15 will not measure 8. 

4. Factor x^ - 27a;» + 14a;+ 120. 

A: = 120; ^1=1-27+14+120 = 108 
*3 = 1-27-14+120= 80. 



108 

120 

80 

108 

120 

80 



1, 

2, 



3, 
2, 
1, 



I 

4, 
4. 

I 



3. 



4. 
6, 



6, 

I: 



6, 8, 



6, 
5. 



9 

8, 



9 
10, 12, 15, &c. 
16, 



10, 12, 15, &c. 



The upper table gives us 8 and 4, the lower table gives ns - 2, 
—3, and -5. Using these in order we get 



1 



4 
-1 



120 14 -27 1 
40 18 -3 -1 



40 


18 
10 


- 8 -1; C 
7 1 


10 


7 
-5 


1; 

-1 



0, Hence a; - 8 is a factor. 
Hence a; — 4 is a factor. 



1; 



Hence a?+2 is a factor, 

and there remains a;+5, a factor. 

Hence the factors are (a;-8)(a;— 4)(a;+2)(a: + 5). 

. 5. Factor a* -px^ + (^ - l)aj^ +V^ - ?• 

k^-q) A;i=l-;? + (^-l)+;?-g = 0; 
k^^\^p+{q-l)-p-q = 0. 
Since both k^ and k^ vanish, the polynome is divisible by both 
«— 1 and a;+l. 



1 
-1 



1 



q-1 
-;? + l 



P 
q^p 



-9 



-1 



q-p 
+p 

if 



9i 

-q 
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Hence the other factor is x^ —px+q, 

6. Factor x^+2ax^+{a^+a)x^+2a^x+a^. 

A; = a3 ; A;^ =l+2a + (a«+a)H-2a«+a8 = (a+l>8 ; 

*3 = l-2a+(a2+a)-2a«+a3=a8-a»-rt-l. 

The positive measures of k are 1, a, a^, a^. Of these 1 may 
be rejected at once, since neither ki nor A:^ vanish, and a^ and a^ 
may also be rejected since A;^ or (a + l)^ is not divisible by either 
a^±l or a^±l. But k^ is divisible by a+1, and k^ is divisible 
bya— 1; thus we need only try the substitution of — afora^ 
(See 4 ff, page 86). 





1 


2a 


a2+a 


2a3 


«» 


a 




—a 


-a2 


-a2 


-a» 




1 


a 


a 


a^; 





a 




— ri 





-«» 






1 





a; 








Hence the factors are {x-\'a)^{x^+a). 
7. Factor x^ - {a+c)ic^ +{h+ ac)x - he. 

^, = 1 - (a+c) + {h-\'ac) -6c = l— a+ft-c + ac-6c 
^^3= -l--(a+c) — (6+fltf)-6c= -{li-a-^'b-^'C+ac+bc). 

The factors of A;}, other than 1, are b and c, k^is not divisible 
by either h±l nor byc+1. However, A: ^ is divisible byc-1, 
and Ajg is at the same time divisible by c+1, .*. we need only try 
the substitution of c for x. (See 4 «, page 86). 



c 



...^^ 



— ac 



--be 
bo 



—a 



b; 



Heooe the factors are {x-'e){x*'-ax+b), 
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Exercise xxxviii. 



1. a3-9a2 + 16a-4. 

2. a;3.9a;2+26aj-24. 
8. xi'-lx^+iex-U. 

4. x^-12x+16. 

5. x^-j-Sx^ + 5x+d. 

6. a;*+4a;3+10j;2+12a;+9. 

7. a;»-8a;+2. 

8. a;4^.2a;3-j-9. 

9. m3-8»i2n+4mn3-2n8. 

10. a;3^2a;« + 2. 

11. m^ — Sm^n+Smn^— 4n3. 

12. 63+62c+76c2 + 39c8. 

13. m*-4m7i3+3w*. 

14. a4-7a36+28a63-166*. 

29. a;*-18a;8 + 113a;»-.288a;+252. 
80. x^-dx^y+2dx^y^^Qdxy^-18y^. 



16. aj3-lla;2+8^aj-45. 

16. a;3+5a;2+7a;+2. 

17. a3-8a3-198a+195. 

18. ;?3-8i)2-6jo-8. 

19. a4+3aS-8a2+7a+6. 

20. rt^^-ea^^+lla^-e. 

21. a4-41a262 + 166*. 

22. a*-a2i8-2a63+264. 
28. pS_4jo2^6;?-4. 

24. a;''»+4a;^^ - 5. 

25. y* -52/3+82/3 -8. 

26. a*-2a3 + 3a2-2a+l. 

27. a^+a^b^+ab^Sb^. 

28. 2a«»-a«»-a''+2. 



Art. XXIX. To find, if possible, a rational linear factor of 
the polynome 

aaf+bx'"'^+caf'-^+ +hx^k. 

First Method, Multiply the polynome by a*~^ 

(aaj)"+6(aa;)"-* + aciox)"^ + + a'^^ax) + a^^k ; 

or writing y for ax^ 

y*+%'*~^+ac2/**^+ +a*^%+a'*~^A. 

Factor this polynome by the method of the last article^ replaco 
y by aXi and divide the residt by a' 



n-l 



Example:, 

Factor dx^ + 5ic3 - SSa^ + 48a; - 20. 
Multiply by 8 8 and express in terms of 3aJ. 

(8fl;)* -f 5(8a;)3 -09(8aj)2 +387(3aj) - 540 { 
or, |/*+52/3 -992/2+3872/- 540. 
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Herein -540; *j = l + 5-99+387-640= -246; 

A-j, = 1-5-99-887-640= --10S0. 

1, 2, 3, 6, 41, 82, 123, 246. 

2, 3, 4, 
5, 



246 

540 

1030 



246 

540 

1030 



3, 
2, 
1, 



6, 
5, 



41, &c. 



(Trying by factors of 246 
instead of by factors of 540, 
for convenience). 

The only factors of 540 in full columns are 4 in the upper 
table and 2 in the lower one ; hence we need try only the substi- 
tutions 4 and —2. 



4 



-540 



387 
-135 



99 
68 



5 
-9 



1 
-1 



-135 



63 



^ 9 -1; 







Hence ^—4 is a factor. The substitution —2 need not now 
be tried, since we see that 135 is not a multiple of 2, The other 
factor is therefore y^+9y^ -6Sy+lS5. 

Beplacing y by 82; and dividing by 27 ; 

YV(3a; - 4)(27aj3+81aj»-189aj+185) 

= (3a;-4)(aj3+8ic3-7a;+5), 

which are the factors. 

Art. XXX. Second Method. Writing m for " a measure of 
a," and p for a ** measure of ky positive or negative ;'' 

For a? substitute every value of p-^mtiH one, say^^'n-m' be 
found which makes the polynome vanish ; then m^x—p' will be 
a factor. Should a fraction be met with in the course of substi- 
tution, further trial of that value o£p-r-m will be useless. 

Should k have more factors than a, it will generally be better 
to arrange the polynome in ascending powers of x and use values 
oim-^p instead of p-^m, making p positive and m positive or 
negative. 
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To reduce the number of trial-measures, calculate A;,^ and A^g, as 
directed on page 92, then 1, 2, 8 hold as on that pafi;e, but in i 
leadp^fn forj?— 1 and ;?+''* for^^+l. 

Examples. 

1. Factor 86a;3 + 171a;2-22a;+480. 

A; = 480,i&i= 86+171-22+480 = 665 
A;2= -86+171+22+480 = 687. 
m may have any of the values ±1, ±2, ±8, ±4, ±6, ±9, 
±12, ±18, ±36. 

In forming the table write out the measures of ^^ ! ^^^^® ^^^ 
measure in succession and add to it each value of m separately, 
should the sum measure 480, i.e.y k, add to it the same value of 
m, and should the new sum measure 687, t.«., k^^ keep the mea- 
sure of 480, writing above it the value of m used. Should the 
sum in either case not be a measure, another value of m must be 
tried ; when all the values of m have been tried, another measure 
of 665, i.e„ k^ must be tried till all have been tested. (Measures 
of k^ or 665 have been used in this instance because they are 
much fewer than those of 480 ; measures of k^ or 687 would have 
done equally well). 

m=+8, +1, +3 -2 -3 -9 -3 

665 



480 
687 



1, 5, 7 5 7 19 19 

4, 6, 10 3 4 10 16 



7, 7, 18 1 1 1 18 

Hence the only substitutions that need be tried are 

8 1 8 -2-3-9-8 - 1 
4 6 10 8 4 10 16 X 

Arrangement in ascending powers of x. 

By actual trial, as below, we find y| is the only one of these 
^^ jpving a zero remainder. 
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8 


480 


- 22 
860 


171 


86 


4 

1 


120 


84i 
80 






6 
8 


80 


'91 
144 






10 
-2 


48 


12-2 
-820 


228 


-266 


8 
-8 


160 


-114 
860 


#138; 


-230 


4 
-9 


120 


- 95i 
-482 






10 
-3 


48 


-45-4 
- 90 


21 


-86 


16 


80 


- 7 


12; 






(The coefficients are written only once, and understood for the 
other linea of substitution.) 

Hence the factors are 8a;-f-16 and 12a;* - 7aj+80. 

The latter factor cannot be resolved, for 16 will not measure 
80, and all the other factors left for trial by the tables above, 
have been tried and have failed. 

2. Factor lOr* - x^(Uy+iz) -x^{iOy* - 6yz) + 

aj(60y 8 + 16^22) - 242^32?. 

Here m= ±1, ±g, ±5, or ±10. A;= ^UyH. 

A;i = 10-(15y+42)-(402/»-62/«) + (60t/3 + 16y^2)-242/3» 

= 10-15y-402/«+6D2/3-2«(2-8y-8y3 + 127/3) 
= (5-22)(2-82/-82/»+12y3). 

A:3 = (5+22)(2+8y-82/»-12y3), as may easily be found 
by making the calculation. 

We get at a glance ^ a factor of Z;, 2^ — 5 a factor of yS;^, and 
2z+5 a factor oik^ ; hence taking m = 5, we are directed to \aty 

the substitution — for x. 

6 

10 -(152/+42) -(40y3-6y2) (60y3+16y»«) ^24y^z 

iz ~6yg -16y^z 2 4y-g 

-8y« 122/3; 0" 



2a_ 
6 



2 -8y 
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Hence Sx—2zia a factor, the other being 

The latter factor being homogeneous, the method of thiB article 
may be appHed to it. v 

w=±lor±2, k=12, ki=S, k^^U. 

m = l, 2, 1, -1 

8 1, 1, 8, 8 The other columns 

12 2| 3| 4j « 2 are not full. 

15 8, 5, 6, 1 

Hence the trial- substitutions (arrangement m ascending powers 
ofx) are^, §, i, z^. 

12-8 -3 2 

6 ^1 -2 



2 
2 



-1 -2; 
4 2 



812 1; Final factor is 2?/ +aj. 

Hence the factors are (x—^y)(2x'-Sy){x+2y)f and these, with 
the factor 6x — 2z already found, give the complete resolution of 
the polynome proposed. 

(The factor 5x — 2z, might easily have been got by the method of 
Art. XXIII., page 79, but the present solution shows we are inde- 
pendent of that article. It may also be obtained by rearranging 
the polynome in terms of y). 

Exercise xxxix. 
Factor 

1. 6a;8-22a;2+88aJ-20; x^ -lxhj-hl6xy^ -12y9. 

2. 12x^-^-5x^y+xy^-^Sy^ ; 8x^-Ux+6. 

8. 3x^ -Uax+a^x-5a^ ; 2x^+9x'^y+lxy* Sy^. 

4. 26*-763c-4J2c3 + 6c8-4c*; Ua^+ila^b + lSab^ -121^. 

6. 160a;* -125x^y+d31x^y^ +920xy^ -lU2y^. 
' 7, 36a;* - 6(9 - 7?/)a;3 - 7(9 + 142/)a;2//+ 3(49 -40?/)a;y 2 + 180^8. 
8. 10x^-x^(15y+iz) + x^{A0y^-^(}yz)+x{6Oy^-Gy^z)-'2iy^z 
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CHAPTEB IV. 



Section I. — Division. Measubbs and Multiples, 



Art. XXXI. When one quantity is to be divided by another 
the quotient can often be readily obtained by resolving the divisor 
or dividend, or both, into factors. 

Examples. 

1. Divide a? ~2a6+6»-c3+2c(i-<i3 hj a—^+c—d. Here 
w see at once tiiat the dividend = (a— &)3 - (c— rf)^, and .'. qup- 
tient =a-&— (c — d)=:a — 6:— c-j-d. •, 

2. Divide the product of a^+ax^-x^ and a^-^-x^ by a4+d^x^ 
+x^, Here a*+a;3=s:(4-j^a.)(^a3— \ax+a;«), arid the dmsar = 
ijn^ 'i-ax+x^){a^ —ux+x^-). /. the quotient is a +. a;. . 

8. Divide a^-i-a^b-^-a^c-abc^b^c- bc^ hj a^-^bc. The ditii 
dend is a{a^ _ic)-f 3(a» - bc)+e{a^ - he) .'. the quotient = a+^+<Ji 

4. (rt»+^»->+3a5c)-f-(rt+6^c). ■ • ' . :' 

Dividend =:a^+b^+Sab{a+b)-c^ ^Sab(a+b)+Sabc = {(i^b)^ 
— c 3 — Sab(a 4- 6 — c) which is exactly divisible by a + 6 — c ; quotient 
=ia^+.b^+c^-ab+be-\-ca. - ' * -'/. :^ 

6. Divide x^ —x^y+x^y^ — x^y^ +xy^—y^ by x^ —y^. 

The dividend is (Art. XXV.) evidently («« -2/«) -fr («+y), and 
this divided by x^-~y^-{x^'\-y^) -=- {x-^y)=x^^xy-\-y^. 

6. Divide; i>(a;3-fa3)+aa;^a;3-fl^2)4.a3(ic+flr) by (a+6)(a;+a).: 
Striking the factor x-\-a out of dividend and divisor we have 
b{x^ — ax+a^)-\-ax{x — a)-\^a'^ =b[x^ — flfa?4"a^)'+«(a?*^ ^ cKB+i?') 
= (a+^)(ic^ — ^'^•f^*^) .'.quotient =a?8-aa;+a*. 

7. Divide opa;* +:»'(ag+6/7) +a;*(ar-f ^^+J0<?) •{'X{qc-3^br) + cr by 
ax^+hx-^"* 
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Factoring the dividend (Art. XXTTT.) we have 
I (ax^-{-bx+c){px^+qx+r). 

\ .*. the quotients the latter factor. ^ 

8. Divide 6x^ - ISax^ + ISa^x^ - ISa^x^ 5a* by 2x^ - Sac- a*. 

This can be done by Art. XVII. The divisor is 2x* — a^ - Sax, 
and we see at once that Sx^+5a^ mast be two terms of the quo- 
tient. 

Multiplying diagonally into the first two terms of the divisor, 
and adding the products, we get +7a^x^ ; but +18a'a?2 jg rg. 
quired. .*. +6a^x^ is still required, and as this must come from 
the third term multipHed into —Sax, that third term must be 
— 2ax ; :. the quotient is 3aj* +5a' — 2ax, 

Note. — ^By multiplying the terms - 2ax, —Sax, diagonally into 
the x^'s and a>*s respectively, we get the remaining terms of tHe 
dividend ; it is, of course, necessary to test whether the division 
is exact. 

9. Divide 2a*-a»6-12a«6«-5a63+46* by a«-5»-2a6. 
Here, as before, one factor is a^—b^~'2ab; .*. two terms of 

the other factor are 2a*-4&3. Multiplying, as in the last 
example, we get -Ga^fc* ; but —l^a^b^ is required. /. — 6a*6» 
is still needed, and +3ab is the third term of the required quo- 
tient, which is therefore 2a^—4,b^+Sah. 

Prove that 

10. {l+x-\-x^'+ ... . ; +a;^i)(l-a;+aj«- .... +aj»-i) 

:=l+x^+x^+ .... +x^l. 

1^:^ l + af> 
Product = j—-. T+^ 

11. Divide (a^-bcy+Sb^c^ by a^+bc. 

= (a2-6c)3-f.(26c)s by {a^'-bc) + 2be 
« (a3 - 6c) a - (a* - be) x 2bc+ (26c) » 
- a^^ia^bcA-lb^c^. 
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12. Divide 1+2857947691*? by l-llaj+121a;» 
Dividend =l + (llic)» 

=:{l-(lla;)3+(lla;)«}{l + (llaj)3} . 

Divisor= {1 + (lla;)8} H-(l+llaj). 

.-. quotient =a-(llaj)»+(ll»)i*}{l+ll«). 

Exercise xl. 

Find the quotients in the fc^owing cases : 

1. l-a?+aj* -aj^-rl-aj. 

2. l-2a;*+a;»-5-aj*+2a;3 + l. . 

4. x^+ix^y^-S2y^-rX-2y. 

5. i-.4a;3+12a;8-9a;*-f l+2a;-8a;^». 

6. (a2-2aa;+a;2)(a3+8a3aj+8aa;2+a;3)-^a«-a;». 

7. x^—y^+z^+Sxyz-r-x^y+z. 

8. 6a*-aS6 + 2aa63+18a63+46* -^ 2fl«-8a6+463, 

9. 4aj*-a;V+6a;y3-9y* -5-2a;3+3t/2-a;y. 

10. a*+6*-c*-2a263-s-a«-6«— c3. 

11. 21a* -16a86+16a36»- 5063+26* -5- 8a^-a6+63. 

12. 2a3-7a»-46a-21 -^ 2a2+7a+8. 

13. {a3(6-c)+53(c-a)+c3(a-6)} -i- a-l-b+c. 

14. a;3«3aa.2+3a3a;-a3+63 -^aj-a+6. 

15. a;* -y*+zji+ 2a;22« -2y» - 1 -f- aj» -yS+gS -i. 

16. «* — (a+c}a;3 + (64.ac)j;2 — Jca; -r aj-c. 

17. a:3 +3.22^8+3.^2 +2/3 ^ a.+2^. 

18. a;^— a;®y+a;*y 2 _aj*y 3 +3.82^4 _ 3.3^5^3.^8 _ 2^7 -2. 3.4^2/*, 

19. a*+6*-c*-2a263-2c2-l -^ aS-fc^-c^ -1. 

20. a*-a63-ac3-2a36+264 + 26c3 + 8a3c-363c~8c* 
•fa+8c-26. 

21. aH-^bx^+a^x-x^ -^ (a; + 6)(a-a;). 

22. a(6-c)3 + 6(c-a)3+c(a— 6)3 -5- a»-a6-ac+6c. 
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28. a*6«4-2^5c--a26-3-6«c» -i- ab+ac-bc. 

24. x^+y^'\-dxy-'l -}- x+y-1. 

26. fl.«-a;3-2-^ x^ -x+l. 

26. a*-29a«~50a-21 -H a^-5a-l. 

27. (2a;-2^)8a*-(a;+y)*a»»«+2(a;+y)a«*-a;« -«- 

28. (a;3-l)a3-(a;3+a;a-2)a3+(4a;«+3aj+2)a-8(a:+l) 
H- (a;-l)a«~(a;-l)a+8. 

Art. XXXII. The Highest Common 1? actob of two algebraic 
quantities may, in general, be readily found by factoring. The 
H. 0. E. is often discovered by taking the sum or difference (or 
Bun\ and difference) of the given expressions, or of some multiples 
of them. 

Examples. 

1. Find the H. 0. F. of (6-c)a;2+(2a6-2ac)a;+a«ft-a«c, ancl 
(ab-^ac-^-b* '^bc)x-}-a^c+ah^ -a^b—abc. 

Taking out the common factor 6— c we get {b-c){x* +2a«+flJ) 
and (6-c){(a— 6)aj-a3-f-a&} ; 
••. & — c is the H. 0. F. of the '▼iven expressions. 

2. Find the H. 0. F. of 

l—x-^y-^-z — xy-hyz^zx — xyz, and 
l-^x—y—z+xy+yz+zx—xyz. 

Their difference is 2y-\-2z — 2xy — 2zx — 2{l^x){y-\-z). 
Their sum is 2 - 2x+2yz - 2xyz = 2(1 — i»;)(l +y«). 
.-. theH. C. F. is(l-a;). 

8. Find the R 0. F. of aj« + Sx^ - Sx^ - 9x-d, and 

a;«-2ic*-6aj3+4a;3+13a;+6. 

The annexed method of finding the H. C. F. depends on the^ 
principle, that if a quantity measures two other quantities, it will 
measure any multiple of their sum or difference. 
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1 + 8 
1-2 



- 6 


- 8 
+ 4 


- 9 
+18 


- 8 

+ 6 


(a) 




5 


+ 6 


-12 


-22 


- 9 


{c) 


2 

1 

8 


+ 6 
- 2 

+ 4 




- 6 

- 6 


-16 
+ 4 
-12 


-18 
+ 18 
- 5 


- 6 
+ 6 

-27 
-25 


(d) 




15 
15 


+ 18 
+20 

- 2 


-86 
-80 


-66 
-60 






- 6 


- 6 


- 2 






1 


+ 8 


+ 8 


4- 1 


(f) 




25 
27 


+80 
+36 


-60 
-54 


-110 
-108 


-45 
-45 




-2 


- 6 


- 6 


- 2 





[=(a).(6)] 
(4x2 



(c)x3 
(d)x5 



(r)x5 
(d)x9 



1 + 8 + 3 + 1 (g) 
H. C. F. = (a;+l)3. 

The eoefficienis are written in two line^, (a) and (b). They 
«re then subtracted so as to cancel the first terms, (a) is next 
mnltiplied by 2, and added to cancel the last terms. If (c) and 
{d) had been the same their terms would have been the coefficients 
of the H. 0. F. Since they are not, we proceed with them as 
with (a) and (b) tUl they become the same. When (a) and (b) 
do not contain the same number of terms it is more convenient 
to find only (r), and then use this with the quantity containing the 
same number of terms. The general rule is to operate on lines 
contain^g the same, or nearly the same number of terms. 

4. Find the H. 0. F. of Sx^+2x^-Ux+S, and 

6iBS^lla;» + 13a;-12. 

8 + 2 -14 + S (a) 
6 -11 +18 -1 2 (6) 
6 + 4 -28 + 16 (a) x 2 

15 -41 +28 (c) {b)-{a), 

(5-7)(3-4) 

E. 0. F. = 8a; -4. (d) 

If (a) and (b) haye a con^mon factor its first t^rm must measure 
B and 6, and its last term must measure 8 and 12. (c\ i& wat 
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t 

therefore, the H. C. F. Besolve (c) into factors. Sx—l is not a 
factor of (a) and (6). If, therefore, (a) and (b) have a common 
factor it is Sx-i. On trial Sx^^ is found to be a factor of (a) 
and .'• it is the H. C. F. of (a) and (b), 

5. Jlx^+px+q, andaj'+nc+« have a common factor, proie 
that this factor is 

flj'+ . If ic— a be the common factor then the remainders 

p — r 

on dividing the given expressions by x^a, must be zero, t. «., 

a^-\'pa+q:^Of and a*+ra+5 = 0, or 

I s —q q—8 

« — « = «— =»+ • 

p—r p — r 

6. What value of a will make a2a;*+(a+2)a?+l, and 
a'^x^ +a* — 6, have a common measure. 

They cannot have a monomial factor. Neither can they have 

one of two dimensions unless (a +2) vanishes, t.^., unless a= -2, 

in which case the expressions become 4a;^ + l, and 4a;^ —1, which 

have no 0. F. Hence if the given quantities have a 0. F., it 

must be of the formaj+»*; dividing a*a;*+ a*— 5 by a+wi, we 

have for remainder, 

5-a» 1 

a2m« + a= -6 = 0, or m«= — ^; .•. m= — T/(5-a2), in which 

|/(6 — a*) must be possible and integral, .•. a* =4, (a* = lgiTeB 
values to m which on triaX fail) and a = ± 2, of which the positiye 
value must be taken, and .*. 2^;+ 1 is the C. F. 

7. If the H. 0. F. of a and 6 be c, the L. 0. M. of 

(a+i)(a»-63), and (a-6)(a» +6») is ^ ^ • 

Let a^mc, 6=fic, and .*. a* = m*c5, b^=n^c^. Thus 
(a -f-6 )=c (f/i +n ); (a —6 ) = c (m — n ), and 

... (rt+&)(a»-53) = c*(w+n)(iii»-n»), and 
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TlieH. C. F. of the last expressions is c^m^-n^)y .'. the 

0. M. = c4(m«-n«)= -^^ " = " ^2— 

8. K (aj-a)3 measures x^+qx+r, find the relation betweec q 
d r. 

Let a; +9^ be the other factor, then 

+qx+r=^^a)^{x+m) = x^-thn - 2a)x%+(a^ - 2a«»}a:+mi3 

aating coefficients, 

•*.m=:2a, and /. a^-^ia^ =g, 2a5=r, and 

tf fl3 r T^ 

fl« = --|-, ora«=-.|;^; and a^ = -^ ^^ ^'^ = T 

r8 g3 ^S ^3 

••• "4"= - 27» ^^ 4~+ 27 "^* 

Or thus : — 
Dividing x^ + qx+r by (a?— a)^ we find the remainder 

(^+8a3)a;+r-2a8 
id as this wil be the same for all values of a;, we have, by equai 
S coefSciente, 

and r— 2a« = 0, 

or gs=;— 27a* 

and r3= 4a®; 

r* q^ 
therefore x + 07 ~ ^» *^ before. 

Exercise xli. 

Find the H. 0. F. of the following : 

1. 2«*H-8a;»+6a;3+9a;-8, 8a;* -2»s + 10x2 -fix +3. 

2. ir»+(a + l)aja+(a+l)a;+a, a;3 + (a-l)a;2 -(a-l)a;+a. 

8. px^-{p-q)x^ + {p-q)x-\-q, px^ -{p+q)x^ + (p+q)x+q„ 
4. aa:3-(a-&)a;»-(6— c)aj-c, 2aa;8,+(a+26)a;3+(6+2c)a;+c. 
6. l-8Ja;-8iaj3+4a;3-aj'*, l-lTVaJ-8a;3-MyV'«^+aJ^ 
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7. aKrJ + a^ ■^2ahz^ +b^x* +aH^ -^H, and 

8. (^x+hy)»-{a^b){x+z){ax-\-by)+{a-b)^Qi:z, and 
(a* - iy)' - (a+6)(a;+2)(aa5— 6y) + (a+5)*a». 

9. a(6«-c») + %»-a»)+c(a8-i»)and 

10. a'^+as-^+a^+l, and a3«_o»*+a*— 1. 

11. If x* +aa;' +6a;+c, and x*+a'x+b\ have a co3»moiQ factor 
of one dimension in x, it must be one the factors of 

[a — a')x^-h{b — b')x+c. 

12 Determine the H. C. F. of (a-ft)«+(5-c)»+(c-a)», and 

18. Find the H. C. F. of 

2(i/»-2y'-y+2)a;»+8(2/2-l)a;»-(22/»-y9- 2y+l), and 
8(2/^-4y3+5y-2)««+7(2/3-22^+l)a;-(3i/»-%5-+y+l). 

14. If x^+px+q, and x^+mx+n haye a common linear &ct(>r, 
shew that 

15. Find the L. C. M. oix^ -Sx^+Sx-.l, x^-^x^ -x+1, 
a;*-2a;^ + 2a;-l, and a;*-2a;3 + 2a;3-2a;+L 

16. Find the L. C, M. of 

x^ + 6x^+llx+6, \ x^ + 7x^+Ux+9. 
x^+Sx^ + ldx-hU, anda;»+9a;3+26a;+24. 

17. Find the value of y which will make 

2(2/2 +y)x^ + (lly r 2)a;+4 and . ^ 

2[y^+y^)x^ + {ny9-'2y)x^+{y^ + 5y)x + 5p^ 1, hare a 
common measure. 

Id. The product of the H. 0. F. and Li C, M. of two quantities 
18 equal to half the sum of their squares, one of them is ^ 
2a;3-iia;» + 17a;-6 ; find the other. 

19. Haj+aand aj-d are both measoree olx^-^-px^-fqx^ry 
shew tb&tpq = r. 
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20. IS x^+qqp+r and x^-^mx+n have a couonnon measure 
^— a)*, show tiiat ^2«3=m2r3. 

21. If the H. C. F. ofx^-i-px-^qmix^+vix+n^hex+a^ih^ 
J. C. M. is 

x^+{m--a)x^+px^ + (a^'{-mp)x+a{m—a){a^'{-p). 

22. If x^+qx+1, and x^'{'px^+qx'\-ly have a common factor 
if the formaj+a, shew that (p-l)^— g'(;? — 1) + 1 = 0. 

28. Jlx^-^-px^-i-q, and x^-\-mx+ni have aj+a for thoir H. C. 
r., shew that their L. C. M. is 
a;*4-(»i— aH-^)a;3+2)(m— fl)a;^+a2(a— ^)a; + a*(a-^)(w— a). 

24. If aj2^j5aj + l, anda;3 4.|,;c2^gft.^l^ liave aj-a for a com- 

non factor, shew that a = , . 

1-q 

25. Find the H. 0. F. of (a3-63)3-ir(6» -c«)3 + (c» ~aa)3, 
fcnda«(i-c)+i*(<j-a)+c«(a-6).. 

26. If a be the H. C. F. of b and c, j8 the H. 0. F. of c and a, 

^ the H. C. F. of a and 6, and ^ the H. G. F. of a, h, and o^ then 

, a6c5 

»he L. C. M. of a, 5, c, is -^^ • 

27. If ar+c be the H. 0. F. of x^ +«a;+6, and «» +a'a;+6', their 
^. C. M. will be a;3 + (a+a'-c)a;*+(aa'-c2)a;+(a-c)(a'-c)c. 

28. Shew that the L. C. M. of the quantities in Ex. 2 '(solved 
ibove) will be a complete square ylx^y^-^-z^ -y^z^. 

29. Bind the H. 0. F. of x^ +2x^+3x^-2x^ + 1, and 

6aj«+ x'' +nx^ -Ix^ -2. 



Section II. — Fractions. 



Art. XXXIII. When required to reduce a fraction to it3 
owest terms, we can often apply some of the preceding methods 
>f factoring to discover the H. C. F. of the numerator and de- 
nominator. 
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Examples. 

2 ac+by+ay+he c (a+b)+y{a+b) e+y 

aj+'lbx+2ax'{-bf *" /^a4.6)+2a;{a+6) " /+2»' 

g(g+6)(g-5) ^ _ a 



a;*— a;*y+aj*y*— aj2y8^a^4-j.y«* 
Here the numerator is eyidently (««— y«) -4- (a;-y), and thi 

denominator is £_ HIL. The result is /. ?Zi(. 

x+y x-y 

4 (a;+y)*~a;^-y^ _ ga?^y4-10a;»y»+10a;»y»+gay^ 

(«+y)*+«*+y* " («+y)*-ajV+(«!+yy?-"»V 

_ ^ xy{x^ •\-y^ '\-^xy{x'\'y )} 

(«2+y'+«y){(«+y)»+a;y+a;2"+y» -a^} 

6a^(aj+y)(a;« ^xy^-y^) 5xy{x'hy) 



5. 



2(»2+ay+y»)a %{x^+xy+y^) 

x^-12x+SS 



aja-i0aj3+31a;-30 

Here we see at onoe that the numerators(a;— 5)(a;— 7); vni 
it is plain that a;— 7 is not a factor of the denominator; we .*. try 
a;— 5 (Horner*s division), and find the quotient to be x^ — 5a;+^« 

a?-7 



• • 



theresolt s 



a;«-6a;+6 

g a;^+2a;H9 
* a;*-4a;8+8a;-2l' 

The factors of the numerator are at once seen to be a;*+2a;+8, 
and x^'-2x+S, of which the latter is one factor of the denomin- 
ator, the other being (Homer's division) fij^ - 2a;— 7 : .% the result 
. x''+2x+S 
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Exercise xlii 
Beduoe the following to their lowest terms : 



2. 



8. 



x^+a^x^+a^ x^+x-12 






2+hx x^ + 2x^+\2x 

^' 26+(62-.4:)aj-2to3' aj«+4aj 

^- a3aj+2a3aj3+2a«3 4.ic4' 25x^ -\- 5x^ - x - 1* 

x'' ^x^y^-x^y^—x^y^+x^y^—x^y^ +xy^ -?/7 
^' x'' -i-x^y-i-x^y^+x^y^ -^x^yK+x^y'^ -hxy^ -^yT' 



a b 



^'+hr + -rh^y+2/^ 



8. 



j a b \ 

a6c(a — i) (6 — c) (c - a) 



• a»(ft-c)+6»(c-a)+c»(i»-5) 

10. From Ek. 4 (solved above) show that 

(a-&)^+(6-c)^-f(c~«^* (a^&)g + (5-g)2 + (g.,a)a 
(a-6)* + (5-c)*+(c-a)« ^ , 5(a-6)(6-.c)((j-a) 

(a;+y)»-g»-y» 

IS. Shew that 

(«_i)T+(6-c)^+(c-rt)T 7 ,, T -,, . , ■■ „ ■ 
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Art. XXXIV. In reducing complex fractions it is often 
convenient to multiply both terms of the complex fraction by the 
L. C. M. of all the denominators involyed. 

ExAMPIiBS. 

1. SimpUfy] i>+U)-ta';H 

Here the L. C. M. of all the denominators involved is 12; 
.'. multiplying both terms of the oomplex fraction by 1% and 
ramoving brackets, we have 

6a;+8-8+6a; 12a? Sa? 



2. a- 



21-4a;-17 "" 4-4a; " 1-a? 



l+flr6 



1 +^!1? — Ji. Here multiplying both terms by 1 +a6, wo get 
1 + ao 

a(l>fa5)~a+5 6(g«4'l) 
l+a6+a(a-6J ^ a^+l " *' 



3. 



a;~l-f 



fly 

1 -^' — . Here multiplying both terms of the frao- 
tion which follows a— 1 by 4 -a, the given fraction becomes at 
once . , and now multiplying both terms by 4, we 

have -r =« -^r— • 

4a;-4-f5r=^ 3a; 

It may be observed that when the fraction is reduced to tho 

form — -r- — , we may strike out any factor common to the two 
h d 

denominators, and also any factor common to -the two numerators; 

it is sometimes more convenient to do this than to multiply 

directly by the L. G. M. of all tlcie d^nomiXAiV^T^, 
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4. Simplify (^33 + -^) ^ (^-^^ - ^j-q:^) . 

Here the numerator of the first fraction is (a-f ^)'4-(a— i)* 
uid the denominator is a^ — 6^ ; the numerator of second fraction 
U.(a3+63)3_(rt3«i2)s^ and the denominator is a*-^*; the 

former denominator cancels this to a*+62, which, of conrse, b^ 
comes a multiplier of the first nnmerator : 

(a2 4.62){(a+^)* + (a-6)2} (a^+h^)^ 



we have 



Occa<)ionally, we at once discover a common complex factor, 
strike tiiis out, and simplify the result. 

Ill 

r a b ^ c Y 1 1 \ 9 1 

L ~L i! 1' here the den. = ("^ + yj "T? 

71 1 IWl 1 1\ 

^ U "*■ T "*" T/ \T ^ T "" 7"/ ' *^^ cancelling the com- 
mon factor we have 
1 • 

11 1 , and multiplying by abc, this « ^hc__ ^ 

V*" H 7 hc+ca - ab 

Exercise xliiL 

Simplify the following : 

a+5 a—h 



1. 



2. 



a? aJ 1 1 



a;— y 1 — g l+<t 



2d? a 1 * 



i-~ + 



1 



8. 1+ " ^-^ 



l+a+£l, «,« (^Z^^ZJ) 
1+a a?+y 
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4. 



a*+b^ 2rt3 • 



6-1+- 



26« a=« + 6* ^6 

a+6 a— 6 ft* 

a-l-d a— i* <i* 

05—1 y— 1 «— 1 

4. 4. 

6 ^^'^^ - a? y g 

' yz — zz — xy 1 1 1 

ay"*"* 



7. 



_?. A A a^+h^-^c^ 

^3 + i!,l + 7i + a2^2c» 



6c "*" oc "*" aft 






1 1 



+ 



10. 



a • A+c f fts^c' — a^) 



11. 



1 1 { ^+ 26^T"i" 

a . b+c 

2(1 -g) ( l-g)» ix^a^ /^±?V 



a? . y 1 y' 
"- + 1+— ^-^ 
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x^ -{•x^lZ+x^y^-j-x^y^+xy^'^y^ ~ \ic+yl ' 

16. Find the value of 

17. Find the yalne of |/{1 -y^(l -«)} 

18. Find value of 

l/(a +hx)'^l/(a-'l x) ^j^gj^ ^ ^ 2r/c ^ 
y{a+bx) - i/(a- ^a:) 6(1 -rc*)* 

Art. XXXV. When the sum of several fi'actions is to be 
found, it is generally best, instead of reducing at once all the 
fractions to a common denominator, to take two (or more) of 
them together, and combine the results. 

EsAliXPLES. 

1. Find the «um of _ 

x+y y-x x^-y^ 

Here taking the fost two together we have 

(^^ ^y)^ + {x-yY £M:2^ ^„^ ^^ this to _ ^=^*, 

„d we get («>'-i-.')'-(^;-y-)« ^ W 
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2. Find the sum of 

1+x 4aj 8a? 1— a? 

Here, taking the first and the last together, we have 
(l+a;)^-(l~a;)« _ 4a; . 
!-«« ■" l-aj3' 

taking this result with the second fraction, we have 

*^l+a;» ■*■ 1-tcV "" l-a;4' 
now take this result with the remaining fraction and we get 

^l-x* ^ 1+x*) !-«» 
a*** «*• 1 1 

those whose denominators are alike, we have 

The work is often mcde easier by completing the divisions repre* 

sented by the fractions. 

2a;-f.l 4a;+5 

4. Find the sum of 1+ ^(x—l) ^ 2^+2* ^^ dividing num* 

erators into denominators, this 

8 1 8 1 

■'^"*^^+ 2a;-2 ■^^"" 2a;+2 =* 2a;-2 *" 2a;+2 
8a;+3~a; + l a;4-2 

a; a;-9 x+1 x-6 r. a- - - 

^- ^=2 + ^:^ ;^^ ^ ^::6- we have, by division 

2 2 2 2 

1+ ^32 +1- ^Ty -1- ^n -1+ STTe'^' 

2_ _2_ _2_ __2_ 2(2a;--8) 2(2a;->8) 

i-2 ^ a;-6 * a;-7 " a-1 ^(a:-2)(a;-6) "" (a:-l)(aj-7) 

f 1 1 ) 

e(4a;-16) |a.2-8a;+12 " ic» - 8ic+7| 
m (80 -- 20a;)-^(aJ* -16a;3+88a;3 - 162x+84), 

[denominator »(«« -8»)»+19(»«-8a;)-f 84], 
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6. Find the value of 

x+2a x+2b 4ab 

By division, 1 + -— «- + 1 + 



« — 2a »— 26 



/a * \ ' 

= 2 + 4 L_2a ■*" 0^26) • ^^* *^® quantity in the brackets 

(a+b)x—iab • 

= "(^:r2^)7^IT6 =" ^ ^°^® («+6)a;-4a6 

/. the value of the given expression is 2. 

Exercise xliv. 

Simplify the following : 

^ x^a x^+ax+a^ x^ — a^ 
1. — - — + 



5 x+a x^—a^ 

/ 1 1 2a \ 

^- (ir+^ + «-«■'■ a3+a;»j ^ 

/ 1 1__ 2a? \ 

. a . 6 a6 a6 



a + 6 a — 6 ab—b^ a^-j-ab 

S+2x 2 - 8a; 16a--^ 
2-a; " 2 +a; "^ aj^-4 ' 



4a»(a+a;) ^ 4a*^(a-aj) ^ 2a9(aa+a;») 

7 i. /8a;+2y)\ ± l Sx-2y \ 
2 \3a;-2i/)/ " 2 \3a;+22// ' 

2a;-l 2a;+l a;(l-2a;) "^ a;(4a;3-l) "^^ a;(16aj*~l) • 
o 1 4.9 aj-1 



^Ij:^ je+2 ^ 2(a;+3) (a!+2)(a;-(-8) 
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x-y ' x-\-y x^+y^ "*" x^ — y^ 

\x+ a X + b j ^ ' 



12. 



{a-\'X 4tax Ha^x a—x ] 

cT^ '^ a^~+x^ "^ a* + x* "" a+Kj "*" 

|«'-»-a;» "*■ aM^ " a*+x^ j* 
6aj-4 12a;+2 lOx+l? 

.. 12a; + 10a 11 7a+28a; 

^^- ~8a:+^ + "9^T2^ " ^^' 

4aj-17 8a;-30 10a;- 3 5a;- 4 

^^- "a;^^" "" 2a;-7 + 2a;-T "" ^^T' 

„. , ., , ^ a+b+2c a + b+^d 

17. Find the value of —rr — o- + — rr — r> 

a+b — Zc a+6-2(/ 

xrlieiia + fe= -q^. 

g/fln y^x^* a;** y*" 

•^^* a;"-^'* "" af*4-2/* "" a;*-y'* "^ a^-M-"^^ 

(rt-6)8'» (g -5)'^ 1_ 1 

1 1_ 1 

1+a; 1j-.r 2 2a;g 

^^' ri^ + r+a;3 ~ l-a;3 "" a;6 + l' 
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Art. XXXVI. The following are additional examples in 
which a knowledge of factoring and oi the principle of symmetry 
is of advantage. 

Examples. 

x^-{y-z)^ y^^jz^x)^ z^-^jx-y)^ 
'■ {x+z)^'-y^ "^ (y+xy^^z^ + (^+y)2-.a;8' 

Cancelling the common factor a;— ^-fs in the two terms of the 

first fraction, there results , , - , hence by symmetry, the 

denominators of the other two fractions will be x-\-y+z, and the 
numerators will be y+z-x, z+x-y\ .*. sum of the three 
numerators = a; +^+2, and the result =1. 

^ ^""^^'^y lc-a){c~h) + («-i)(«_T) + (TTTxr-ir;)- 

The L. C. M. of denominators is evidently {a—h)(b—c)(c—a). 
This gives for numerator of first fraction —ah(a—b), and by sym- 
metry the other numerators are — 6c(6-<j), ^ca{c — a), 

ab{a—b)'^bc(b — 'c)-^ca(c — a) 
' *• ^® ^^""^ " (a-6)(6-c)(c-a) • 

_^ (a — i)(6 — c)(a--c) 
~ (a — 6)(6-c)(c— a) "" 

2. Eeduce the following to a single fraction : 

a h c 



(a-5)(a-c)(a;-a) ^ (6-a)(6-c)(a;-6) ^ (c-a)(c-6)(a;-c)^ 

Here the L. C. M. is {a — 5) (6 — c) (c — a) (a;— a) (« '-b)(x—c); the 
numerator of the first fraction is 

'-a{b — c){x—b){x — c), and /. by symmetry that of 
second is — fc(c — a) (a? — c) (x—a), and that of third is 
— c(a--5)(a;— a)(a;— 6) ; and their sum is 
^{a{b-'c){x-b){x—c)+b{c-a){x—c){x'-a)'\- 
c{a-^b){x — a){x-b)}. 
This vanishes if a = &, hence a— 5 is a factor, and .*. by sym- 
metry b'-c and e—a are also factors. Now the product of thes^ 
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is of the third des^ree, while the whole expression rises only to 
the fourth, Iience x^ cannot be involved. The other factor must 
therefore be of the form mx+n^ in which mis a number. 

To determine n put a: = 0, and the expression becomes 
a6c{a— 6+6— c+c— a}=0; .*. n = 0, or the other factor is mx. 

To determine m put a = 0, 6 = 1, c= -1, and m will be found to 
be 1. The numerator is .-. a;(a-6)(6 — c)(c— a), and the result is 

X 

(x'-a)(x—b)(x — c) 

8. Simplify ^"^^ + ^±^ + i±^_. 

^ ^ (6-c)(c-a) ^ (c-a)(a-6) ^ (a-6)(6-c) 

L. C. M. of denominators is (a— 6)(6— c)(c— a) ; 
•'. first numerator is 0^—6^, and by symmetry 
second " 6* - c', and 

third ** c^—a^; 

the sum of these s 0, which is the required result. 

4. Eeduce 

2 , (•^-y)»+(y-2)»4-(z-aj)» 



+ r-: + 






a-2/ y-2 ^ ;»— a ~ {X'-y){y-z){z-x) 

Here the numerator becomes 

2(y-z)(z-x)+2i(x^y){z-x)+2(x-y){y'z)-^ 
(x— y)2 + (y— «)2+(2 — a;)', which is evidently 

|a3-63J +^ i 63 -a3 J ' 

Observe that the denominators become the same by changing 
the sign between the fractions, and that the expression is sym- 
metrical with respect to a and 6. The numerator of the first 
fraction is ai2 4.6a»6»-i-12a«6«+8a36», and by symmetry that 
of the other is - 6^ » - 66»a8 - 126«a« -.863a». Their sum is :. 
ai3-6i2+6a368(a«-6e)-8a363(a«-6«) 

= (a«-6«){a«+6« + 6a»68-8a368} = (a«-6«)(a8-6«)» 
= (a3+63)(a3--63)3, and since the denominator of the given 
expression is (a^— 6^)3 /. the result is a^+b^^ 
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Exercise xlv. 
Simplify the following : 



2. a 



a-^-b b4-c c4-a 

8- 7a — Kf — ^x + / — Z • A\ + r 



(6-.c)(c-a) ^ (c-a)(a-6) ^ (a-6)(6-c) 

1 1 1 

^- (a-.&)(a-c) + (6-a)(6-c) + (c-a)(c-6)' 

a — 6 h—c c — a (a—h){h—c){c — a) 
a+b + b^'o "*" c+a "I" (a+^)(6+c)(7+a)' 

a3 62 c» 



(a+5)(a+c)(aj-i-a)"^(a+6)(6-c)(a; + Z^) {a+c){b-c){x+c) 
a;3 2/2 28 

{x'-y){x-z) ■*" (y-a;)(y-2) "^ («-«)(» -y)* 
a3 53 ^8 

®- (a-i)(a-c) + (6-a)(2^-c) + (c - a)(c - 6) 

9. r^; — rr:; — r+^n — n-i — t-+. 



(t-)(t-4 (t-)(4-) (^-)(t-')- 



u. 1 



(6+c-2a)(c+a-26) ^ (c + a- 26) (a +6- 2c) 

1 

(a+6-2c)(6+c-2a)* 

12 ^^-^^ c^-gg gg-^a 

18. -,_^^_«L,,_^ + ^' 



{a—b){a^c){x — a) ^ (6— a) (6— r) (a?— 6) 

gg 

(c — a)(c-6)(a;--c)* 
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14. %+g) , y(g+a?) , 2(«+y) 



15. (^ + ^)^ + (6"c ) " + (a+c)'-' _ ^_ 2^ 



16. 



(a-\-b){b'-c)[a-{-c) a+c 6— c a+6 

111 



x{x — a){x — b) a{b — a){x — a) 6(i-a)(x— 6) 



Section III. — Eatios. 



r»X k. ^^^&«lk V *Aa J.A 


b d 


• • 


%m\M — \.r\ 


dividing ad^Itc by ca we have 


b 

a 


d 

"" c 


• 

" ad = bchycd 


u 


a 
c 


b 


" ai = 5c by ab 


it 


d 
b 


c 

"" a 



a c 



.... (1). 

• • • • (2j. 

• • • (8)' 

C/ U' 

Also zrZI^ = ®^^^ ^^ *^^ given fractions • . . (4). 

^^ mb+nd vib -i-nd mb + nd b ^^ d 

A very important case of this is wi =» 1, m = ± 1, hence 

a c a-^-c a^c 

T "^ T "= b-\lL = b^d (^^* 

a—b c—d 
Also — ,-r = — f-} (6). 

For by 02) and (6) 

a 6 a— 6 a-f-5 a—b c—d 

c "^ d " 

a 

— - 1 

a-^b -6 

Or thus: — ^^-y ~ — 
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Generally, to'prove that if — -s — , any fraction whose nu- 

b d 

merator and denominator are homogeneous functions of a and h, 

and are of the same degree, will be equal to a similar fraction 

formed with c instead of a and d instead of b : — Express the first 

fraction in terms of — , and for — substitute its equivalent — 

b' b ^ d* 

and reduce the result. 
By (2) the fractions may be formed of a and c, and b and d. 

If Ji ^ _? t ^wa-fwc-f-pg _ ^ or -^ or ^ (1) 

b d /' mb+nd+pf "6 d J """^ ^ 

fnu+nc+pe ^ ^t) + AJ) + ^"^(t") 

(mJb+nd+pfJY a 
" mb-^-nd+pf ^ 

If-^ = -1 and ^ = L. 
b d n q 



, or &c (8) 



ma±pc pa+nic ma pa 
nb±qd " qb±nd " nb qb 

For ^ = ^ = *1^^ by (5) 
nb ' qd nb-i^qd 

pa mc pa±mc 

qb " nd qb±_nd 

But !!?? ^ -?^, hence the equaUty stated in (8). 
nb qb 

^^ a c e 3 f^ P f 

If — = — c: — and _ = ^ - _, 

b d f 71 q s 

ma±pc±re ^ pa±rc ±me _ - _ ^ . 
'iib±qd±i^ " '^±sd±nf " ^-^ ~ n6 * ^^' ' W- 

If an upper sign be taken in a numerator, the conresponding 
^pper sign must be taken in the denominator ; if a lower sign, 
•he corresponding lower sign, otherwise all the si^9 ^re ii^dQ* 
pendent of ^acb othe^t 
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Examples. 

a e 5a — Ab 6c^ Ad 

a . e 

The given fraction = — = — j = .^^^^ 

7y + 6 7-^+5 ' ^"^ 

2- ^T = T*®^**"** 8a86-463 = 8^d-4d3" 
Dividing the given fraction by 5^ we have 

' g , and ihig becomes, on substituting for-T-itsequal-j> 

2rf?+Jd2 « 2c3jf_8c2i 

^a - 8ca(i-4d3* 



8. If 8a = 25, find the value of ^^^^^—^. This= jvj 



+ 1 - 



f— — — j [by dividing both numerator and denominator by 

a 2 

63]. But from the given relation -t-=-q- we have, by substi- 

a 

tuting for -y » 

a b a+b 

Wehave- = -^ = ^^. Ako 

^^ = ^ (?^ + ■)-& + ')- ^^' "^ "^ -""=>« 
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o. If -3 — ~"2~n; — i~" = "n n» s^ew that a? = — • 

Mulftplying both terms of second fraction by x, it becomes 

x^+ax ^-^bx 

x^-'Ox^^-bx'' ^^^ ®*^^ ^^ *^® given fractions « 

difference of numerators 

difference of denominators ; 

e 
= ~=sl .'. x^+ax-b^x^-ax+b 

or Zaa; • 2b .•. aj= — • 

a 

/ic c« «a ac-^-ce-^-ea 
^^^ rd'="df'='Tb'=bd+df+fb' By(7)makingm=n=i^«l. 

But I7 = T3 hence the required equality, 

IShe problem is a particular case of (9), with all the signs -f- 
and a for m, b for n, e for p^ &e. 

(If the fractions given equal to one another have not monomial 
terms, instead of seeking to express the proposed quantity in 
terms of one fraction and then substituting an equivalent frac- 
tion, it IB often better to assume a single letter to represent the 
eommon value of the fractions given equal, and to work in terms 
of ftis assumed letter.) * 

7 If ®"^^ ^"^^ ^'^^ 

prove that 82a+356+27c^0. 
Assume each oi the given fractions «=», so that a^b m 9{a - S^i^i 
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;. adding these fractions we have S2a+35b-\-27c=zO. 

This example might also be worked as a particular case of (7), 
thns 

a-\-h h + c c+a 



3{a-b) ~ 4(6 -c) 6{c-a) 

20(a4 b) -f U(b+c) + l ^c+a ) __ 82a+856+27 c 
" 60(^~b)~+60^^ " "' 

/. 82a + 356+27c = x -^- = 0. 

3(a — b) 

8. If h — = — { — + -^l, prove that 

63 ^ /2 d\b fl? ^ /J 



\b+d^rf} - 



a^+c3+5« 



Transposing terms, &c., we have 

a2 2ac c2 ^ 2ce ^* _ n 
P"" "65' + rf2+yi--^- + ^-0t 

that is, the sum of two essentially positive quantities = ; 
•'. each of them mxist = ; hence we have 

^ . _ = 0, and y ^ - = 0; 
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Exercise xlvi. 

1. n- = _, prove -^-^^ -^-^. 

8. Giyen the same, shew ^at each of these fractions 

4. If 2a; = 8y, write down the value of 

2a:8-a?gy+ y3 ^^^ ^^ a;^~3a?3y+2y^ 
a;«y+«2/^ + 2y»' (cB3-y2)8 ' 

6. H -1 = 4- = -1, shew that ^ = rm-rw^pe 

b d J b mb — nd — pf 

t. From the same relations prove that — = r"~^^,"" J . 

^ 6» Xb-md+np 

7. n J±? . lj]±^+^\iherxx- = (b--a)-r(b+a). 

®- ^ ^(a+^)«^(«--^) = «» prove that X = jq:^. 

9. If .^?!?+^±^ = w x-c^d ^ ^ ^ a+b-^c +d^ 

nx+a-^-c nx — h^d n—m 



ay-\-bx bz-^-cx cij + az ax-^-by-jrcz 

then each of these fractions = , a+6+c not being zero. 

x+y-\-x 

11. n^ = J±£^ = -^^±^, then8a + 96+5c=:0. 

a-b 2(6 -(t) 8(c-a/ 

12. If -7- 77- — -r = — » shew that ^ [rirzl 

l/a — y (a — x) a a \14-«/ 

1^- ^ '^(l^y^ "^ y{y^9^' ^' ^* ^ unequal, shew 

that each of these fractions is eijual to';i;+y+^« 
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14. If -^-^2x4^ ~ f/*^^ -t3' ^^®^ *^** ®^^ ^' ^^^^ 
fractions =(a;y— l)-r (a;y— 3). 

1^- ^TO^TS = -2^3r' shew that ^-:^2 = T' 

.« -r-. 46c , , v+26 t/4-2c 

^ 6+c y — 2b ' y— 2c 

17. If 7" l^iTZT^j = Y \ia— ,j = -g- Ic8-3^2J' prove that 
25aa+276* + 22c«=0. 



18. If ;;tZ7« = ,7r-?. = «-53:=.' shew that a^as+d^yV* 



a8 62 c« 

x^ -yz ~ y'' --Zx ~ z^ — xy 

a; t/ ;?: 

19. If -T-T — = £-; " = ""1 V then will la — h)x + 

a+6— c o+c— a c+a— 6 ^ ' 

(6-c)i/ + (c— a)2 = 0. 

oi T* ^?+«y cy+hz az-\-cx 

21. If r a= -7 = - — — > shew that 

a—o - o—c c — a 

{a'\'b+c){x-\-y+z) = ax+by+cz. 

x^ — 5x^ u •— a^ -\- 5osa^ x — d 

22. If — fi-j — s — ; — ^-, — r = ~T~» flliew that each of these 

x^+x^a+xa^+a^ x+a 

expressions b5, 

different, shew that 15a+116+16c = 0. 

24. If (^l^ = T^h' ^°^® ^^^ «^+y^ rz^+2xyz»l. 

25. If -^ =, — ^ _^ shew that a+6+c = 0. 

x—y y-z z — x 

26. If -1 „ A prove that 1±\ ^ Vj^^p:}^}}^. 
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27. If — = — = — , then each is equivalent to 

h d f ' ^ • 

^a+^+n^^ hence shew that 
lb-{-'md-\-nj ^^ 

^__^__ _^ __^^________« .M _— _^_^_^-_ when 

2z+2x-y "" 2x-{'2y-z ^ 22/H-2«-iB' 

a; y g 

2a+26-c "" 26+2c-a " 2c+2a~6'. 

29. If -^4-^ = -jj-L = ^^, prove that 
«(y+«) 6(a!+2) <'(a:+j/) 

-(y-2) + 1(2-») + -(a^-S/) =0. 

80 K ^ r- r s= , then will 

Ixiny — mz) my{lz-''nx) nz{mx — ly) 

Ix rny^ nz^ 

81. n, = VM:z3n, and y = l^I^^iz^), shew that 

y <o 

l/(az8-a') 

35 = ~ — ^ • 

Z 

82. If t:^ = t^ « ^ - 1, shew aiat 

flS o' c-* 

T y 2 a» i* c* ' 

piove that _ + _ + _ = ^,^^3^^,. 

S4. If -J- » -J = 7* = *°- *^«° 
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\ 

86. Ilr^ = T* = y^= . . .= x^ then 

^A-^B-^-C A ^ B ^ C 
86. If . — = — + T + — ' 

and (^+5+C)(a+6+c) = .4a+56+Cc, 

ADC 
then win 3^p^ + j^pp + j^^ = 0. 

and also — ^ + ^ + ^ =0. 

1 1 1 

'a ' 6> ' c 

irA y^ zl x^ y^ e^ 

^7. K ^ = fc? - ^' and ^ = p- = -^ =1, 

(z y 2 \2 a3 63 * ^9 



Section IV. — Complete Squabbs, &o. 



1. What quantity must be added to x^ '\'j>x to make it a com* 
plete square ? 
Let r be the quantity. 
Then «» -^-px+r = complete square = (a?+ ^/T")' 

Equating coefficients we have 



?1 « (l\ ' 

4 \2/ 



OrihtWt Since (a+a;)3=:a« + 2aa? + a;« ; we observe, (Bee 
Artb XII), th&t four times the product of the extremes is equal to the 
9juar$ of the meant 

.*• iz^rscp^x^ ; 

/. r « (rjr I f as bcfere* 
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Or we may extract the square root and equate the remainder 
to zero • thus 

P 

2iB+Y px+r 
px4-tL^ 

; 4 

p2 

Now, if the expression be a complete square, this remainder 
must vanish ; hence we haire 

p^ Ip\^ 

r 



_p1 ^ [p] 

^4 \2J 



2. Find the relation connecting a, b, c, if ax^+bx+c is a com- 
plete square. 

Assume ax^+bx+c = {i/a.x+-\/c)2-ax^+2i/(ac),x-\-c. 

Now, since this holds for all values of x, we have 2yac =5, or 
b^ = 4ac, the relation requred. 

8. Determine the rel^on amongst a, b, c, in order that 

a^x^+bx+bc+b^ may be a perfect square. 
As in Ex. 1, we have U2x^{bc+b2) = b2x^ ; 



• . 



i- - A . 1. 
4a3 b 



Or thus : 



Assume a^x^+bx+bc+b^ - (ax+yoc + 6^)* 

Equating coefficients, we have b^2ay/bc+b^ ; 

— — — . as 1, as before. 
4a8 b 



• • 



The same result may also be obtained by extracting the squaro 
IfOQt ftud equating the remamder to zero* 
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4. Show that it x^+ax^+bx^+cx+d be a complete square, 
the coefficients satisi^ the equation c^ -a^(£=0. 

Is it necessary that the coefficients satisfy any other equation ? 

Extracting the square root of x^+ax^-\-bx^ +cx+d in the 
usual manner, we have for {he final remainder 

f-T('-T)K^-^('-?)' 

Now, if the expression bo a complete square, this remainder 
mufit yanish ; and, that it ma^ vanish for general values of x, we 
must have 

a I a^\ 

^-Y(^-Ti=® (1)' 

1 / a«\ 

'^-tI^-t)^^ (2)> 

Eliminating ^ - -^f we have «'-a8i = . . . (8). 

The coefficients must satisfy the equations (1) and (2), and 
therefore either of these equations, toge&er with the equation (3), 
which results from them. 

The same result may be obtained by assuming 

; =x^+ax^-{-2x^y/d 

+ ^a^x^ + ax y/d + d. 
Equating coefficients, we have 2 v/i+Ja^ =6 ... (1) 

and a^d=c ». • • (2). 
From (2) we have c^—a-d^O, as before. 

5. What must be the value of m and n if 

4a; * - 12a;^ + 25x^ — ^mx+Sn is a perfect square ? 

Assume the expression =t {(2a;^ — 3x+ ^/(S/i)}^ 

=. 4aj4 - 12a;S + 4tx^ y/{Sn)+9x^ - 6xy/ (8w) +9n. 
Equating coefficients, we have G\/(8w) = 401 .... (1), 

and4v/(8n)+9 = 25 .... (2); 

n=:2, 



» • 
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Or thns : Extracting the square root in tbe ordinary way, the 
remainder is fonnd to be (— 4m + 24)a;+8n— 16 ; /. we must 
have 4?/i + 24 = 0, or m = 6, 

and 8n— 16=0, or n=2, 

6. If ax^+bx^ +cx+d be a complete cube, shew that ac^ = d6', 
and b^ = Sac. 

Assume ax^-{'bx^-{-cx-^d=(aJ+d']^ 

z=a.^-\-Sai.:h^ + da^d^x+d 
Equating coefficients, 

b=:SaU^ (1) 

c = da^di (2); 

b 



dividing (1) by(2), _ 

c a* 

Also, h^=9aW^ • . . (3); 

dividing (8) by (e),^ = 8a; 

c 

.\ 62 = Sac. 

7. Find the relations subsisting between a, (, c, d, e, when 

ax^ -i-bx^ -{-cx^ ^dx+e is a complete /owr^A power. 
Assume ax^ -{■ bx^ +cx^ +dx'{-e = (a^x-}-^)^ 

= ax^-i-iah^x^ + 6a^^x^ + 4.a^e'x-{-e. 

Equating coefficients, we have 

b = 4rt^ e^y 

d = 4a* e^ ; 
whence 6£Z=16rtr (1), 

bc = 2iaie* = eaAa^e^ = ead. .... (2). 
cd = 2iuhi = GeAa^e^ = &)e. .... (8). 

8. Shew that x^+px^-^qx^ -{-rx+s can be so resolved into two 
rational quadratic factors if ^ be 9* perfect square, negative, and 

equal to — . 



i<f 
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SittC6 — « is a perfect square, let it be n*. 
Assume a* +px^+qz*+rx-n* 

= a;* + (m + m ')x* + WW '«* — fi(in — w ')« - «'. 
Equating coefficients, we have 

TH-f w' =p 

j mm'=:q 

I7t— W'= 

n 

w«+2??Mn/+w/»=;)a 
4ww' = 4^*; 



r9 



;. (m-wO»=p«-433=^ 



sn'= -a. 



' Exercise zlvii. 

1. What is tiie condition that (a— aj)(6-»a:) — c^, may be a per- 
fect square. ^g^Nfev 

r 2. Find the value of n which will make 2a;3+8a;+n, a perfect 
square. 

8. Fmd a value of a; which will mate aj*+6aj» + ll«2+3a;+31, 
a perfect square. 

4. Extract the square root of 

(a-5)4«2(a3+62)(a-i)« + 2(a*+5*) 

5. Find the values of w and n which will make 
4a;*— 4a;3+5a;3 — wa+n, a perfect square, 

6. What must be added to a;* — <N/(4a;*-16a;3+16)-4a;3 in 
order to make it a complete square ? 

7. The expression a* + a^ - 16aj2 ~ 4aj + 48, is resolvable into 
two factors of tiie form a;^+wa;+6, and a;'+na;-|-8; determine 
tiie factors. ,;fjrtii^;;^. 

\ 8. Find the value of c wfaich will make 4a;* — ca?3-j-0a;3^_-^lj 

a complete square, 



OOSfPLBTB 8QUABIS. 186 

9. Qiilain the sgnare roo4 of 
4{(a» - b^)cd+ab{c^ -(£«)} « + {(a« - 5>)(c» -if) - 4a6ci} >. 

la If (/» --6)a;» +(«+&)*«+(«» -63)(a+6), is a complete 
sqnaia, then a^Qb, or bmzSa. 

11. Find file simplest quantity which, subtracted from 
a*x^+^abx+^acx+5bc-^b^c*^ will give for remainder an esaet 
square. 

12. a*— 4a;3_a.8^1g^_12 is resolvable into quadratic factors 
of the form x^ 4-waj+p, and »' +nx+q : find them, 

18. Find the values of m which will make x^-^-max-^-a^ 
afactor of x^^ax^+a^x^ -a^x+aK 

14. Shew tiiat if a;* + ax^ +hx^+cx+d be a perfect square, 'flio 
coefficients satisfy the relations % 

8c. =«(46-a3), and 
64rf= (46-a»)2. 

15. Investigate the relations between the coefficients in oBder 
that ax^+by*+cz^ +dxij'\-eyz'\'fxz may be a complete square. 

16. If x^ +aaj«+6a;+(? is exactly divisible by (a:+<i)^, shew that 

l{b^^d^^)~ = d{a-2d) 

17. Determine the relations among a, h, c, cf, when 
ax^ — hx'* + caj— d, is a complete cube. 

18. The polynome ax^ -^-^hx^ +^cx+d is exactly divisible 
by («-«)»; shew that (ad- 6c)3=4(ac-i3)(fcd-c2). 

19. Find the relation between p and ^, when x^+px^+q^ is 
exactly divisible by (a? -a)*. 

20. If x'^-\-nax-\-a'^ ia a factor of os^+aaj^+a^aj^+a^aj+a*, 
shew that w' — w— 1 = 0. 

, 21. If a;*+aaj3+*»^+ca;+ci, be the product of two complete 
. squares, shew that 

(ib-q^y^Ud, (46-a«)a = 8c, av/(8a8 - 2i) = 8&. 
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22. Prove that »* -^px^+qx^+rx+t is a perfect square, if 

P* 
p^s=r, and g = — + 2v/«. 

- 23. If ax^ +dbx* +Scx+d contain az^+2bx+c as a factor, the 
former will be a complete cube, and the latter a complete sqnare. 

24. If m^x^ +px+pq+q^ be a perfect square, find p in terms 
of ni, Qf and x. 

25. Find the relation between p and q in order that 

x^+px^+qx+r may contain (x-^2)^ as a factor, 

26. 11 x^ -^px^ +qx+r be algebraically diTisible by 

dx^+2px+qt shew that the quotient is aj + •^. 

8 



Eelation in Involution, 



Art. XXXVIII. Ifaa' = 66' = cc', prove that 

1. (a+b'){b+c'){c+a') = {a'+b)(b'+c){c'+a) 
a+b')xa' = aa'+b'a' = bb'+b'a'=z{b+a')xbi 
b+c')xb' = bb'+c'b'=^cc'+c'b'^{c^b')xc' 
c+a')xc'=:cc'-\-a'c'-aa^'\-a*c' = {a+c')xa' 
a'{'b'){b+c'){c+a')xaVc'== 
a'+b){b'-^c)(c'+a)xb'c'a' 
«+Z>')(^+cO(c + a') = (a'+6)(6'+c)(c'+a). 

2. ia-\-b)(a+bf){a'-c)(a'-c') = {a'+b){a'+b'){a^c){a-e'), 
a-^b)xa'=:aaf+a'b^bb'+a'b = {b'+a')xb 
a+b')xa'=aa'+a'b' = bb'+a^b'=^{b-^a')xbj 
a'—c)xa = aaf'-ac^cc''-ac = {c'—a)xc 
a'-'c')xa^aa'''ac^^cc^-'ac' = {c"-a)xG' 
a+b)(a+b'){a!^c){af^c)x{aa')^ =^ 
h'+af){b+a'){c'-^a){C'a) x bb^.oo/ 

But bbf.ccf={aaf)», 

and {e'—a)(c — a)=:(a—c){a-'c') 

;. (a+6)(a+5')(a/-c)(a'-c') = (a/+6)(a'+60(«-c)(«-cO« 
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Exercise xlviiu 

liaa'^hh'^cc' prove that 

1. {a-}/){h'-c){c'-a'):={h-^a%a--c){&^h% 

2. {h^c'){c''a){a^-h')^{c-h'){h'-a){a''-c'). 
8. {c-af)(a-h){h^-c')=^{a-'c'){c-h){h^''a% 

(a--^)(a-60 ^ (a-c)(a-c^) 
^- (a'-6)(a'-fcO (a'-c)(a'-cO' 

(6-c)(6-c^) _ (5-fl)(&-a!) 
6- (6'-c)(6'-cO (6'-aX6'-ay 

(c,.a)(c-,g/) _ (c-ft)(g-&0 

8. Shew that the [seyen preceding relations may be derived 
from the single relation 
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OHAPTBE V. 



Simple Equations of onb Unknown Quanoitt. 

Art. XXXIX. Preliminary Equations, ^though the 
following exercise belongs in theory to this chapter, in practice 
the numerical examples should immediately follow Exercise L, 
and the literal examples Exercise HE. Like those exercises, this 
one is merely a specimen of what the teacher should give till his 
pupils have thoroughly mastered tJiis prelinuary work. Boi 
few numerical examples are given, i;t being left to the teacher to 
supply these. 

Exercise xUx, 

What values must x have that the following equations may be 
true? 

1. a— 5 = 0. a;~8i = 0. a;-a = 0. a;+3 = 0. 

2. a;+4J = 0. x-\-a=iO. a; + 8 = 6. aj-4 = 6. 
8. x—a=b, x+a = c, x-b=-'C. 6— a; = 8. 

4. 8-a;=10. 5-l-a;=ll. 9+x = i. l-x=-5. 

5. 8+a;-— 6. a— a; = 36. 2a = x-\-3b. 8a = 56— aj. 

6. 2a;- 6 = 8. 8a;+8 = 20. ax = a^. vix=bm. 

7. 3a; = c. ax = 5. ax = 0, (rt-|-6)a; = &+a. 

8. {a-b)x = b--a. (a-\-bx) = {a+h)^. (a-'b)x = a^ -b^. 

9. (a+b)x = b^'-a^. (a^ -ab+b^)x=a^ -i-b^. 

10. (a^-b^)x = a-b. (a3-63)a; = a-h6. {a^'^b^)x^h 

11. (a+a; — 6) = (a+6). x—a+b = b—x+a, 

12. 2a — x = x — 2b. ax+bx^c, ax^b = cx, 
.13. ax-b = lKC'-c, ax — ab = ac, 

14, a^—a^ = bx — b^, ax — a^ ^bx — b^. 



SIMPLE EQUATIONS. 189 

15, ax—a^ = b^ — hx; ax+b+c^sa+bx+cx. 

16. d—bx — c^h^ax'^'CX'f a+6a;+(?aj*=<7a; — 6+caj*# 
11. bx—cx^+eszex-b-cx^; 8aj = f; ix^f. 

18. 10a;=r;-l; ax=—; ax=^ 

e b 

19. abx = 1- — ; ocaj= j. _. 

20. ix=5; ^x-8; '5x = 2; -80; = -06. 

21. •02aj = 20; -83; = -2; •4aj=-6. 

iz^ ax 

22. •18»=l-8; — = 6; t = c 

oa; b X ax . 

b c a+b a+b ^ » 

a+6 a a^J a+b !^ 

a- 6 b * a+b b — a' ,v 

a a 6-a a — 6 ^ 

25. r — -«= — -; ——x=— — 
b—a a^b a+b b+a 

26. «A=«-«- 112 8 



a+G a+b X 2 ' a? 5 * 

27 -L = A; 1 = ^; ^ = A- 1 . 1 + i 
'a? «6 ,,a; 6 ' a; c ' a? 8 4* 

20 5x 5x S X c 

29. -A, = 6^-1-; ^^ = 7+-^. 

80. (a;-4)-(a;+5)+a; = 8; 2a;-{a;-5)-(4-8aj) = 5. 

81. 2(8-a;) + 8(a;-8) = 0; 2(8a;-4)-8(8-4aj)+9(2-a;) = 10. 

82. a(l-2a;)-(2a;-a) = l; aj^5(a-a;) = 6a;- 5a. 
88. «ia;(8a— 4)+8w/aj-8a+l=0. 

84. a{bx'-c)+b{cx-a)+c{ax-b) = 0^ 

85. a(^ax-b) i'b(^cx — c)+c{('X'-a)sO^ 
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86. a{bx-a)+b(cx-b)+c{ax-c)=0. 

87. a(x-2b)+b{x-2c)+c{x-2a)=a* + b»+e'. 

88. 3(3{3(3a;-2)-2}-2)-2 = l. 

89. 9(7{6(8a:-2)-4}-6)-8 = l. 
40- 4{J(J{K*+2)+2}+2)+2}=l. 

41. i{^aU(« + 2)+4}+6)+8}=l. 

42. ^{h{Ui^-^)-^}-^)-l = 0. 

43. |(f{?(?*-U)-H}-H)-H=o. 

44. iJ{VW{i(fa!+4)+8} + 12)+20} + 82=6a 

45. J{ia{J(*+7)-8}+6)-l}=4. 

46. r{g'(j[?{ii(?wa; — a) — 6}— c)--(i} — e = 0. 

47. (l + 6a;)3 + (2-f8aj)» = (l+10a;)«. 

48. ^(2a;-7)^ +(4a;- 27)» = 18(4a;4- 16)(«+6). 

49. (3-4a;)2+(4-4a;)2 = 2(6+4a;)». 

60. (9-4x)(9-6a;)+4(6-a;)(5-4a;) = 86(2-a-)». 

Art. XL. In order that the product of two or more factors 
may vanish, it is necessary, and it is sufficient, that one of the 
factors should vanish. Thus, in order that («— a)(aj— 6) may =0, 
either a; = a must = 0, oi x—b must =0, and it is sufficient that 
one of them should do so. 

Hence the single equation (a;— a)(a; — 5)=0 is really equivaleiit 
to the two disjunctive equations, either aj— a = or a;-6 = 0, for 
either of these will fulfil the condition of the given equation, and 
that is all that is required. 

Similarly, were it required to find what value of x would make 
the product {x'—a){x — b)(x- c) vanish, they would be given by 

a;— a = 0, or oj— 5 = 0, or a;— (j = .'. x = a or b oi e. 

Hence the single equation 

(x—a){x—' b){x—c) = 
is equivalent to the three disjunctive equations 

a? — a = 0, or aj-6 = 0, or ^— c;;^0. 
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Examples. 

1. Solve a;* -a; -20 = 0. 

The expression = (a? - 6)(aj+ 4), which will vanish if either of iti 
actors does, that is, if aJ - 5 = 0, or a;+4 = 0, 

.'. x = 5, or a; =—4. 

2. Solve aj*—a;8-aj3+a; = 0. 

This gives a;3(a;-l)-aj(a;-l)=a;>-l)(a;«-l) 

= a;(a7— l)(a;+l)(a;— 1), which vanishes fof 
a; = 0, a; = l, a;= — 1. 

8. Solve aj3+a2a;3-aa;-a8 = 0. 

This = a;(a;2 - «)+a« (a;3 - a) 

= (x+a^){x^ — a), which vanishes foT 
a;-f-a^=0, and a;*— a = 0, or 
x=—a^f anda;^=a. 

4. Solve x^{a--b)+a^(b"x)+b^{x-a):^0. 

The factors of the expression are (Ex. 2, page 79) 

x—ajX—b^a — b; hence the expression vanishes if 
a;— assO, or a?— 6 = 0. 

5. Solve 221aj«- 5a:- 6 = 0. 

Here we have the factors 17a; -8 and 18a;+2 ; 
.'. the equation is satisfied by 17aj— 3 = 0, or aj = ^^y, 

and 13fi;+2 = 0, or «= - yV 

6. Solve 2a;4+2aj3 + 6« - 18 = 0. 

In this case, we have 2(aj* - 9) + 2a;(a;3 +3) 

= 2(aj2+8){a;»-8+a;}, which vanishes for 
«;3-}.3 = 0, ora;2+a7— 8 = 0. 

7. Solve (a;~a)»H-(a-6)3+(6--a;)3 = 0. 

The expression is equal to 8(a;— a)(a— 6)(J-a;), 
and therefore vanishes for a; '^ a = 0, or a; = a ; 

and for a?-& = 0, or x^b^ 
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Exercise 1. 

1. If an equation in x has the factors 2a;— 4 and 2a;— C, find 
the corresponding values of x, 

2. If an equation gives the factors 2x- Land d» — 1, what aie 
the corresponding values of a; ? 

8. If an equation gives the factors 3x^ — 12 and 4x — 5, find the 
corresponding values of x. 

Find the values of x for which the following expressions wiU 
vanish; 

4. x^-2x-hl; 4a;»-12a;+9. 

6. 9a;2-4; a;^ — (a-f-^>)3 ; x^-2ax+a*. 

6. a;2~9fl;+20; 4:x^-lQx+20. 

7. x^+x-6: a;3-aj~ 12; 9a;8-9a;-28. 

8. 6x^-12x+6; 6a;3-13a;+6; 6a;2-20aj+6. 
^ 9. 6x^-5x-6; Gx^Slx+e; 6a;2+a?~12. 

10. A certain equation of the fourth degree gives the factors 
«' — a:— 2, and 4aj^ - 2a;— 2, find all the values of x. 

find values of a; in the following cases : 

11. x^-^hx^-Sh^'x^O. 

12. x^-ax^+a^x--a^=0. 

18. a;3-2a;+l = 0; a;3-8a;+2 = 0. 

14. x^-2ax^+2a^X'-a^ = 0' 

15. x^ + {b+c)x^ -^cx—b^c-bc^ =0. 

x-a , x-b (a-h)^ x^-a^ 

16. 7 + ^ 



x — b x-a (a;— a)(a?-6) {x—a){x—h) 

17. x^-bx^-a^x-aH = 0. 

18. Sx^+Aabx^-6aH^x-4.a^b^=i:0. 

19. a;3(a-6)+a3(&-a;)+63(a;-a) = 0. 

(a;-&)(a;-c) (a?-c)(a? -a) ^^ 
^"- (a-&)(a-c) ^ (6-c)(6-a) ' 

/a?-2a\ 8 /2aj-a\ » ^ ^ 
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22. ^+a+Z»)8+a;»'a3-63 = (ir + a)(a«-6«). 

ah , bx , ax 

23. ,-7 TT V + 7 77 Tv + 



(6 — a)(a5— a) {x — a){a — b) (a — 6)(ft — «) a — 6 

24. Form the polynome which will yanish for x equal 5, or 
- 6, or 7. 

25. Form the polynome which will vanish for x = a^ or 4a, oi 
8a, or —4a, 

26. Form the equation whose roots are 0, 1, - 2, and 4. 

27. Form the eqaatien whose roots are l+\/2, 1 — -v/2, 1 - /3, 
andl+y8. 

Art. XLI. In solving fractional equations, the principles 
illustrated in the section on fractions may frequently be applied 
with advantage, as in the following cases. 

When an equation involves several fractions, we may take two 
or more of them together. 

Examples. 

1. Solve ?^ + ^J = t5+?. 
14 ^ 6a;+2. 7 

Here, instead ef multiplying through by the L. 0. M. of the 
denominators, we combine the first fraction with the last, getting 
at once 

Ix-S 7 1 

g^q-2 * iJ * "2" •'• 7a;-8 = 8a;+l, and»=l. 

2 2a?-f8^ 18a; -2 , j^ _ J^ _ g+lG 

9 "* 17« -82 "*" 8 " 12 86 

In this case, taking together all the fractions having only 
numerical denominators, we get 

ea?+84+12fl;-21a;+a;+16 _ 18a; -2 

86 "" 17a;-82' ^ 

26 13a? - 2 
18 "^ 17fl?-82' 

#% i25a;-^0O« 28407 -86, hence »» 4, 
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It is often advantageons to complete the divisions represented 
bj the fractions. 



= *-l-(^- S). 



4«-n 8t-22a; 
^' 9 ~ 88 

Here, completing the divisions, we have 

9 "■ 9 ~ 9 "^ 8 "*~ as ■*" 9' 
10* _ as 6 6 



ax-\-h cx+d 

V a H h c + = a+c 

X —m^ ^ X — n ' 

/• (a?w+6)(aj— n) + (cn+(i)(a; — m)=0 

5. Similarly may be solved 

ax + b cx+d . ^a;*+/a; — gr , , 

+ + 7 \7 \ = a+c+e 

x — m x—n (aj— m)(aj— »; 

am+b cn+d {e(m-hn)+f}x^emn—g ^ 
•' a?— w "*" x—n (a?— m)(aj-n) "" 

(am+ft)(a;— n)+(cn-f-(i)(a;— m)+{c(m+n)4/}a; — emn-^=0. 

{(a+c)m+6 + (c+«)n+(i+/}aJ=(aH-6+«)wn4-&n+c?w+5f. 

6. ^^^+^ 4, ?5±^ « 52; 

8a;+l ^ x-1 

43 18 ^ 

.•. 44 - Q— TT + 8 + ' — 1 « 62, or 
ox+l ' a?— 1 ' 

-^ a "S^+i' •*' 89a;+13*48a;-43, anda;=«14. 



7. ^^-^^ ^ l^x+ij ^ 5 ^ 



28 



a;+l ^ 8a;+2 a;H-l 

Taking the last fraction with the first, and multiplying the td* 
suiting equation by 15, we have « 
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240a; 4- 63 ^ 75 i 5^c-30 . 

Sx+2 " x+1 * 

:. 80 - -^ = 75 + 5 - J^-, or 
8a; + 2 a; + l 

^_?Z_. = _M. ; ;. 8a? = 27, and a; = Sf. 
8j?+2 ar + 1 ' 

8. 4. 4. = 8. 

b+e a-^c b-^-c 

• ^«- 1 +5^ - 1 + 5ri _ 1 = 0; 

6+c a-fc o+a 

. a;-(a + ft + c) a; — (a+i+c) i»-(a+6+c) ^ 

0+c a4-<? 6+« 

which is satisfied by a;— (a+6+c) = 0; .•. a; = a+ft+c. 

Q m ' n m'\-n , 

y. — — - 4- r = , 

x-k-a x — b x—'c 

. m(x-c) , n(a;-c) _ . 
x—a a; — 6 

which may be solved as in Ex. 1. 

10 ^^+^ 4a;+9 _ 15a;+7 _ 12a?+17 
■ aj + 1 2a;+4 " ^3a;+l 8aj + 4 * 

_2 1_ _ _2 1 . 

x+1 2x+i " 8a: + l 8a;+"4' 

8a; +7 8a;-f7 

" 2i2+6a;+4 " 9a;8 4.16a;+4* 

This can be divided by 8a; -I- 7, giving 8aj+7=:0, or a?= -J. 
The result of the division is 

2^3+6aH-4 ~ 9a;2 + 15a; + 4' ^' 

9a;»+15aj+4 = 2a;»+6a; + 4, or 7a;2 = -9a;, which we can divide 
bj Zt .*. assO ; the result of the division is 7a;= — 9, or «= — f. 



146 IPCPLB BQtJATIOink 

Exercise IL ■ 
10a;+17 12a; + 2 6x-i \ 



1. 



6. 



10. 



16. 



18 18X-16 " 9 



6a;+18 9a?+15 ^ 2a?+15 
^ 15 5a;- 25+^" ~6 ' 

m 

7a;+l _ 86 a;+4 

^' ITa - T "" i+2 + ^• 

4«-7 2-14a; 8^ -fa; _ 10 - 8^a; 19 
^' 2^-9 "'" 7 "^ 14 ■" 2 ""21 

2x+a Sx-a 

a;-4 8a;— 13 1 



6a;+5 "*■ 18a;-6 8 



8a;+ 1 a;-ll ^EZ? . ^_o • 

'• 2a;-15 2a;~10"^' a;-5 ^ a;-8"^* 

8 a?-12 a;- 4 7 . 8a;- 19 8a;- 11 

a;- 7 ■*' a;-12"^'^a;-7' a;-18+ a;+ 7''^* 
a;-2 a;-l ^. a;+l a;+4 9 

*• 2i+l "^ 8(x-3) "^ 6 ' 4(a;+2) + 5a;+ 13 + 2!)* 

6(2a;» + 8) 5-7a; .. JL . 1 4 

2a;+l + 2a?-5-^*~^' a;-7 "*" a;-9 =* ^IIs' 



7a;+55 _ 8a;_ 8a;8 + 8. 17 15 82 

^^' 2x+ 6 2 ""^ 2a; -4' a;-16 + a;-18 "^ ^^* 

l-25a; _ 8-2ia; _ 28- 5a; __ 10a; - 11 x 
^^' 15 14(a;-l) "" 8 §0 + T 

1 2+2ia;«-ia;3 1 6 

18. 



a;-2 6-5a;+a;« 2* " a;-5 

j^ 80+6a; 60+8a; 48 , ^^ 

a;M ■*" a;+3 a; + l 

-g 5j;»4-^-8 7a;g-8a;~9 
' 5a;-4 ** 7a;- 10 



X a;— 9 a;+l a; --8 

5P2 + «^ ^ a;-l "^ x-e' 
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x^5 "*" x-d "" aj-8 



18. 



19. 



20. 



21. 



22. 



28. 



26. 



4a;+7 4x+d _^ 4x^6 4 a; +10 
4a;+5 "^ 4a;-|-7 ~ 4a+4 "*" "4a;+8 ' 

2a;-3 ^ 2a;-4 _ 2x-l 2a;-8 
2a;-4 2a;-6 " 2a;-8 "" 2a;-9' 

7a; 4- 6 ^ 2a;+4^ JL - 1^ a?-8 
28 28a:-6 "*" 4 " "21 " 42 ' 

a;^~5 a;g~ll _ a;g-~7 a;»-9 

x^-(^ ^ a;2«12 " ^3^ ■*" aj^-lO' 

a; - m _ 2 -6a; _ 5a; -ir( 10 -8ar) 

2 18 ■" ^ "" 89 

l-2a; 1+j; 1 _ 1 

8(a;2-a; + l) "^ 2(a;2 + l) ^ 6(a;+l) "" 9(x«+iy 



2^ 2a;g+3;-80 a;«+4a;-4 _ fl;^-17 ^^J^z}?:- 
2a;-7 "*" a-l " a;-4 "^ 2«-8 

25 ^~^ ^""^ (a — 6)' 2(a-a;) 



a;— 6 ^ «--« (x — a){x—b) a+x 

12^+lOa ^ 28a; -f 117a _ jg 
8a;+a 2a;+9a 



2 • 18ia;-5 13|a;-ll _ IV^x-l l^i?-^_ 

islx^e "^ 18Ja;-12 " 18j"a;-8 ^ 18Ja;-iO 



28. 



11a; 16a; 



2(a;-l)» ^ 2(a;-l) 2(««+l> (i«-l>(«* + l) 



29. i(|.+4) - IL^ , £- (1 _ l) . 

80 ^ _ 81a=*-9 _«,_*. 2«« -1 C7-8a; 



18 tniPLE EQUATIONS. 

82 Z^I^5^ ga;-f 2- 21a; _^ 
lOj. ^a;-8 "" 21 

42a:- 171 ,,, . 2a;-9 1 ,, ^ 

— G3 ^^ + es^^u^ - T^^ - '•'^ 

18a;-22 ^ l+Ga? 101 -64a: 
^^- i3"^iS +^^+ -T^=13i- 8 

4 -9a; S-12a;_ 24 a ;3 -5 

^^- l-»a; " 7- 4a; ■~^'' 7-25a; + ffia;»' 

8^+25 16 a; +93 __ 18a; 4- 86 6a;+26 
^^- 2a;+ 5 "*" 2x + ll "" '2a;+ 9 "^ 2a;4- 7* 

1 1 1 1 

^^- a;+«+6 "^ a;-a + 6 "*" x+a-b "^ x-a-6 " * 

Art. XLII. The results deduced in Section III., Cbapt 
V.9 may often be applied with advantage. 



1. 



2. 



8. 



EXAMPLBS. 

ax -\-b m 
cx-jrd " n 

{ax+h)d-{cx-\'d)b , nid—nh 

7 — r-\ — 7 — rrr = ' — (P&ge 128). 

md—nb 

a;= • 

na — mc 

ax^+bx+c a 

mx^-^-nx+p ~ m 

(ax^ ^bx- hc) - a x^ _ JL / loox 

(w^a+;ii+;>) - f»«2 " m «^*Se if^;. 

fca; + c a ^ 

— , — = — &c. 
nx+p m 

2x+7 8a;- 18 
aj4-4 a:— 4 
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By (S) each of these fractions = 
di fference of mimerators ^ 20 8gfcf-7 5 

difference of denominators' '* ~8 ^ x-fi '^^'' x+V 



or -H- = -T-r* .'. a = 6. 
2 x+4i 



4. 



nx - c — d " nx^b^ d* 

mx+n-{'b nx—c — d 
'• vix+a + c = nx-b^d ' ^^ ^^ ^' P^^e 122, 

!??« + a + ft wj; — c - d 

6-c = 6-c > or (n^m)* 

|/(r?+a;)4-]/ ( ^-a ;) ^^ 
y/{a+x)-i/{a-x) " 

Here by (6), page 122, we have 

2v/(^ + aj) «+l 

2|/(a~a;) ~ a^ ' °^' cancelhng the 2 in left hand mem- 
ber, and squaring, 

^^x ^ (^31)0' ^^®^<5e, agam by (6), 

"?5 _ (g-hl)^~(flt-l)^ _ 4a 2a 

2a "" (aH-i)2 + (a-l)2 " 2(a2+T) - ^^I'l^ 

2a2 



»? = 



a3 + l 



l/'(aj— a + ft) + v/(ic+g— ft) "" a+ft* 

i/(^+g--ft) ft 

squaring and again applying (6), 

2a; g^+ft* , g»+ft« 

and a? = — 



2(g-ft) ■" g3-62' «"- - - ^+5 
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Exercise lii. 



1. 



l+a5 1 . x+a ax-^b m 

l—x a x — a ax-h n 



2. -?±^ = 1; ^te^ = 6; 



8. 



4. 



6. 



6. 



h-\-2x ' a-x ' a—x b — x 



a — a; a — 6*ic — w a — b l+ca; 1 — ca; 

a-|-/;a; c-¥dx , a+bx c-^-dx , a— a? a+a^ 

a-f^t "" c+(Z ' a— 6 "" c — d b^x "* 6+a; 

2a;» — 5a;+6 _ «2j-7£+5 
2a;3-7a;+3 "" a;2_9a.^.2' 

ax+b-c (6-c)2 



7. If l/(H:t/)+i/(a:-2/) ^ .£.^ 3he^ ^^^ x±y 



= 1. 



8. 



2a;-7 _ a?+7 . 4a;-5 _ 1 0a?-82 
2a;-8 " x+l\' 2x-\-10 ~ 5a;-8t 



^ 57aj~43 89a;-7 . 2Sa;4-5J 86a?- 7 



10. 



19a;+18 18a;+25 115a;-29 " 180aj+28 

210a;-78 21a;+7'3 . mx—a-b _^ mx—a-~e 
810aj-66 " "81^+8"' mx-c--d "" nx-b-d' 



11 8^+v/(4a;~a;g) ^ yfl2a;4-l)+ v/(12a;) ^ 

' 8a;-v^(4a;-aj2) " ^' |/(12a:+l)-v^(12^) " ■^^' 



12. 



x^-^ox'^ —hx-\'C x^+ax—b 
x^ —ax^-^-hx+c ~ x^—ax+b 



13 l/(2a--a?")+V(2^"a;) _, A4-& 
• ■/(2a3-a;2)-6|/(2a-a;) " -/a -6* 

•V(i2+a2)-V(x2-a2) -^• 

8a?«+12a?g-8a;+5 4a;g+6a;~4 
^^* 8a;»-12a;3+8a;;+5 ^ 4a;2-6aT+4' 



lotteA lt<ivKtt<mi, in 



ifi ir(«+l)-r (^-l) 1 



17. 



18. 



28-v^« ~ 9+V«' 
a'x'—a*bx*+acx+d ^ a^x' -t^+« 



24. 



-^ gt/(2a!-l)+2|/(8a.-8) _ „, ■ 
*"• V(2a!-l)-2i/(8a!-8) " '^ttt 

gn l/2a;+t/(8-2x ) 8 

''"• v'2»-|/(8-2x) ~ T 

^ 2£(^+8)+^(7^+8) 

2f^(3a;+8) - f^{7x +8) = *' 

22. 88{18 - 2^/(ar - 6)} =3{18+2y^(a!- 6)}. 

23. (i/nH-l){v/(«aj+l) - ym} = (|/n-l){/(n«+l)+i/«a;} 

■t/(a!4-c) + 1/6 _ y^a! + |/g 
v/(a!+c) - -i/i ~ i/x - y/d 

jA+28 v/g+38 . f2x+Vl _ ^2a;+27 
T/a!+ 4 "^ |/ic+ 6' if^+ 9 ~ ^2a;+15* 
^x^2a x/x+ia, 3a! -1 _ l+y'Sie 
V^Vf"* ^ v^«+36' y'Sas + l ~ 2 
ya-v/(g-a!) i/x+y/b _ _a 

l/a+y{a-x)~ ' Vx-Vh ~ b' 

aa!+l + ^/(g''a;»-l) 
^^' «a;+l-N/(a»a;«-l) " ' 

!«+» _ 6+1 . l+a;+ig' _ 62 l-f« 
""• ^/(2a«+«») ~ 6-1' l-x+x^ ~ 63 '^ l-x 



20. 



26. 



81. 



5a!* + lOaj" + 1 _ a'+lOa^+l 
a:»+10»» + 6a! ~ 6a*+10a»+l" 



Art. XLIII. Yarioas other artifiees may be employed to 
simplify the solntion of eqaations. 
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Examples. 

1. Solve 2-h>/(4x'-9a;+8)-2Lc=0: here there is but one 
surd, and it is convenient to make that surd one side of the equa- 
tion and transpose all the rational terms to the other ; this gives 
\/(l.r^ ~ 9;r;-h8) = 2a:— 2 ; squaring both sides, 

4.^3— 9.c+8=4a;2-8«4-4, /. a; = 4. 

2. i/(a-f a;) + \/(a— a;) = 2\/a?. We might square this as it 
stands, but the work will be simplified if we first transpose, thus 

a/ (a + «) = 2 \/a; — ^(a-x)\ 'low squaring, 
<i+a;=4x+a—a;— 4 \/ (««-«*), or 
x^2V{ax—x^)» Again squaring, 

u'3 = 4^ic — 4a:^, whence a;»0, or — . 

5 

8. Clear of raJicals 

^a + ^2/ + ^« =- 0. Transposing, 
-^x-^-^y = - ^z ; cube by formula [0] , 
•• x+y+nfxij(-fi^x+-fi^y)=-z; and substituting for 

f^x+^y :1s valuo —^2, t'is becomes 
x-^y — Sf^xyz=—z^ or 
X'\'y+z = Sf^xyz; /. cal jog again, 
{x+y + z)^ = 27 xyz, 

J. a+x+^/(2ax+x^) 
a+x 

Dividing and transposing, we have 

a+x -^"^> ••• S^+^oo.+^^f'-^'' ^^ ^'^ 
division in left-hand member, 



H = (6-l) /. -^=V{l-(&^l)«},or 



(a+a;)2 ^ ' a+x 

^'"'"'=1: ^/{l+(6-l)»}.o» 



a 

a; 
a * 
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6. Solve -/(4a;8+19)+-/(4a;«-19)=:>/47+8. 
We have the identity 

(4a;3+19)-(4a;»-19) = 88-47-9. 

Now dividing the memhera of this identity by those of the given 
juation, we have 

V{^x^ + 19) - V'(4aj« - 19) = V^7 - 8. Adding this to the givMi 
^nation, then 

2A/(4a;3 + 19) = 2-v/47, /. 4aj«+19 = 47, and «= ± v^. 

6. ^{25+x) + f{25-x)r.2. 

Cubing by formula [6] , (See Ex. 8), we have 

25+a;+25-aj+6jJ^(263-a;«)-8, or 
^(625-a;2) = _7,or(625-a;»)=-848; 
.-. «» - 625+458 = 968, and « = ± 22v/2. 

Exercise liii, 

1. V'(iB + 4)+^x-8) = 7. 

2. y(3aj+l)+i/(4a» + 4) = l. 
8. i/(2a;+10) + /(2a;-2)=6. 

4. i/(w?a?) — i/(r?a;)=sm— w. 

5. i/{bx)+Viab'^hx) = i/x. 

7. >i/(aa;+ic2) = (!+«). 
a f/nix'-26)^ ~ 

10. 6+0?-- ,/(t2+aj3)=c^ 

11. i/{S+x)^i/x = 2i/(l+x). 

12. i/(2aj-27a) = 9|/a-i/(2u;). 
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13. ^(l_a;)+,!K(l+a;) = ^8. 

14. f^(8+x) + ^{S-x) = f^7. 
16. f'{x+l)-^(x~l) = f^ll. 

16. f{a+x) + ^(a-x) = fb. 

17. f^il + i/x)+^{l—i/x) = 2. 

18. V'>—i/{a-i/{ax+x')}^iy^a. 

19. Clear of radicals ^«+ ^6 -^c. 

20. Solye«,+^(«.+^»)=_^^fi_. 

21 . Cleao: of radicals i/x+ \/y + ^x - |/n. 
Solve the following equations : 

22. i/(l+a:)+i/{l+a;+|/(l-a:)}=-/^l,aj). 

28. >/(aJ+i/a:)-i/(a?-l/a^) = aV;^+^- 

24. |/(l+a;+a;2)+|/(l-a;+a;2)=^aj. 

25. |/(a«-a;3)+V(«'-l) = «^(l-«*)- 

27. \/(2a;«+5)+ \/(2a;8 - 6) = >/15+ v^5. 

28. \/(3a;2 + 10) + V{^x^ - 10) = VVJ+ \/3. 

29. V(8aj2 +9) - V(8a;» - 9) = ^84 + 4. 

80. v'(8a-86+a;2) -h V(2a-26+a;2)= Va+ \/x. 

81. v'(4a»-362-2a;«)+/(3a8-36»-a;8) = a+a?. 

82. Clear of radicals, ^(2aj) - #"(2^) -f'(?2). 

83. |/(a+a;) + /(«-«) = 2a; ^ {v/a+3/(a2+a;2)}. 
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Art. XLIV. Sometimes a factor can be discovered, and the 
principle of Art. XL. applied. 

Examples. 

Factoring we have 

jc — a 
or a?3 - aaj+ a3 = (aj - a)(a; - 6) ; 

.'. (a+6 — a)a; = a6— a^, anda; = a— — . 

b 

2 Babe bx , aH^ ^ h^x 2a+b 



~ !■ 7 — TTv? = Bex — 



a+b a ^ (a+^)3 "" a (a-f6)» 

Transpose -^ and factor, then 
a 



ah 



\ ^ {a+hy] - ^ ( ^ a\ (a+b)^] j 



a+6 

1 ^ (a+6)2i 



ab 

= aji 



8. 



a+& 
x+a x—b aj—c 5+c 



(a— 6)(c-a) (a-6)(6-c) (6-c)(c-a) (a-6)(6-c)(c-a) 

Add term by term the identity (Th. iii., page 54). 
x—a x—b x—c 



(a-b){c-a) "^ (a-6)(6-c) '"*" (6-c)(c-a) 

2a; 6+c 

(a— 6)(c— a) "" (a— 6)(6 — c)(c— a)' 

1 fc+c 

2 — c 



= 0. 
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4. (a:4.fl-|-6)»+(a + />)3-(a:+6)8-{a:+a)8+a:» +a»+6» = afcf. 

The left hand member vanishes for x=0, and .*. by symmetry 
for a = and 6=0; .*. it is of the form mabx in which m is 
numericaL 

Put x = a = b, and m is found to be 6, 

.'. the equation reduces to 

6abx = ahc, .*. and x^\c. 

lx-a\ 5 a;-2a+6 , . , ;, . 

5. — 7 = o, , ^ ; let a; — 6 = m, a— a = n, and .. 

\x — hj x — 2b+a* ' ' 

wi — n = a — 6, then we have 

w* n — (wi-n) 2»— m 
w^ ~ m-|-(//i— ?i) ~ 2m — n 

.'. 2m* — nwi* = 2n* — n';», and 

2(m4 — 71^) — mn{m^ — n^) = 0, which is divisible by vi^-^n^, 

.. r??2— w2 =0, or m+n = Oj 

But m+w = 2a;-a— 6 = 0, /. x = l{a-\'h). 

1 a;2_4a ;4.2 1 a;2-4j-f3 ^ a;g~4 a;43 5 

Let 2/ = a;2 —4a;, then this equation becomes 

1 y+2 1 y+3 2 2/+8 6 ^ ,. . / 

y 2/-i'*""6- jT^-y 2/-6"iB' ^^^y^^s^o^^ 

1^ JL_ 1^ J 2 ^2 6 

T "^ 2/-1 "^ T "^ ?/-3 "~ 9" "" ^Pe " 18*^^ 

+ — = ; this may be written 

y—l y-H y-Q 

1 11 1 ^ 

y/-l 2/-0 2/-3 y-b 

6 3 

^31 + —s =^' •'• 52/--16+3i/-3 = 0, or 

c/:=2i .-. a;2-4ic = 2-]:, ora;2-4a; + 4 = 4+2^, 

and a: - 2 = ± f . We might assume (a; - 2) * = y, when the given 
Equation would take the form 
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3' 2/-5 6 2/-7 9* y-10 " 18* 
And reducing as before, we should find 

y = 6i = (a;-2)3, .-. a;-2= ±f, as before. 

Exercise liv, 

X ~~ o 
2. ?1±1^* = a;3-2a(a+6)aj+(2a-6)a?a-2a869. 

Q a2 a^x _ 2c 

4. 1 — _ J- -. JL _ JL = 2ab(a+h)x^. 

^- / Iw ^ + 



(a;— 6)(;c— c) ~ {a+c){a+b) 
1 1 



6. r + 7 TTT = 3;K - 



7. 



x^+2ax x — a 

x^-llx^a^-^a^ ~ x^-Sax-a^' 



8. jLf^'-i(l-«^+«)=^^- 

2 \a;+a/ «+» 

9. a;3-(a + 6+c)j5+(a3+62+c2)a;-|(a3+63+c3) 

10. 1 + -1 + 1 = ^(«+6+o)» - 1( « +±+ M. 
arc oaj CU5 2 \ocx acx abxf 

,- 1-aa; l-hx . 1-ca; /2 2 2\ 

be ac ab \a b c j 

IS. a;3+(8+c>3+35(5-c)a; = 63^ 
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14. x—a"3^(ahz)=^b. 

15. lla;*+10aj»-40a; = 176. 
jg a? . oc _ e ax 



+ /r-TTT + 



IT 9 ^""^ ft 2ca;8 . o— & 1 — ca? 

a+b 1+cx «H-& l-^cx 

2a;+a 

7 7 ' 8ia;8 

8-lla;+28 + a;«-17a;+70 "" a;3-14a;+40* 



19. - 

X 



20. 8 .8 



aj2-6a;+5 ^ a;»-14a;+45 a;^-lla;+10 

21 a?+g a;-6 g+c 

' (a-5)(c-a) "" (a-6)(6-c) + (6-c)(c-a) 



(a— 6)(5 — c)(c— a) 

22. (a;-a)«+(a-6)»4-(&-«)'=»«-a'. 
/aj+ 2a\ « , /a+|2a;\ « ^ 

24. («+«)« -(a+ft)« + (6-a;)3 = (»+a)(aj+5)(a+ft). 

= (a-6)6« 
26. (a;+a)3-(a;+6)3-(a.-6)»-(2a)3 + (a;-a)3-|-(a+5)8 + 
(a-6)s = (a3-5»)c. 

Q7 ! ^ a- — . , 

'• x^-^-ax+a^ x^-ax+a^ x{x^'^a^x^ -\-a^) 
28. {x+a+by''{x+a)^^[x+b)^+x^-(a+b)^+a^+b^ 

a— a? b—x c^x Bx 



80. iB3(6-a3)+a3(a._52)^58(a-ic2)+a5a:(afca:- 1)" 
= (a-a;8)(63-a4). 
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(!+«+««)» =^.(l+*»+a!*). 



V m - 



a — 6 _ - 



2(a;+c) 



/2£+a+£\ 



l/(a;»+27ic+180)-i/(a;»+26a?+168)= J~~^)- 

= U(^+a)». (See page 17, Ex. 1). 

sax»-6»+2a(a-i>). 

/ x+a \» a?+2a-h5 
\a;-»6/ "" a— a— 26* 

(5aj-7)3 -(2aj-.4)3 = 27(aj3 -1). 

_1_ g?^-6a;-l Jl_ a;»-6a;-4 _ ^ a;g-6ar-7 
8 *a:a-6a;-4 "^ 5 'a;»-6a:-9 " 9 ' »*-6aj-16 

14 4 

* 45 "** aj»-6a;-9* 

5 *««-2a?-8 "*" 9 *aja-2a;-24 18*»^-2a?-48 

r2 



585 



(x-\-a)»-b» "^ (a!+6)»-a» ~ 

a;»_(a+6)» "f" a;« -(«-*)» 
, 4l(?£±«+T--±«I)+180 

\ 35 + 1 ' Xi-4t I 

fa»+57 9^+68V 



^■- 






89 — T^ + — r-7^\' / y ^ 
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44. 61 i^+« _9-t^)+868= . 

, 35—1 35—4 / 

45. {x+a){x+Sa){z+ia){x+6a)=:x^+6a9(x» +7aa?+6fl«). 

.o 1 2 3 6 

46. + ^-^^ + 



x+Ca ^ x-da ^ x-^2a a+a 

Exercise Iv. 

1. a(6— rc)i 6(c— a;) = 6(a— a5)+ca5. 

2. (a+te)(a— fc)-(aa;— 6) = afc(a;+l). 

8. (a-6)(«-c) + (fl+fc;(a;+c) = 2(6a; + aJ). 

4. (a-!0(«-c)-(a + 6>(a;+c) + 2a(6+c) = O. 

5. (a— 6)(a — c)(a+a?) + (a+5)(a+c)(a— a5) = 0. 

6. (i-6)(a-c+a:)+(a + 6)(a+c-j;) = 2a8. 

(solve in {»— c}). 
7 (m+a(a+ft — «) + («— wi)(fc -a;)=:a(wi+6). 

8. m{a+l''x)==n{x^a^b). 

9. (wi+n)(w— w— a:)+w(a;— ») — n(ic — w) = m2 — n*. 

10. 111^ + ^^^ £Z5=8. 

11. r h -.-—=0. 

a — SB 6— ar c— aj ^ 

12. -1— + + — T- = 0. 

i/c ca ao 

1-ax l — bx 1- ex ^ 
/;c C(* ab 

(Deduce the solution from that of No. 12). 

a-^bx b^cx . c—ax ^ 
oc ca a6 

, , . N a^+b^ ^ahx a+b 
15. {a+b+c)x--^:^ = ^6 + ^Zi-^- 
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V>rihe a^b^ {2a-hh) h^x _ (b+dac)x 

^^' a+b J (I+b)^ "*" a(a+6)3 "a * 

. 10 4 9 2 / , . 1 V 

17. — + -J- = h -Q- Solve in — • 

^^- a; "*■ 3 "" dx "*■ 12 " i^ 

7 13 2(5a;-12) 17 10 

^^' 3 ^ 6x Sx 20 ^ a; 

Of) 4. . — — ! ^ ! . 

-^"•3^7 x±21 21 

6,8 1 7 

21. -7^ + 



22. 



23. 



a;+3 ^ 2(a; + 3) "" 2 2(a;+8)' 

6a:+5 l + 8a; 1-a; a?-3 

■ 16 "^ 8 "■ 5 * 

1 

1 a 1 

X 1 ~a 



a« 




24. ' ^3 = 1- 

6- 






a; 

25. (a;-l)(aj-2)-(aj-3)(aj-4) = 8; 
(aj-3)(aj-4) = (a;-2)(aj-6). 

26. 2(a;-.4)(3aj+4) + l22;-3)(3a;+2)-6(a;-2){2aj-8)=0. 

27. (a-a;)(6-a;)=a;«; (a-a;)(a;-6)=a;«-c». 

28. (a-a:)(6+a;)=^63-a;^; (aj-a)(a;-6)=a;«-a», 

29. {a+x){b+x) = {a-x){b''x); 
{ax + 6)(6a; +a) = (6 - aaj)(a - 6aj). 

30. (a-aj)(6-ic) + (^-c-aj)(«-H^)«0. 
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44. 61 !«£+« _9.+a5V gg^ 

, x — l a— 4 / 

45. (a;+a)(«+8a)(a;+4a)(a;+6a) =:a;*+6a«(aj» +7aa?+6fl«). 

.o 1 2 3 6 

4d. a. _ - I _ -_ ^ 



Exercise Iv. 

1. a(6— rc)i 6(c— a;) = 6(a— a;)+(?a?. 

2. (a+te)(a — ft) — (aa;— 6) = afc(«+l). 

8. {a-'bXsc- c)-^{a+b](x+c) = 2(bx'^ad). 

4. (a-!')(«~c)-(a+6>(a;+c) + 2a(6+c) = 0. 

5. (a— 6)(a — c)(a+a?) + (a+&)(a+c)(a— flj) = 0. 

6. (i-6)(a-c+a;)+(a + 6)(a+c-j;) = 2a8. 

(solve in {»— c}). 
7 (7/i+a (a+ft— a;)+(a— w)(fc-a;)=:a(wi+6). 

8. in(a+i-a;)=n(a:— a— ft). 

9. (?w+w)(w — w— a:) + m(a;— ») — n(ic — w) = ?»3 -jiS. 

m n j» 

a^ft — a? . ft^c — a; . c^a^x ^ 
11. h — i; h ~-— =0. 

a — 05 ft — a? c — x ^ 

12. -J— + + — 1- = 0. 

he ca cU> 

1-ax 1 — ftaj 1-ca; ^ 
ftc C(* ad 

(Deduce the solution from that of No. 12). 

a-^bx b — ex . C'—ax ^ 

14. —T — H r- = ^- 

be ca ab 

. , . X a^+b^ 2a6aj a+ft 

15. (a+ft+c)a;--^:::^ = ^ft + ^Zi-^- 
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10 4 9 2 / , . 1 V 

17. — + -J- = h -^. Solve m — • 

X 9 X o \ x], 

1^ 1^ 23 -a? 1^ 1 
^^* a; "*■ 3 ^ dx "*■ 12 " i^ 

7 13 2(5a;-12) 17 10 

^^' 3 ^ 6a? 8aj 20 ^ a; 

10 -a; 13+aj 7a;+266 4a;-fl7 

on 4- ■ — = ■ — ?^— . 

6,8 1 7 

21. -7-5 + 



22. 



23. 



a;+3 ^ 2(a; + 3) " 2 2(a;+8)' 

6a:+5 l + 8a? _ 1-a; a?-3 
" 16 " 8 "■ 5 * 

1 
JL^_ a 1 

a; la 




a^ 



24. — -TS— = !• 
6- - 



c3 






a; 

25. (a:-l)(aj-2)-(a;-3)(aj-4) = 8; 
(a;-3)(aj-4) = (a;-2)(a?-6). 

26. 2(aj-.4)(3aj+4) + l2a;-3)(3a:+2)-6(a;-2){2aj-3)=0. 

27. (a-aj)(6-»)=ic'; (a-a;)(a;-6)=a;«-c». 

28. (a-a;)(6+a;) = 63-aj^; (aj- a)(a;- 6) =a;«-a», 

29. (a+a:)(6+a;) = (a-a;)(6-a;); 

30. (a-aj)(6-ic) + (^-c-aj)(»-H^)«0. 
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81. (a-.(c)(6-«)-(c-a?)(i-a:) = (c+d)aj-cd 

82. (»-a)(a;-6)-(aj-c)(ic-c0 = ((i-.a)(rf-6). • 

88. {(a« -6«)«-a6}{a--(a+ft)aj}+2a6«a;= 
{{a+b)*x+ab} {b - (a -5)a;} . 

84. (aj+l)(a;+2)(aj+3) = (a;-8)(a;+4)(a;+5). 

85. (aj+l)(a;+2)(a;+3) = {x-l)(X'-2){z'S)+S(x+l){ix+\). 

86. (a;+l)(a?+4)(aj+7) = (a;+2)(«+5)2. 

87. (aj+2)(a;+6)« = (a;+8)2(a:+6). 

88 (aj-l)(aj-4)(a:-6)-a;(«-2)(a;-9) = 186. 

89. (a+aj)(6+aj)(c+a;)-(a-aj)(6-a?)(c-a;) = 2(a;»+a5c). 

41. a?(a?-a)«-(aj— a+6)(a;-a+c)(«— 6~-c) = (a2-|-5c)(6+c). 

42. (a?— a+6)(a;-6+c)(a;-c+d)-aj»(aj-a+i) = 5c(i-fl). 

48. (a?-a+5)(ar— 5H-c)(a5— c+rf)— a;(a;-a+c)(a;— c+i) 
= 6c((i— a). 

44. (a;-2a)(aj-26)(a;-2c)-(a;-a-5)(a:-5-c)(a?~c-a) 

45. a;3— («— a+6)(a;— fc+c)(a;— c+rt) 

s=(a+6+c){a2+63+c3)-2(a3i» + i2c+c2a)-3rt5c. 

47. {x+a){x+b)+{x+c){x+a) = {x+b){x+d)+{x-{-d){x+c). 

48. (aa?+6)((w;— c) — a(&-a;)(aa;+6) = a2(aj-c)(«— J) — 
a(aa5— c)(c--a;). 

2aj--8 8a;- 2 _ 5a;a-29a;- 4 
*^' Ij-'i ■*" a;-8 "" a;3-12;c + 82' 

50 ^^-L 8j;+2 _ ic2-80a+2 

• 5(^^1) "■ 2(a;-l) "" '(^i3-6 ' 



61. 
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8a; -7 _ 8(^+1) lla;+8 

2x-9 "■ 2{x+d) " 2a;3-8iB-27' 

7x-5 8a;~7 10a?+7 

^"' 3x-2 "*■ 8aj-l '*' 9aj»-9«+2""^' 

23; -f7 8a; -6 5(a;- 1) 8a;-2 5^--^ 2a;+2 
^^- 8a;-7"*"2a;-6+9a;-25 "•2»^+9a;"-25'*"8a;-7' 

4a;g - 8g 8a; 4a;» + 2a; . a — a a?-^ 
^^- 1+a; i^~ a;8-l ' a;-wi"*"a;-n *"* 

4 ""^ , 1 a; 1. a ex e^ a^ 

55. ^ +-^= J -Y' '^'^ax^b" a '^cx'^o 

-+x --•2x 



56. 



a; 8 a; 2 8 



iL i. A4.JL A JL 
2 ■*■» 8"'"a; 8 ' a; "** "^ 



2( a;-l) ^+8 _ 8(5a;+16 ) 
^^- a;-7 "^ a;-4 "" 5a;-28 * 

•o aaj . c» a c . 

58. s — 4. — ; 

mX'-p nx—q m n 

ax-^h cx-^-d a c 

mx—p nx — q m n 

-Q 6 — a? c-aj a((;-2a;) . 
a+aj a— a; a^— a;-* 

a+& 6+c ^ a+c + 26 
flj— a "*" a?— 6 *" a;— c 

ax+b hx ax («a;2 — 25)6 

aa5 — 6 "" ax-^-b ~ aa;— 6 "" a^a;* — 6^' 

g^ aa;— 6 <;a?--(i (&ii + rfw)a5— (ftg+^rf ^ ^ 

wx—p nx — q {mx—p){nx—q) '^ m ^^ n 

62. + + -JL. « ^ . ^JL- 

»^a ic^b x-c »-c x-a ^ x— \> 



60. 
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11 _ 1 

Cd. 



oar -2a aar — 2A a ^ 'x x 



ax-lb ax+2a ' \ 1 1 > 

— + — a + — 
ax X 

7a;» -4x4-2 " 7 

64 ^t-g^— ^"g+ c _ jo^. aa;'— 5a;'+aa;— ci _^ <!ra5-6 
mx^ —nx-^p ~ m' wia;* — wa;^+w/a; — g "" mx—n 

65! iz^ + 1 == -^ . 1; 
:J+a; ^ 4 \-\'X 4 

01 

66. 



!-« 8 " 8 ^ aj-f 

21 71 21 71 



a— 98 a- 94 a;4-44 a;-52 

7 8 9^ 1 

^"^^ a;-6 ■*■ a;-ll " a;-7 "*" aj-12' 

9 9 2_ 2 

a;-51 a-15 " a;-81 *" a+8l* 

6 4 8 1 • 

63. --5 + --S = :r-7i + 



69. 



70. 



^^ ^ ^^ "" a;-7 "^ a;-10' 

1 8 5 4 

x-Q "^ aj-8 "^ aj-2 ^^ a;-6* 

m — n a— 6 m — n a — 6 



a; — a a;— wi a; — 6 a;— n 



a;— 6 x—c a;— (a+6+2c-fei) a; — (a+26+c+i 

71. (a;-a+t)3-(a;-a)3+(a;-6)«-.a;3+a3-(a-6)8-63 
= (a-5)c3. 

72. (a;+a+6)* -(«+&)* -(«+ft)*-(a;+a)»+a;« + a» + t* 
= 10rt6a,'(2a;+a+6)(a:+a+6). 

(m-n)(a;-ff) (n-p)(a;-ft) (£-m)(a? - c) 
7^' b+c ^ T^ ^ iVi *^' 
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ax^l . hx — l cx—1 8a? 



a^{c+b) ^ b^{c+a) ^ c^(a -^b) ab-\-bc + ca 

x~-2a 05—^6 x—2c 

b+c^a c+a-b a-^-b—c 

x—2a X '-2b x^2e Sx 

7C, , . . ,, + -rr—r + 



a — x b—x c — x 1 

• 7. ~^ n + To n + 75 IT — 



a^-bc^ b^^bc * c^ — ab a-f-[ft + c 

x+2ab 2ab—x x-2ab x+2ab 

78. _ T. . - + r-r— — : = -- -r-; ■: + --7- 



a+b-^-c b + c — a a-r-h-\-c a + 6 — c 

<» h a — c b-\- c 

JC+6— 5 ^ «+« — c x+b ^ x-i-a 

m^(a^b) nHb^c) p^c-d) 

80. + ~r "T 

x—m x—n x—p 

q^ {pd-\-[n'-p)c'\'(in-n)b'- rna] 

x—q 
(ie-2)(a!-5)(a;-6)(a;-9) + (a-f2)(a-4)(a-S)(a-ll) 

•C/ 

a; 

Art. XLV. Employing the language of algebra, the princi- 
ple illustrated in Art. XL. may be stated as follows : 

Definition. — Any quantity which substituted for x makes the 
expression f(x) vanish, is said to be a root of the equation f{x) = 0. 
Thus, if a is a root of the equation /(aj) = 0, then /(a) = 0. 

By Th. I., if «— a is a factor of the polynome f(x)^f then 
f(aY = 0, and a must be a root of the equation f(xy = ; hence in 
solving the equation we are merely finding a value, or values, of 
X which will make the corresponding polynome vanish. Sup- 
pose/(a;)* = («?-«)f(i»)'*""^ = Oi ^© a^^ recpired to &i^%,^5^<!i^^x 
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values, of x which will make (a;— rt)p(aj)*~* vanish. The poly- 
nome will certainly vanish if one of its factors vanishes, whether 
the other does or not, and will not vanish nnless at least one of 
its factors vanishes. Hence (a;— a)p{x)*'^ will vanish if a? - a = 0, 
quite irrespective of the value of p{x)'^^. Also, if ^(a;)*^^=0, the 
polynome will vanish, irrespective of the value of x—a. It fol- 
lows, therefore, that if /(x)"^ can be resolved into two or more 
factors, each of these factors equated to zero will give one or more 
roots of the equation /(a;)** =0. 

When there can be found two or more values of x which satisfy 
the conditions of given equations, they are sometimes distin- 
guished thus : Xi, X2, x^y &c., to be read '* one value of a;," "a 
second value of a?,'* " a third value of a?/* &o. Thus, if 

{x — a){x — b)(x — c) = 0, 

•'. a?! =a, ajg ^6, ajg = c. 

Examples. 

1. Solve 2a;8-18a;2+27a;-18 = 0. 

Factoring, 

(a;-2)(aj-3)(2aj-3)=0, 

. • X\ -— ^, Xa ^ tJ, Xo ^ "^a"* 

2. a;2 - {a+b)x+{a+c)b = {a'^c)c, 
:, x^-{a+b)x+{a+c){b^c) = 0, 

:. x^ - {{a+c)+{b-c)}x+(a+c){b-c)^0, 
... {aj-(a+c)}{a:-(6-c)}=0, 
,-. Xi=a+c, X2=b — c. 

8. x^a'b)+a^{b''x)+b^{x-'a)=0, 
.'. x^(a-b)-x{a^-b^')+ab{a-b) = 0^ 
.*. (a;— a)(a;— &)(a-^)=0. 

If a— 6 = 0, the given equation holds irrespective of the values 
of a;- a and x—b, and therefore pf the vali;^s of x ; but if #— 6 ia 
jiQt zero, fff^ s=a, x^ = bi 
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6. 



x-1 '' 

aJi+1 a ^ «+& 

7 — —- = U .*. Xt = 71 

x^-l b * ct-6 



(a-a;)2-i-(a-«)(6-x)+(6-a;)3 "* 49 

{a^x)^+2{a-x){b^:^:) + (b^x) ^ _ 2(49) -84 
••• (^a-xy-2{a-x){b-x)+{b--x)^ " 8(84)-2(49) ^ ^^ 

... (^ZM±^). ^4 = 0, .'.X, = i(56.8a); 

(:^Zf^.([iZ£i) 4-4 = 0, .'.X, = i(5a-86). 

g {x-a)(x-b) (x-^b)(x-c) 

(c-a)(c-6) "*" (a-.6)(a-c) "^ ^• 

Subtract term by term from the identity (See page 58), 

{x^a){x — b) (x.— b)(x — c) («— c)(a;— a) 
(c-aXc-b) "*■ (a--6)(a-c) "** (6_c)(6-a) ' 

.'. (a;— c)(a: — a) = 0, .\ a;i=c, a;2 = «» 

7. Find the rational roots of »* - 12.c8 +51a:2 - 90a;4-66 = 0. 
Factoring the left-hand member by the method of Art. zzviii.g 

(a;-2)(a;-4)(ic»^6iB + 7)=:0. 
/. ajj=2, a;3=4, or a;3-6aj+7 = 0. 

Since a;^ — 6a;-f7 cannot be resolved into rational factors we 
know that it will not give rational roots, /. a;| = 2, o^g = 4 are th^ 
pxily yfdues ^at meet the condition oi ^^-^xoX^soi, 
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Any literal equation of the second, third, or fourth degree, and 
many equations of the higher degree can be resolved tnto a series 
of disjunctive equations. A full analysis for the first four degrees 
will be given in Part 11., meanwhile the following special forms 
of the Theorem in Art. XLY., will enable the student to solve 
nearly all the equations commonly proposed. 

(A). In order that two expressions having a common factor 
may be equal, it is necessary either that the common iltctor 
should vanish, or else that the ppoduct of the remaining factors of 
one of the expressions should be equal to the product of the 
remaining factors of the other expression, and it is sufficient if 
one of these conditions be fulfilled. In symbols this is 

If {x—a)f{x) = (aj-a)^(a;), .'. x^-a oif{x) = ^ (x). 
(B), If an equation reduces to the form (mx+n)^=c^ 
:. (?na;+n)3-c3=0, ^ ^. 

(w?a;,+w)— c = and .*. Xi = , 

m 

— c — n 



or (w?a;«+w)+c = and .•. «« = 

m 

(0). If an equation reduces to the form 
'mx-\'n\ ^ a* 






\px + q) b^ 

qa — nb -~qa--nb ^« ^ ^ . , . 

<^«°*»=^i63^' *"« = nib+pa • (See Exs. 4 and 5 above). 

(D). If an equation appears under the form 

(a— a;)(iB — 6) = c, (1) 

then iCi = ^(a+6 + r), x^^^ia+h-r)^ 
in which r^ = (a— 6)2 - 4(j. 

From the identity (a — a;) + (a: — 6) = a ~ 6 
we get (a-a;)2+2(a-aj)(a;-6) + {»-6)« = (a-.6)» (2) 

(2)-4(l) .-. (a-a;)3-2(a-a;)(a;-6)+(aj-6)» 

= (a— 6)3— 4c = r* say 
.-. {,'a-a?)-(a:-.6)}2-r3 = 0, 
.% {(a— a;i)-(a?i-6)}+r=0, and .-. aii =|(a+6+r); 
^^ pr ^(a-a:,)-(«a— 6)}-r=0, and .-. «^ = ^(a+6-r). 
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ft . 1 1 11 

a: a a a: 



x—a x — a 






1 ax 

••. a; — fl = 0, or ax—1, 



Applying (-4), 



a 



9. (a;+a4-&)(a;+Z>+c) = (aj-8a+5)(2a;-8a+26-c); 
a;-fa+6 2a;~8a+26-c 



a; — 8a + 6 x-^-h-^-c 

a; — 4a-|-6 — c 
"" 8a + c 

2(a;-a+^) _ x-a-\-h 
x—^a + h " 3a+c 



Page 122, (6). 



J(a;2-8a+fc) = 8a+c .*. a?3 = 9a-6+2c. 

(a^+2)8 __ a^ . (^+2)^ ?L_ /r 

^"' a;2-2a; ~ 6* ••m(a;+2)3+n(a;2-2a;) " wa+n5 ^^' 

Bat ((7) can be applied if m and n are so determined that 
i»(a?+2)3+n(a;3 — 2a;) is a square. 

This requires that 4m(w+n) = (2w--n)', 

.*• 4m3 -f 4wn = 4wi2 — 4mw +n', 

.". 8m = n. 

Assume m = l, then n=8, and (1) becomes, on substitution and 

reduction, 

(a; 4-2)^ _a ^ 

(3a.-2)3 '^' a + 86~^ :^^y 

2(1 +r) 2(r-l) 



11. 



••• ^1 - 8r-l ' ^2- i_^3^- 

(a; + l)* a (a;2 4-2a?4- 1)« ^ a 



(a;2 + l)(a;~l)8 " b " (a;2+l)(a;a-2a;+l) "" 6 

For x'^ +1 write a^z 

(a;g+2a?)8 _ _a_ ^ (g + 2) g ^ _a^ 

aw?(a» — 2a;) " b *' z{z — 2) " b 



• • 
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This ^nation was solved in Ex. 10, hence z may be treated as 
known. 

_ ^ aj2+l a;24.2«+l «+2 

12. (a-ir)*4-(6-a;)*=c. 
In the identity 

(w4-i')* = w4+v4 + 4(tt+v)3wf~2M«t;«, 

Leti* = a— -a;, t; = a; — 6, .'. t/+v = «- 6 and w*+t7* = <?, 

.-. (a-i»)* = c + 4(a-6)3(a-a;)(a;-6)-2(a-a-)2(aj-ft)3 

Write 2 for {a — x)(x - ^) 

.-. 22-2(a-5)22+(a-6)4 = J{c+(a-i)4}=t3, say, 
... |2»(a-6)2i3 = ta 

.-. by (B) 2i=(rt— 6)2-t;«, = (a— 6)«+«, .'. zisknow; 
But («—«)(« — b)=-z 

.-. by(D) aJi = i(« + ^+'-);«3 = i(«+^-0 W- 

in which r^ = (a - 6)2 - 4«, 

or (a-6)2_4{(a-6)2+t} = -4t-8(a-6)2^ 
andt3 = ^{c + (a-[»)*}. (8) 

Hence x is expressed in terms of a, 5, and r, 

r is expressed in terms of a, 6, and t, 

t is expressed in terms of a, 6, and e, 
and the expressions for r and t are cases of (/?)• 

18. (a-x)(b+x)^ + {a-x)^(b+x)^ah{a^+b^) 

Let a— a; = n-« and 6+a; = n+2 .*. n = J (a+5) (1). 

The equation reduces to 

/. (na-23)(2n3 + 6??22) = a&(a3+63) 



(2), 
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«2 may now be found by (D), and from tlie result z may be 
found by (B), and from (1) x = i{a-b)-\'Z ; 

.•. a; = 0, ora-6, or |(a-6)+|v^(30ai-8a«-8i»»). 

Divide the terms of the identity 

% the corresponding terms of the equation, 

4 / 1^^\ __ c+1 ^ a+x _ /c+l\ *. 
\ {a—xj " c— 1' " a — ic " \c--l/ 

. , - « i'+Dtni'zDL 

15. ■^(a~«)2 + ^{(a-a;)(6-a;)} + ^(6-a;)« = -^(a«+a^+fc«). 
Divide the terms of the identity 

by the corresponding terms of the equation. 

Cube, using the form (w— v)s = u^ — u* — 8mv(w — v). 
(a-^x)-'(h-x)-Z^{(a-x){b-x)} . -~ ?^Zli.._ 

a6 



.-. liK{(a-a;)(6-a;)} = 

;. (a-a;)(6— ar) = 
a form solved in (D). 



a363 



1^- V(a-a;)-.v/(a;-6) "" ^ "^ 
Assume |/(a - a;) = 2 v/ (a: -^) 

a —h 
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49. • (rt6+5c+m)(a;^ + a;+l) + (a— 6)» = (26fc+l>«)(a;2+«-|-l) 
-f (a-c)3x. 

60. (a; + l)(a?+8)(»-4)(a;-7)+'(i»-l)(«-3)(a:+4)(a;+7) = 96. 

51. («-l)(a;+8)(a;-6)(a;+9)+(a;+l)(a?-3)(a:+6)(a;+9)+ 18 
= 0. 

^1 1 a+b a—h 

62. ar-f — = SJ, 63. a; + — = r + —ri- 

a; x a—h a+b 

X a h+x a-i-x ^ 

^^ a — a? x—b 13 ^^ a-a? 6+a; m n 

66. , + = -^- 67. 7-;— = 

x—b a^x 6 b+x a — x n vi 

68. — + ~ = — 69. -^ — :]— 2 = c. 

x^+a^ ^^ x^+a^ 

60. —J ; — o =c. 61. /^ , ^vg =c. 

x^—ax+a^ (aj+a)-* 

(a ~j;)8 + (a;-Z>) a 6 a-a? a- 6 wi 

62, — / TT 77— =-2r* *>"• ::: — i + ~ 



64. 



66. 



66. 



(a — a;)(a;— 6) 2 * a? — 6 a— a? w 

(a?+a)«-(a;-6)» "" 2a5 
(a-a;)8-(a?-6)^ Aab 



{a-x)(x-b) (a2-62) 

(a-ar)8 + (a-a;)(a;--6) + (a;^5)8 _ 49 
(a~a;)»-(a-a;)(a;-6) + (a;-6)2 "" 19' 



2a2+flr(a-a;)+(«+aj)3 c+1 ^, ^ 
^'^- 2a2+a(a+a:) + (a-a;)» = ^^i- (Also for c =: 6). 

68. (6-a;)*+(2-a;)4 = 17. 

69. a;4+(a-x)4=c; a;4 + (a;-4)* = 82. 

70. (a-a;)* + (a;-6)* = (a-i;)4. 71. (a-a;)M-(«-^)^ =^ 
72. «»+(a-a;)«=a«; a;^ + (6-a;)« = 1056. 

78. {a^xy{X''by'f{a'-x)^{x-by^aH^{a--b), 
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{a—x)^{b+x) = (a+b)c. 
( a^a,)4 + (a.-5)4 41 

(a-a:)«+(:r-/^)^ _ 211 



77. 



78. 



79. 



(a-^xy+{x-b y ^ gg-j^^ 
(a-aj)3+(a;-6)8 "" a»-68 



80. \ _ + ^ ^ 



6-a; a — a; 



• 
a 



a—x x — b a b 

(a+6-2;c)3 " (a+6)»' 



85. - 

(a-a?) — (aj-6) (a— «;)(«— 6) 

(a — x)*-^{x~b)^ {a~x){x-b)' 
88. ^l+»2)» = («;=' -8)9. 
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89 ^^ + ^ _ A. 90 (a; 4-1)^(^:^+1) _ ^ 
' 2aj(a;2+l) ""6 " («-l)2(a;2 -a;+l) "" b' 



a 



a 



97. 



91 ( ^"^)'^ ^ ^ 92 (x»+a;+l)» _ 

98 (^^+1)^ . ^ 94 (^+1)^ iL 

' x(x+l)^ " T ' x{x^+l) "^ b • 

96 ^(^+l)i ^ 96 a?^4-a; + l g^+a ;— 1 

• (»-!)* *" 6* ' (iB+l)2 * (»-l)^ "^ ^ 

a;*-a;^ + l ^ a^ gg a;(a;g + l) _ a 

(a;3-l)2 '^ 6' * (a:2-l)8 "" b 

go (a;+l)(a;3 + i) « ^^^ ix+l)(x^-l) _ ^ 

* (a;-l)(a;3-l) = V ' (flj-l)(a:» + l) "* b 

101. L^+IL^ = ^. ^ 102. (5±1)! = -^. 

a;* + l 6 iB*-f-l 6 

103. 2(a-a-)*-9(a-aj)3(a:-^)+14(a-a;)2(a;-6)3^ 
9(a -;»)(«- 6)3 +2(0;- 6)4=0. 

104. 4(a-a;)*-17(a-a;)2(ic-6)»+4(aj-6)*=0. 

Find the rational roots in the following equations : 

105. a;*-12a;3+49 = 0.78a;+40 = 0. [Let » = «» - 6a;] . 

106. a;4-6a;3+7«»+6a;-8. 

107. a;4-10a;3+35a;2-60a;+24 = 0. 

108. 32a;*-48aj3-10iB3+21aj+6s0. 

109. a;3-6a;2 + 5a;+12 = 0. 



^»rf^ 



lift 6 4 9 4 . 5 „ 

110. — — — — — • J- s 0. 

ic x — a x — 2a x^3a ^ x — 4:a 

--- 14 5 4 14 5 

111- —^1^ + ~r-? — 7 == i^ + 



z"** 



+ 20 ^ a;+5 a;-4 a;-5o a;-40 a-25. 



-^o 2d;4-5rt a;+8a a; 

a; a;— a x — za 

x—a a;+5a 2x — 5a 

«— 8a ~ a;-4a ^^-C^ 



L ' 
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,1Q x+i x+2 aj+4 a;+3 . x-l a?-3 
a;+2 ^ a; ^ a;-l a?-2 ^ jc-S ^ «-6 

.-. 7 81 20 8 20 81 

114. — — 4- 4- 4- 



X a;— 1 « — 2 «— 3 a — 4 «— 6 

' .4-6 = 0. 
115. |/(a;»-a3-.63)+v/(«»-62-c«)--|/(aj'-c»-a3) = ^. * 

jjg v/(a«+2a;) + i/(ag-2a;) ^ 
|/(a« + 2a;)--|/(a3-2a;) "" 

w«£2 V(mga;+2)+y^(mga;~2) 

117. >/(a;2-a3)+i/(a;2-.&8)4-|/(a;2-c3)=a?. 

118. {V(a-aj)+V(6-!«)}{V(«-«)-V(6-a;)}=»c. 
119 #^(^-a;)--^(3i~6) a-f6-2a; 

120. V(«t+aj) + V(«t-«)= V(2a). 
[Write u for ^(a-a;), and v for #^(«-6)]. 



178 / 



SIMULTANEOUS EQUATIONS. 



CHAPTEE VI. 



Simultaneous Equations. 



Art. XLVI. There are three general methods of resolving 
Bimultaneous linear equations, 1° hy substitution, 2° by compar- 
ison, 8° by elimination. The last is often subdivided into the 
method by cross-multipliers, and the method by arbitrary multi- 
pliers. 

In applying the elimination-method the work should be done 
with detached coefficients, each equation should be numbered, 
and a register of the operations performed should be kept 
Ex. Resolve u+v+x+y+z = 15. 

u+2v+ix+8y + 16z = 67. 
u+dv+dx-\- 27y+81z = 179. 
w-f4v-fl6a;+64y+256« = 45a. 
u+5v+25x+125y+e25z = 975. 

u V 
1 1 
1 2 



Register 



1 
1 
1 

(2)-(l). 

(3) -(2). 

(4) -(8). 
(6) - (4). 

(7) -(6). 
(8) -(7). 
(9J-(8). 

(11) -(10). 
(12) (11). 
(14) -(18). 
(15)-- 24. 

i{(18)-60(16n. 

i [(10)- {12(17)4-50(16)}]. 

(6)-{8(18)+7(17) + 16(16)}. 

(1)-{(19)-K18)+(17)+(16)}. 1 



y 
1 

8 
27 



z 



1= 15 (1) 
16 67 (2) 
81 179 (8) 



X 

1 

4 
8 9 
4 16 

6 25 125 625 976 (5) 

1 

1 

1 

1 



64 256 458 (4) 



8 
5 

7 
9 
2 
2 
2 



7 
19 



15 42 (6) 
65 122 (7) 



87 175 274 (8) 

'^ '" (9) 

10) 

11) 

12) 

72 (18) 
96 (14) 
24 (15) 

1 (IC) 

2 (17) 
8 (18) 
4 (19) 
6 (20) 



61 369 622 
12 50 80 
18 110 152 
24 194 248 

60 

84 

24 
I 



6 
6 
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An examination of the Register will show how easy it would 
have been to shorten the process, thus (10) is (7) — (6) which is 
(3) + (l)-2(2); similarly (11) is (4) + (2) -2(8); .-. (18) is (4) + 
8(2)~8(3)-(l), &c. 

A general systematic arrangement of the elimination-method 
will be given in Part II. For two or three simultaneous equa- 
tions it may be stated as follows. 

Arrange the coefficients thus — 

tti b^ c^ a^ 
a^ h^ Cg «3. 

Form their products diagonally from left to right downwards, 
thus — a^b^ b^c^ c^Uc^. 

Form their products diagonally from right to left downwards, 

thus ^1^2 ^1^2 ^1^2* 

Subtract the latter products in order from the former, thus — 

^i^2"~^i^2» ^i<^2~^i^2> c^a^—a^c^. 
Divide the 2° and 3° remainders by the 1° remainder, the first 

quotient will be the value of x, the second quotient will be the 

value of y. 

[Writing R^^ R^, E^ for the three * remainders * respectively, 

the general result is {mx+ny)Ri ^viRq H-nJ^g] • 

Ex. 1. Solve llaj+5?/-68 = 

ex-ly +31 = 
11 6 -68 11 

6-7 81 6 



-77 155 -408 

80 476 841 

^107 ) -821 -749 

8 7 

II II 

X y. 



I 
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Ex.2. '1-^ = 1. 

X y 



22 

X 


80 


= 17. 


12 ^ 


25 


- 1 12 


22 


80 


-17 22 


360 


425 


- 22 


-550 


-80 


-204 


910) 


455 


182 




1 
2 


1 
5 




li . 
1 

X 


II 
1 

y 


.•. x-i 


I and y = 


= 5. 



2^ Let the equations be 

a^x+h^y-\-c^z+d^ =0 

Arrange the coefficients thus 

^1 ^1 ^i ""^1 ""^i "^^r 

«3 *3 ^a —^9 -^3 ""^3 

«3 ^8 <^3 -^3 -^3 "-^3 
«! h^ Ci — ij — «! -ftj 

«3 ^3 ^3 -^3 "-^2 — ^3- 

Selecting the first three columns form the diagonal produci 
from left to right downwards, thus : 
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a, 5j Ci 


giving ajftgCj 


\ 




\ 




«2 ^8 "a 


aaftjCj 


\ \ 




«S *8 ^8 


«S*1^3 


\ \ 




«1 *1 ^l 




\ 




«2 ^2 ^2 





Form the diagonal products from right to left downwards, thus: 
aj b^ <?i giving Cj^gag 

/ 

^2 ^2 ^2 ^2^3^1 

/ / 

ag Z>3 Cj <?3^1<'2 

/ / 

^1 ^1 ^r 

/ 

«a ^a Cg 

From the opm. of the former products take the sum of the latter 
products obtaining a remainder, which call R^, 

Similarly form a 2° remainder, JJg ^om the 2°, 8° and 4° columns 

a 3° " i?3 " 3°, 4° and 6° 

a 4° " A4 " 4°, 6° and 6^ 

Then x = R2-i' Ri, y^B^-^Ru z=R^-i-R^, 
and generally 

(wa;+ni/+p«)i2j ^mR^+nR^-^-pR^. 

Ex. 8. 8a;+22/-4;?+20 = 
5a;-7y-6«- 1 = 



182 
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8 2-4 -20 -8 -2 

5 .7 -6 1-6 7 

7 6 6 24-7-6 

8 2-4 -20 -8 -2 
6-7-6 1-6 7 



-106 
-100 
- 84 


-288 

700 

- 20 


28 
432 
600 


-600 

14 

-604 


(3x-7x6=-105 
6x6x-4=-100 
7x2x-6=- 84,&c) 


-289 


392 


960 


-990 




196 

-90 

60 


600 . 

10 
672 - 


- 16 

480 
-840 


240 

980 

16 


(-4x-7x7 = 196 
-6x6x8 = -90 
6x2x6 = 60, &c.) 


166 


1282 - 


-876 


1236 




-446) 


-890 


1336- 


-2226 





X 



-8 6 

II II 

y z 

Exercise Ivii, 
Solve the following systems of equations : 



1. 2a;+3// = 41 
8a:+2?/ = 89 

8. llx+127/ = 100 

9a;+8?/ = 80. 

6. 3aj+7.v = 7 

5a; + 32/=-36. 

7. 6a;+37/+2 = 
8x+22/-+-l = 

9. lOic+72/ 4-4 = 
6a; + 5i/+2 = 0. 

11. •^«+i2/ = 6. 
8a;- 4?/ = 4. 



2. 6a;+7y = 17 
7a;-6y= 9. 

4. 18«-86y-hl8 = 
16aj+282^- 276 = 0. 

6. 8a;+16y-6 = 
28i/ = 6a;+19. 

8. 21a; + 82/+ 66 = 
23?/ -28a; + 18 = 0. 

10. 23a;+16y-4J = 
82a;+21^-6 = 0. 

12. ia;-^y = l. 
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5- iy=^«-i. 14. %x+iy^n. 

iy = |a?-l. |«+fy = 19. 

5. l-5aj-2y = l. 16. Ix-lOy-^^'l. 

2'5x-By=:6. lla; = 16y + -l. 

r. 5a;-4y+l=0. 18. -IGa; - -042/ = 1. 

l-7a?-2-2y+7-9 = 0. -IQa?- -11^ = 1. 

). 8-5a; + 2^^=:18+4|a;— 3-5y. 
2|aj+ % = 221+ -Ta? - 3iy. 

.115 oi 8 8 ^ 

3. — + — = — . 21. _ + _ = 8. 

£17 ^ 6 a; y 

X y 

28. 17iB - — = 8. 

y 

Igoj - — = 2. 

7 ^ y 

6 7 

5. ix-i{y+l)=l. 27. -^:^ = 2^^* 

7 5 





1 




1 




1 




a; 


^"^ 


y 


^~ 


6 


2. 


1-6 




2-7 




^ 


X 


:s 


y 




1. 




•8 


+ 


8-6 
1^ 




6. 


L 


a; 
8 


-f 


6 

y 


= 


ih 




X 

T 


+ 


10 

y 


= 


^^ 



i{x+l)+i{y-l) = 9. 



3x-2 6-y 



8. ^ ?_. 29. ?±^ = 8. 



8a;+l 5?/+4 a?-2^ 

1 2 7a?-13 

4«^ * 72/ -6' 8y-6 



= 4. 



. 15a;+l ^ Qi 8a;+l 4 

^- 16^7 = Q- ^'- 4^2^ = -3 



12y+19 
«-10 



25. «+y-l. 
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49. • (a5+5c+ca)(a;^+x+l) + (a— 6)» = (2ac+5«)(«2+«+l) 
+ (a-c)3x. 

60. (a;+l)(a;+8)(«-4)(aj-7)+'(a!-l)(»-3)(a:+4)(a;+7) = 96. 

51. («-l)(x+8)(a;-6X«+9)+(a;+l)(a?-3)(ic+5)(a:4-9)+ 18 
= 0. 

1 1 a+b a—h 

52. ar4- - = 8i. 63. a: + - = ^^ -^ ^^• 

1 a b ^^ a+« b-^-x „, 

a; a 0+x a+x 

a-x a;-6 _ 18 g-a? ^ 5-f a; _ ^ „J!L. 

^^' ^b "*■ i^ "" V i+aj a-a? ■" » m* 

68. — H = — • 69. -= T— 2 = c. 

x^+a^ ., x^+a^ 



64. 



66. 



66. 



{a-xXx—b) 2 * a? — 6 ^ a— a? n 

(a;+a)a-(a;-6)« "" 2a6 
(a-a;)3-(ar-5)3 4rt& 



(a-.a;)(a;-6) "" (a2-62) 

(a-xy + {a''X){x-b) + (x-b)^ _ 49 
(a-a;)«-(a-a;)(a;-6)-f (a;-6)3 " 19' 



2a^'\-a(a-x)+(a+x)^ c+1 ^, ^ ^^ 

67. o aT / _L (T/ (a = -S- (Also fore = 6). 
2a2-[-a(a4-a;)4-(«— a:)* c— 1 ^ ' 

68. (6-a;)*+(2-aj)4=:17. 

69. x^+{a--xy=c; a;4 + (a; -4)^ = 82. 

70. (a-a;)^ + (a:-6)^ = (rt-6)4. 71. (rt -«)«+(«- ^)^ =^. 
72. »*+(a-a;)«=a»; a;= + (6-a;)« = 1056. 

78. (a-»)'(«-'t)2i-(a-a;)2(a;-&)''^«a2^3(a_^). 
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{a-'x)^{h-{-x) = {a+b)c. 
„^ ( a-a;)4+(a>-fc)4 4I 

(a.,a,)5 + (,;,/,). 211 
76. (^_^)^^.(^_^)4 - -97- (^-^)- 



77. 



78. 



79. 



(g-»)3+(a;-6)8 "" g3-63 



(a-x)^ . (6-a;)3 g3 63 



g 



81. 



g— a; «— 6 a b 

{x-by^ + (g-ic)« "^ 63 ■" ga* 



(g-.a;)^+(a?-6) 4 g4+64 

(a+6-2a;)3 "" {a+b)^' 

g3 (g~a;)g-^(a;-6)g _ g^-fc^ 

(a+6-2;c)3 ~ (a+6)8* 

(g-.a;)*-(aj-6)* (g-J^ 



85. 

(g-a:) — (a— 6) (g— «)(«— 6) 

86. (^_z4^+f.Z^^^^ =3 cia^x){x-^b). 

g^^ (g-a;)34-(a;-/,)3 c 

[a — x)^'f(x-b)^ ~ (g— ;c)(a;-6)* 

88. ^l+a;2)3 = (a;3-8)». 
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89 ^' + ^ ^ ±. 90 (x + iy{x^+l) ^ ± 
' 2aj(a;2+l) ""6 " {x-l)^x^ -x-hl) " b' 

• (a;2-a; + l)« "A* ' (aj+l)2(a;2+l) ~ b 

93 i5!±ll!_ .A 94 (^+1)^ „ ^ 
a;(a;+ip ~ 6* * x{x^+l) "* 6\ 



a 



96 ?(?dLl)i « _^ 96 g^ + a? + l x^+x-l 

* (a;3-l)2 " 6' ' (a;2-l)3 ~ b 

{x-l){x^-l) " b' ' (flj-l)(a:« + l) ■" b 

101. (^±1L^ = A. ^ 102. (5+11! = ^. 

x^+l b x^-^l b 

103. 2(rt-ir)4-9(a-a;)3(a;-5)+14(a-a;)2(a;-6)2-^ 
9(a-ic)(«-i)34-2(a;-6)'*=0. 

104. 4(a-jB)*-17(a-a;)2(a;-6)2+4(ic- 6)4=0. 

Find the rational roots in the following equations : 

105. a;*-12a;3+49«=0.78a;+40 = 0. [Let « = »»- 6a;] . 

106. aj*-6a;3 4-7ic3+6a;-8. f 

107. a;4-10aj3+35a;2-60a:+24 = 0. 

108. 32a;*-48a;3-10a;3 + 21a;+5 = 0. 

109. a;3-6a;3 + 5a;+12 = 0. 






110. ±-J ^- i- + __L_=.o. 

aj x^a x — 2a x^3a . a; — 4a 



111. 



14 5 4 14 6 4 



a;+20 ^ x+5 a;-4 a;-55 ' a;-40 «-25. 



--„ 2aj + 5a a;+8a , x 

X x—a x—za 

x—a x-^-^d 2a; — 5a 

9;— 3a "" aj-4a ;c-C^ 
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11Q «+4 x+2 a;+4 a;4-8 x-1 fl?-8 
no, 4« 4. — _. -4« 4. -f 

a;+2 ^ aj ^ a;-l a?-.2 ^ a;-8 ^ a;-6 

11. 7 81 20 8 20 81 
114. — — 4- + -L — 4- 

X x-l ^ a?-2 ^ x-3 ^ a;-4 x-5 ^ 

' ^ =0. 



aj-6 

116. |/(a;«-a3-i2)+v^(a;a-52-c2)-i/(a;«-c2-a-)=u;. * 

■j/(a«+2a;)-i/(a3-2a;) "^ 

a8 * ■j/(»i2^+2)-i/(m2a;-2) 

117. V(a;2-a2)+i/(a;2-58) + |/(a;2-c3) = a. 

118. {V(a-a;)+V(^-[»)}{V(a-«)-V(&-»)}='<>- 

119 #'(^-a?)— ^(^-^) g+^>-2a; 
■^(a-a;)+^(a;-&) "* a-6 

120. V(a+a;) + V(«-aj)= V(2a). 

[Write u for ^'(a-a;}, and v for ^(x^-b)}. 
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2. x-\-y'^z = fl). 

ax-^btj+cz^O (2). 

bcx+cay+abz-\'{a—b){b — c)(c — a) = (8). 

c X (1) - (2) gives {c-^a)x+ {c - b)y = 0. 

.•• y = v£j2^, and similarly, 

_ (a-b)x 
z — — • 

b — c 
Substitute in (3) these values of y and z, and reduce, 

•*. aj(a— 6)(c— a) = (a — 6)(6— c)(c — a), 

.•. ora; = (^ — c), r, y = C'-a, z = a—b. 
8. a{yZ'-zx—^xy) = b{zx—xy—yz) = c{xy—yz-'Zx)=xyz. 
Divide the first and the last equations by axyz ; 

...1 = 1.1. land hence, by symmetry, 
axyz 

J- - JL _ -L i. 

b " y z X 

JL - JL i. - i- 

11 2 
••. 1 = , and by symmetry, 

be X 

1 + 1= -1. 

a 6 z 

4. aX'{-by-]-cz = l (1), 

a^x-\-b2y+c^z=:l (2). 

a^x+bhj+c^z = l (3). 

cx(l) — (2) gives a{c — a)x+b{c-'h)y = c-l (4). 

cx(2)-(3) " a2(c-a)a;+6»(c-% = c-l (5). 

fcx(4)-(5) " a5(c-a)a;-a2(c-a)a; = 5(c-l)~(c-.l), 
or a{a—b)(a'-c)x = (c - 1)(6- l)i 

... a, = (l-6)(l-c) . 
a(a— 6)(a— c) * 
whence j^ and z may be derived by symmetry. 
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5. Eliminate x, y, z, u (which are supposed all different) from 
the following equations : 

x = hy'{-cz+du^ 

y=zez+dU'\-ax. 

z = du+ax+by. 

u^ax+by-\-cz. 

Subtracting the second equation from the first, 

.'. x—y^hy-^ax^ or 
(l+a)aj=(l + 5)y = (by symmetry) (l+c)«=:(l+cQu. . 

These relations may be also obtained by adding ax to both 
members of the first equation, hy^ to both members of the second 
equation, &o. 

Now divide the first equation by these equals. 

\ h c d 



• • 



+ 



1+a 1+6 ^ 1+c ^ 1 + d 

And since = 1 — -- — , we have 

1+a 1-ha 

"^ IHM ■*■ 1+6 "*" 1+^ "*■ 1+i* 

Exercise Iviii. 

6'c— 5c' 

1. Given ax + 6y=o and that a; =» rr~Zh~^* 

a'x+b'y^ cj derive the value of y 

aidm-^ en) 

2. Given hx=ay and that aj= . _ , ■< 

dx+md=:cy +nd derive the value of y. 

3. Given ax + by+czzszd. andthata;^ 

afd-Dld-c) 
a^x+h2y+c2z=d^ ^|^3^^j, write down 

a^x+ b^y-^- c^z^d^ the values of y and z. 
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4. There is a set of equations in x, y, z, u, and ir, with eorres- 
ponding coefficients (a to x, &c.), a, 6, c, e2, and e ; one of the 
equations is 

x=:by'\-cz-\-du+ew, write down the othei;;?. 
Solve the following equations : 

o. 1- — ssa, ^ — = 0, — + — = c, 

m n n p in p 

6. x-]'ay + hz = m, y'^az'hbx = ny z-^ax+by=p. 

7. x-\-ay^lf y-^bz^m, «+ci* = ?*, u+du;=jp, w-^ex = r, 

8. Eliminate a;, y, z, (supposed to be all different) from the 
foUowing equations : 

x=hy+cZf y=:cz+ax, z=^ax+by. 

9. Eliminate Xf y, z, from 

« y - « 

— j — =s a, — i — = 0, — ■ — s c, 
y+z z+x x-hy 

10. Having given 

x^by-i^cz-^-du+euff 
y:=cz+dU'\'ew+ax, 
z ^du-^-ew-^-ax+by, 
u = ew-^ax-\'by'\'CZi 
%o = ax-\-by+cz-\- du, 

^a b c d € 

Shew i^fA Y^^ + Y+b-^ l+i-^ 1+d^ r+e^ ^' 



Art. XLVIII. Besolution of Particular Systems of Linear 
Equations. 



Ex. 1. 


a;+y+«=« 


(1) 




y+«+M=6 


(2) 




«+«+«=« 


(8) 




«+a!+y = <i 


(4) 


(l)+(2)+(8)+(4) 


8(u+a!+y+«) = «+6+c+i 


(6') 


8(1) 


8(«+y+«)=8« 


(60 


H(60-(6')} 


« =K-2a+6+c+<i.) 
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Tlie values of Xf y and z may now be written down by sym- 
metry. ♦^ 

The following is a variation of the above method, applicable to 
a much more general system. 

Assume the auxiliary equation 

tt+a;+y+2=», (5) 

.•. (1) becomes - «— tt = a, (6) 

(2) " 8-x=h, (7) 

(3) " s-y = e, (8) 

(4) " «-2 = fl?, (9) 
(5) + (6) +(7) +(8) +(9) 4s=s+a+5+c+i. 

t is now a known quantity, and may be treated as such, 
in (6) giving «=«— a 

(7) " a; = 5-6 

(8) « y = a-c 

" (9) " z^8-d. 

Ex. 2. 2/« = «(y+«)» (1) 

zx=h{z+x), (2) 

xy = c{x+y), (8) 

{l)^ayz, ^ _ - _, 

' y 2 a 

^ 2 a; 6 

/Q^ 1.11 

This may now be solved like Ex. 1, using the reciprocals of a 
h^ Cf X, y and z instead of these quantities themselves. 

Ex. 8. a^u+bi{x+y+z)=Ci (1) 

a2X'hh2{y+Z'Jru) = c^ ■., (2) 

«3y+^3(«+^+«) = ^3 (8) 

a^z+b^{u-\-x+y) = c^ (4) 

Assume the auxiliary equation ' 

ii-j-x+y+z=s. (6) 
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(1) becomes J^s— (64— «i)m=:Ci 
aixnnarlyfroin(2) g-^,_aj=^-£l-- (7, 

t5)+(6)+(7)+(8)+(9) (^-^+^-^+^+-^J, 

From (10) we can at once get the value of s, which may there- 
fore be treated as a known quantity. 

in (6) giving ''^^T^^ 

and the value of x, y, and « may be obtained from (7), (8) and 
(9), or they may be written down by symmetry. 

Ex. 4. ax+b(f/+z) = e (1) 

ay+h{z+u) = d (2) 

az+h{u+x) = e (8) 

au+b{x+y)=f (4) 

Assume u+x-\-y-^z = 8 (5) 

• (l)+(2) + (8)+(4) {a+2b)8 =c + d+e+f (6) 

Hence « is a known quantity and may be treated as such. 

From (1) and (5) 5«— 6M+(a— Z>)a; = c, 

.% hu—(a^b)x=ibS''Ct (7) 

Similarly from (2) and (5) 5aj-(a-6)y = 5a— d, (8) 

(3) " " fcy-(a-6> = 5jf-«, (9) 

" (4) " " fo5-(a-6> = 5«-/, (10) 

^(7)+(a-*)(8) ft2t^-(a-6)3y = a6a-55-(a-5)rf,(ll) 

5(9)+(a-6)(10) 62y_(a_2,)2^=,^_5c_(^_jy.^l2) 
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loa 



62(ll) + (a-&)3(12) {M-(a-6)4}u = a6«{62 + (rt-5)2} 

^a[b^d+{a-hyf}-b{b^{c^d)'^{a-b)^{e'-f)} (13) 

The values of x, y, and z may now be written down by sym- 
metry. 

Ex. 6. a^ + a^x+cnj+z = 0, 

b^+b^x-\-b?jr\-z = 0, 
c3 ^c^x+cy +z = 0. 
The.polynome t^-^xt^ +yt+z vanishes tor t = a, t = h^ t = c; 
.*. by Th. II., p. 46, for all values of t, 

t^'\-xt^+yt+z = {t^a){t-b){t-c) 
= t^-{a+b+c)t^+(ab+bc+ca)t-abc. 
.'. Th. III., p. 63, a;= -(a+b-^c), 

y = ab-Tbc+ca, 
2= —abc, 

Ex. 6. x+y+z+u = l, (1) 

aic+ft//+r2+du=0, (2) 

a?x+b^y-hc^z+d»uz=:0^ (3) 

a8a;-|-63i/+c3a; + d3u = 0. (4) 

Employing the method of arbitrary multipliers, 



(4) + ^(8)+wi(2)+w(l) a^x+ b^\y+ c» 

+la^ -hlb^ +^2 

•i-nia +mb +mc 

+n + n + n 

To determine x assume 

b9+lb^+mh+n:^0, 

d3+/cZ2+7?ui+n = 0, 



2 + ^3 

-{•md 
+ n 



tt=n 



(5) 



(6) 
(7) 
(8) 

(9) 
a^+Za^ + ma+n 

But the system (6), (7), (8) has been solved in Ex. 5, from 
which it is seen that 

1= ^{b+c + d)y vi = be +^d+db, n = — bed, 
and a3+a^/+a»i+n = (a-t)(a— c)(a — d) ; 
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.*. nsing these valaes in (9) 

-^hed 



X s 



(a— 6)(a— c)(a— d) 

The Talaes of y^ z and u may now be written down by sym- 
metry. 

Ex. 7. -^- + -t- + -J ^ 1. (1) 

m—a * m—b m — o 

X y z 



fi — a n — h n — c 

X y z 



+ -^- = 1. (2) 



Assume 1 - -^ 2^ ?_ - ^'+^^'+^^+^ (4) 

But in virtue of equations (1), (2) and (8), the first member of 
(4) vanishes for e = w, «=n, and <=^, and .*. t^'\'Bt^'\-CHD 
vanishes for the same values of t, and .*. Th. 11. p. 46, 

t^+Bt^+Ct+D-{t'^m){t'-n){t-^p), 



••. (4) becomes 1 — 



X y 



t^a fb t^c 

{t-m){t-n){t'-p) 
*" (t-a)(t-6)(«~c)* 

To obtain the value of x multiply both sides of this eqnabou 
by («-«), 

t-b t-o " {t~b){t-c) 

Now t may have any value in this equation ; let t = a. 

(a^ni)(a — n)(a^p) 
"" (a-'b){a-'C) 

^he substitution (xyz\abc) will give the values of y and «• 
Ex. 8. '±3^yJ± ^ 'JH 0) 

Ix-j-my+nz^s^ (2) 
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By Art. XXXVIL, 

z+a y-^h z+c lx-{-}ny-{-}iz+la+mb'\'nc 

p " g " f' "" Ip-l'inq-^nr 

/ov s^+la + mb+nc 

\^) = — i — ; ; '~ = -Rf say. 

,«, x=pR-a, y=zqR — b, z = rR^c. 

Ex.9, yz+zx+xy = {a+b+c)xyz ^ (1) 

yz+zx _ zx-^-xy __ xy+yz ,ox 

a " b " c • ^ ^ 

(l)-^a:^ — + 1 = a+b^c (3) 

X y z 



/ox 111111 

x y ^ y z ^ z X 



(4) 



u 



Page 122 and (3) A + A + A 

= .^ J' i = 2 (5) 

(4) and (5) .-. 1 + 1 = 2a, — + — = 26, 

d! y 2/ a ' 

- + - = 2c, (6) 

Ex. 10. ^.y+^ = 2. (1) 

^ + ?^^ = 2. (2) 

(1) . £±f _ 1 = 1 _ '^ 

x — a — b+c a-\-c—b — y 

a+b " a+c 



• • 



(3) 
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Simflarly from (2) '^•-"-^ + ^ = ^-t + c-y ^^^ 

a—c a—b 

(8) and (4) ... ar-a-i+c = i'5'*(«-6+e-y) 

But unless - - — ^~^, this cannot be the case except for 
a-\-c a — b 

in which case x—a—b-\-c=:0 also, 

giving x = a + b — c ajOiS.y = a—b+c, (5) 

nrt + 6 a — c 
—r- = i- .-. a^-b^=a^-c^ G 

a+c a— ^ ^ 

53_c2=0, or(6+c)(&-c)^.0, 

.'. 5 = (?, or b^—c. 

But if 5=+c or— c, (1) and (2) are one and the same equation; 
hence if (1) and (2) are independent, (6) cannot be true, thus 
leaving only the alternative (6). 

Ex.11. 2aa;=(6 + c-rt)(2/+2), (1) 

2by={c+a^b){z^x), (2) 

^ {x^y+zy -\-x^+y^+z^ = i{a^ +b^ ^ c^) (8) 

(1) and page 122(6)^- = i^ = f±^" (4) 

b + c—a 2rt 5+c4-a 

(2) " " y ^ a^+g __ x+y+js /gx 

c+a-6 26 "■ c+a+b ^^ 



^4), (5) and 



(( 



x+y-hz X y 



a+Zz+c b-\-c—a c+a — 6 a+6-c* 
a;2 -% {x+y+zY -\'X^ -\-y^ +z'^ 



Beduclion a^d (8) = 4.{a^+b2j^c ^ = ^• 

.-. x^ =(5+c-a)2. 
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111 

Ex. 12. ax =hy = cz= — ^- — + — (1) 

Wa h c a+6 + c 

■^xijz :. — = — = — .-. = — j — J — (2) 

•^ yz zx xy xy-f-yz+zx ^ ' 

--I ^ 

AT ^ /tX ^ 1 /I , 1 . 1\ a?y + 2/2+2« ',oN 

Mso from (1) 4- a;?/,?; — = = o o o W 

^ ^ *' 2/^ xyz \x y z i x^y^z^ ^ ' 



(2) X (3) 



«3 a+Z>+(j 



2/2^2 x^y^z^ 



E,. ID. ?i±^* ^ i±£:iy = ^-±1^' (1) 



xyz = wi^ (2) 

z X y m ^ 

then ^ = !?L' 

{a-^b){h-\-c){c-\-a) r^ 

:. r^ = {a + b){b+c){c+a) 

Hence the value of r is known and from (3) 

rx=zm{b+c). 

Ex, 14. y+z = 2axi/z ^ (1) 

z+x=2bxyz (2) 

x-\-y = 2cxyz ^, (8) 

2a "^ 2b ^ 2c '^ a-^b+c 
- ^ _ y __ g > 

xyz 

:. xy z = (^+c-a)(c + a-6)(a+6-c) 

r' 1 .^ . ■ 



xyz 
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Hence the value of x^y^z^ is known, call it -^ and substituto 

in (4) 

1 X 



r b-i- c —a 

f 

in which r2 = (6+c — a)(c+a— 5)(c+i— c). 

Ex.15. 2/*+2^-a:(y+z) = a {I) 

' z^-{-x^-y(z-^x) = h ; . (2) 

x^^-y^-z{x-\-y)=6 , (3) 

(l)+(2)+(3) 2{x^-\-y''-irt\-xy-yz^zx) = a-\-h+c (4) 

(1) may be written x^ +y^+2'— «(«4-y+z) =a (5) 

(2) " " : a:3+2/^+2^-2/(^+2/ + 2) = ^ (6) 

(3) " " x^+y^+z^-z[x'^y+z) = c (7) 



►•. x-^ry+z = 



y-a 2-y JC 



^ ^^^ ^ {y-xr'M^-y)^ + {x--z)^ 

x^+y^-^z^ —xy-rz — zx 

... ^(a^+h^+c^-ah-hc-'Ca) ,r.. 

(4) = — ^ 1-7- (0) 



2(a»4-6^+g^-3a6c) 
Write r2 for 2(a3+63+c' -8rt^\ 



(9) 



(9) .-. .+2/+^ = ^:^ (10) 

Eeturning to (8) [x+y+zY = 2(a^+6^+c^-a/^--^c-ca ) ^3^ 

(4) 2(a;« +y2 +22 -«•«/- 2/z - zx) • (<'+^+<-)'' (n) 
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7 - 

i[(3) + (ll)} ^2+2/3+,. ^ a^+h^+c^ (12) 

(5) and (10) a;2 +2/5+23- ^^ = a 

a-f o+c 

.•. i'a; = (a+5+c)(x2+y2+^2)_^(fl+j+<.) - i 

(12) =a3+52+c3-a(a+5+c) 

= 6«+c3-a(6+c). ,a{ 

(5), (6), (7) are symmetrical with respect to {xyz\abc) ; (10) showfl 
this sahstitntion does not affect r, and consequently the values 
of y and z may be written down at once from that of x. 

Exercise lix. 

1. ax+hy = Cf 2. ax+hy^c, 

mx'^ny=^d. inx — ny=^d. 

8. ax+hy = Cf ^- ^ i ^ «. 1 

mx+ny = c. a 6 "" * 

x+y = c. 

6. -^ + f = 1. G. -J + -f = 1, 

a 



7. ax-\'bc = by-{-ac. 
x-\-y =c. 



8. 



9. {a + c)a; — (a — c)i/ = 2a5, 
(a 4" ^y — (<» — t)ic = 2ac. 



10. 



aj a 



11. ^ = f , 12. 

a;+wi c 

. y-^-n " d x + i " a+b—e 



X 

b 


sz 


y 

a 




a 

X 


+ 


h 

y 


nif 


b 

X 


+ 


a 

y 


: n. 


X- 


•c 


a 




y- 


■c 


- b' 




X- 


'y= 


■df^b. 




x-Vy 
2/+1 


a+/>+(J 
" a—b+c 


y- 


-1 


a- 


b-c 
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18. 


x — a-\-c h ■ 
y-a-^b " c * 


U. 


a^l + a+c "" ' 




y-hb c + a 

x+c " b+a 




x-^b y--c ^ 
a-^c ^ a-b " ^' 


15. 


X V 

+ -^ = 1» 


16. 


x+y+z = 0, 
{b'\-c)x+{a+c)y+[a-\-b)» 


- 


X y ^ 




= 0, 

bcx+ any + ahz = 1 . 


17. 


on+y+z^l, 
ax-\-hy-\-c2 = m. 


18. 


x—a y—b z-e 
p q r 




^ t y • 

l-a + l-b ^ l^c " 


1. 


l{x-a)+m{y-b)+n(z-e) 
= 1. 


19. 


x-a y-b z-c 
P ^ q ^ r ' 


20. 


a(a:-a)=&(y-6) = c(«-c), 
ax -^ by +cz== 771^. 



21. x+y+z=:a+b+e, 22. a:+y+2 = 0, 

fca;+cy+«0 = a*+6^+c', ax+by+cz^ab+hc+caf 

cx+ay+lz^ia^+b^+c^. (6-c)a:+(c — a)y-l-(a-6)2 

: ; =0. 

23. x+y+z^m, 24. aa;+i?/+c2 = r, 

<c : 2/ : 2 = « : ft : c. ^ nix=:my, qy=pz 

25. fl;2/+2/« + 2a;=0, ayz+hzx-\-cxy = 0, 

bcyz+acxz+ahxy '{-(a — ft)(6 — c)(c — a)ajy2f = 0. 

20. {a+b)x+{b+c)y'\'{c+a)z = ab+bc+ca, 

{a+c)x + {a+b)y+{b+c)z=:ab+ac+bCf 
{h+c)x + {a + e)y+{a + b)z = a^+b^ + c^. 

dr 



-7. 77)x + ny +^;« + jw SB r, u 



x y z u 

a h c a 



am+bn+cp-dq 
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^Q .rr;/-!-;') y(xi'Z) z{x + }/) ' 1 

a c ai-b — c 

111 

— + — + — = a4-b+c. 

X y z 

29. (a-5)(^+c)-ay+&2 = (c-a)(y + [/)-C2+aaj = 0, x^a-yb. 
x+y+z =^(a+i +c). 

80. ax-\'by = \, 81. ly-^-mx — n^ 

by-{-cz = lf nx + Iz = m, 

cz'^ax=l, wz-\'ny = l. 

82.- a+y = a, 83. y+2-a: = ^, 

V 

In 

2^+2 = 6, «+«-y = — , 

VI 

ft^l.lrt Q^l 1 1 2 

1 1 «, 1112 

— + — = 26, — + = — , 

z X z X y b 

— -1-2 — JL-i---?. 
a; y~* a; y 2~"c 

86. (a + 6)x+(a--5)^ = 2&c, 
(6 + c) ?/ + (6 — c)a: = 2ac, 
(c 4-«)2+(c — ^)2/ = 2a6. 

87. a: + f _ i- = a. 88. _^— + -1— = 6_a, 

a;, aj « 

y + T - V = ^' -6+7 + 7+6- = "-"' 

* a b c+a a-fo 
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y-i-z-v — b, 

Z + V — X = Cf 

v+x — y=d. 



40. u+v—x = a, 
v+x—y = b, 
x+y-z=c, 
y-\'X-u-d, 
z+u—v^e. 



Exercise Ix. 
Besolve 

1. (a+5)a;+(a-6)y = 2(a2+62) 2. ar4-y = a, 
(a-Z;)a;4-(a+% = 2(a2-63) 

8. 2a; — 3y = m, 

2a;2-32/2=w2+a?i/. 






7. 



9. 



11. 



13. 



^+y 

x-y 
x-^-c 



a 



b'-C 

y+b 



x-y+ 



x-y- 

x+y+ 



x + y- 
x-y + 



x-hy- 
x-^y-\- 



x-y- 



ss a. 



= b, 



= a. 



= b. 



{a+c)x+{a — c)y=s2ab, 
(a +b)y — (a - b)x = 2ac. 



x^ -^3 =b. 

« y 1 



a + b 



a—b 



6. 



8. 



(a+b — c)x — {a — b'i'c)y 
= 4a(6 — c), 

a; — d a — b 



-y — a a-^-b 

X a^—b^ 
y " a^ + i* 

10. ^Jiy+i _ ^+1 

a— 2/4-1 a — l' 
x-^y+1 l-{-b 



12. 



a-y-l 



a; V 

a+6 a-b ^ * 



X , y 

— + -f = 2a. 

14. a2+^a;4.?/ = 0, 
62 + Z>a;+y = 0. . 
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15. i/-{z-x = a, 16. 7.i'+ll//-f2 = a, 

z \'X-y = h, 7//4.1l2^-a;=% 

x+i/—z = c. iz^iix-\~2j = c. 

X y z ' 

1_ . ^ _ A =2/;c (c-«)(2/+^)-«+a.i' = 0, 
2/ « a; ' 

2 a; 2/ 

19. ^_ + .1^ ^a+K 20. -4- + _i^ ^^0 

6-Hc ' c-a ^ ' 64-c ^ c— a a-^"" ' 

c-\-a a—o b-c c—a a+b » 

z X X y z 



a+6 b —c b-\-p c — a a + b 

a a — 1 a— 'A a;-+-2/ 



+ 


z 


a-2 


+ 


z 


b-± 


1 


z 



XV 2J ^ yz 

V- — - — 4- = 1. — — =z b 

b ^ 6-1 ^ 6-2 ^' y+z » 

»^ , V , _J_ 1 g-^ 

c ■ c-1 "*■ c-2 ■" • z-^-x " ^* 

a ^ h ^ c b ^ c ^ a 

a; ?/ z 1 1 1 

c a b a b c 

24. — = -^ = — = — , 25. ax = hy = cz = du, 

abed 

vix-hny+pz'\-qu = r y^ — z^^x—u. 

26. y+z = au, 27. x+y = m, 

x-\-z-^bu, y+z = n, 

x-\-y = cu, z+u = a, 

1 — x a u — x = b. 
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28. lla;-|-9?/+2-M = a, 29, x+a7j-\'a^z^a^u+a^:=0, 

lhj-^£z+U"X = b, x+by+b^z+b^U'}-b^ = 0, 

llz-^9u+x—j/ = Cf a''-{-cy+c^z^c^u-\-c^ = Of 

llu+dx+y-z^d. x+dy'^d^z+d^U'{-d^ = 0, 

CO. x+y = a, 81. x+ly = a, 

y-^z = b, y-^mz = b, 

z+u = Cy z-\-nu = c, 

U'\'V = rf, u-\-pv = d, 

v-{-x = e, v-\-qx = e. 

82. x^y+z-a, 83. x—y+z = a, 

y-\-z+u = bf y—z+u = b, 

z-\-u-\-v = c, Z—U-{-V = Cf 

u-\-v+x = df u—v+x = d^ 

v-\'X-\-y = e, v—x+y = e. 

81. x+y-\-z—u = a, 85. x+y+z-'U—v = a, 

y'^z+u — v = b, y'hz+u—v—x = bf 

z-^u+v—x = Cf z-{-u+v—x—y = c, 

u-\-v+x—y = d, u-\-v-}-x-y—z = d 

v-\'X+y-'Z = e. v+xj-y—z — u^e, 

8G. ^x-y-z+^u v = Sa, 87. v-2a;+8u-2y+« = ff, 

2//-»-M + 2v~a; = 36, «— 2^+3v-22+w = &, 

^z-u—v-\-2x—y = 3c, y—2z'\-dx-'2u-{-v = c, 

2u-v-x+2y—z=^Sd. z-'2u + Sy-~2v-{-x = d. 

2v—x — y+2z - w «= 8e. u — 2v+82 — 2x+y = e. 

Exercise Ixi. 

Besolve the following systems of equations : 

i+y+y^ ' . y+i \y~ij 

l + y+x' _ . x^+x+ 1 .j/^-l 

8 (l+a;)(l+y ) _ l+« g+y _ « »-«» 

■ (l-a;)(l-y) "' 1-a 4. 1+^,^ - a'+a"' 



-1)' 
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{l-x){l+y) " r^' l^xy ^ 624-/33' 

x-j-y a f, x-^y 2a 



6. -r:X^ = -JL_, 6. 



aj — 2/ b—c x—y 2b 



•^f 



1—xy a ^'i'Xy 1 - fc' 

7. ^+y _ 2(?a g^ l+xy a?+y _ 2a^ 

1 — ic// ~ a^ — a^' ' x+y l+xy m' 

x~y ^ 2/^/3 1-xy x-y _ 26 

1+^ - 63-^3* a;-2/ "^ 1-^ "" ^* 

y{l-x^) _^ x + y=^2cxijz, 

11 y-^^ — x- z+x-y x + y-z 12. ax^by^cz^ 

a ^ 6 " c ' 111 

xyz = m^, X y z 

13. 2/"+2;2 — a;(2/4-2)=a, 

a;2 4-1/3 -2(a:+2/) = c« 

14. 2aaj=(6+c— a)(2/-|-2), 
2Jyy = {c+a--b)[x+z)y 

{x-Jty-\-zY +a;2 +2/3 +z2 = 4(a3 +&» + c»). 

15. ?Ill = ^nl, 16. ^^H-a^+y^ ^ a;3+yg ^gy^ 
2/ — 1 6—1 * x^—xy+y^ a Ib^ 

x^ — 1 a^ — 1 
3^3-1 = 6'^-l' 

17. a;4+a;22/2 + ?/4 = a, ifl « , , « 

x^-\-xy+y^ = b. a 

19. xy -i = a{x^ ^y^) ^ * ^ ' 
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21. 4r(;r3 + l) = (a + 6)(a:-2/)', 

22 x'^-u^ = ^ (a;Hicz/ + y3)(a;+y), 

b-c 

2y. ——2 = a, 24. — ^-^ = a, 

i^+f/-* xy 

25. x[y-^z)=af 26. (^+y)(a;4"2j) = a, 

?/(2+a;) = 6, (//+2j)(y+^) = ^ 

-(^+Z/) = ^'- (Z'^x){z+]/)=:c. 

27. y:^(a:+?/+2) = «—?,'», 28. «* — (y- «)2=a, 

y(x-\-y+z) = b-zx, y^-{z-x)^=b, 

z[x-}-y+z) = c—xy. z^ — {x^y)^=c, 

29. a;2+7/3 = a2, 1 1 2^. 

80. "i" + ""i" = "~5"» 

x-]-y = lz, 1^ 1 2b 

x-y = cz. 1 1 1 

X y "" c ' 

81. .r^-y^=az, 2-1 

32. iry = r-» 

« + l 

«;+?/ = />'», (a;_2/)(2+l) = 2^, 

ic-2/ = ^«. {x^-y''){zi'l)^ = ihz. 
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CHAPTER VIL 



Examination Papers : Education Department and Univ^rsitt 

OF Toronto. 



L 

1. State the rules for the addition and subtraction of Algebraic 
quantities. Express in the simplest form 

(b+c — a)x+ (H-rt — h)y+{a+b - c)z 

(c+a — h)x+(a+b''c)y-{-(b+c—d)z 

(a-\'b — c)x+{b+C''a)y'^{c+a—b)z 

2. State and prove the Index Laws. Assuming these to be 
general, interpret a;~"*. 

Find the products in the following cases : 

(1) (x^ +6xhj+12xy^+Qy^){x^ -Gx^y+nxy^ -Sy^). 

(2) (a+b+c)(b+c-a){c+a''b){a-^b'-c). 

8. Prove the rule of signs in Division. 
Divide : [Apply Homer's Method to (1)] 

(1) x^-22x^-\-G0x^-55x^']-12x+ihy x^^6x+l. 

(2) a;* + 9+81a;-*bya;3-8 + 9a?-^ (3) af»' - 1 by «" - 1. 

4. Find the square roots of 



(1) ix^rn_ 5m ^ 



X 



em 



(2) — -f — -I 2 — — 2 \- 2 — • 

5. Distinguish between an algebraic equation and an identity. 

Solve 

(1) f'(l-.2u;)4-^(H.2a;) = 8. 
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x-2 .r+2 ^ rr+3 



(2) •"-_ + 'LZJ' = 
^ ^ ir+2 ^' a'-2 



2. 



•+2 '■ x-2 x-'d 

6. A person bought a certain number of oxen for $320. If be 
ba^l been able to purchase lour more for the same sum, each 
would have cost him §4 less. Find the number ^of oxen. Ex- 
plain the negative result. 

7. (1) If -1 = ^ shew that «_l±^+3.^^ ^ H-'^^) ^ 

(2) Find the value of ;c« -200a;''' + 198a;* +200a;3 _ i97a;2 
— 397a; when a; = 199. 

8. Three towns, Ay B, C, are at the angles of a triangle. From 
A to 0, through By the distance is 82 miles ; from ^ to J, through 
0, is 97 miles ; and from C to Z?, through A^ is 89 nodlos, Fiud 
the direct distances through the towns. 



IL 

1. Prove a;*" 4- a;" = a;"*"*. 

(1.) Simplify (a+6 + c)3-B(a + Z»+c)2c+3(a+5+c)c3 -c^. 

2. Prove the rule for finding the L. C. M. of two quantities. 
Find the L. C. M. of 

a3+^3^c3~8rt6c, and {a+b)^+2{a + b)c-\-c^. 

a c ac 

8. Prove ^ ^ T = U 

l_.r2 1-a; \ 7 l-fa? l-a;-^ 



Simplify [^-^^ + iZ^ifT^^j "^ (1+^+^2 " f 



l-f-a;- 

4. Reduce to their lowest terms — ^m^ m — «"f and 

f7(^^-^.2/ ^)-f?>(/; 4.2fHc(g+2rt) 
a2362:_e.2_26c 

5. (1) If a^— ;;r«3+<j'r£-r = 0, then a;^— jE7a;*+ga;-r is exactly 
divisible by a; — a. 

(2.) Prove that {n-\-h^c){hc+cG^ab)-{h'\'c){c-{-a){a-\-b)\s 
divisible by abc. Is tiieio any otner divisor ? 
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7. Solve the equations — 

d-2x __ 5-2x __ 4a;^~2 

^^'^ l-.2a; 7-2a; "" "^ " 7-16a;+4a;3' 

^ '^ a;-t-4 x+2 " 2x+l 6«-hl6* 

8. A person going at the rate of p miles an hour, and desiring 
to reach home by a certain time, finds, when he has still r miles 
to go, that, if he were continuing to travel at the same rate, he 
would be q hours too late. How much must he increase his 
speed to reach home in time ? 

9. Of the three digits comprising a number, the second is 
double of the third ; the sum of the first and third is 9, and the 
sum of the three digits is 17. Find the number. 

10. A owes i? $a due m months hence, and also ^b due n 
months hence. Find the equation which determines the time at 
which both sums could be paid at once, reckoning interest at 5 
per cent, per annum. 



UI. 
1. Ifa;=10, 2/ = 11, 2 = 12, find the value of 



{ 



«^ - (y+«)^ f X — ; — r ; ftnd subtract 



{l/—z)a^+(z''x)ab + {x—y)b^ from 
{y'-x)a^ -'{y—z)ab — {z—x)b^, 

2. Divide a f(rt+6)a; + (aH-Z> + c)a;2-(a4-6+c)a;5-h(6+c)a:* 
+ ra;5by l-\-x-\'X^-\-x^ ; and find the square root of 

9-24.i;+58a;3-116a;3 + 129a;4-140^«+100d;«. 
^ «, ...^^-^^ a^+5 2x+5 aj3-10 
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4. 4 ^oj bought a number of oranges at the rate of 45 cents a 
dozen ; if he had received 20 oranges more for the same money 
the whole would have cost him only 40 cents a dozen. How 
many did he buy ? 

6. A farmer took to market two loads of wheat, amounting to- 
gether to 75 bushels ; he sold them at different prices per bushel, 
but received on the whole the same amount for each loal ; had he 
sold the whole quantity at the lower price he would 1 ave received 
(78.75 ; but had he sold it at the higher price he would have re- 
ceived $90. Find the number of bushels in each load. 

6. Show how to find the square root of a -f y/6. 
Find the square root of l+i/(l —a') 

6x+5 ix—1 7a; 4-1 

7. Solve n — n H o * o ; and find the value of a 

2a;— 7 a— 2 x—o ' 

when ax^ — 86a; + 81 » 0, has equal roots. 

8. If y « -, prove that ^-^ = \(bs+-d^) ' *^* 
a + h \/(ac)-h V{bd) 



that 



a-b i/K)- V(bd) 



9. Show that a8(6— c)+6«(c-a)+c^(a— 5) is exactly divisible 
hy a+b-^-c; and resolve the expression into its factors. 



IV. 

1. Multiply rt'^+'>2_c2-|-2rt& by a^ - &» + c» + 2a<?, and divide 
the product by a« - i/^ - c^ + 2k. 

2. Simplify 
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8. FindtbeL.C.M. of 4a;«-9y3, ix^-lOxy + ^y^, and 6a?* — 
ldxf/+(jfj^, and the G.C.M. of 1+x^+z-^x^ and 2x+2x^ + 

8x» + 3x 

4. Obtain tlie square root of ^ — ^i^r^f and find the value of e 
when 4iX^ — 12x^y-\-cx^tj^ — 12x^3 _^4^4 fg ^ perfect square. 

6, Distinguish between an equation and an identity. Give ^n 
example of each. What value of m makes (a; - 3) ' — (a; - 1) (« — 6) 
= m an identity ? Can any value of m make it an equation ? 

6. Beduce to its simplest form 

l/(2+a;)-v/(l+a;) 1 + |/{1 -1 ^ (l-f-a?)} 
l/{l+x)-yx ■*■ l + /{l+l4-(i4-^j| 

7. Solve the equations 

,-v 2a; -h 5 2a:— 5 Ax — 5 

(2) 78//-5a;=(a:-5y)(a: + 8y), 

2 5 _ 1_ 

x-by ■" a;+3y " 83* 

8. A person performed a journey of 22J miles, partly by car- 
riage, at 10 miles an hour, and partly by ti*ain, at 36 miles an 
hour, and the remainder by walking, at 4 miles an hour. He 
did the whole in 1 hour 50 minutes. Had he walked the first 
portion, and performed the last by carriage, it would have ^iken 
him 2 hours 80} minutes. Find the respective distances by cai^ 
riage, train and walking. 

9. Solvo 

?±? _ ^±1 - '^^i? « I2a;+17 
^4 a;+2 ~ 2a;+7 6a;+16 * 

10. What value of y will make 2a;3 + 3a;y+6y2 exactly divisible 
bya;-3? 

If a and h are the roots of the equation a' -\-x f 1 « 0, show 
thata3-63=.0. 
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1. Multiply 

Prove that 

(i^~2/)'""(*~52/)' is exactly divisible by x+y. 

2. Express in werds the meaning of the formula 

{x+a){x+h)=x^-\-{a+h)x'\'ab. """^ 

TRetaiuing the order of the teims, how will the right-hand 
member of this expression be affected by changing, in the left- 
hand member (1) the sign of b only, (2) the sign of a only, (8) 
the signs of both a and b ? 

C. Simplify (a+i)4 + (a-2')*-2(a2-5-)»; and show that 

when a^-^b^ = c^. 

a c ad 

4 Prove that y - "^ = ^ 



Simplify 






2ab ^ I \a^+b^l ' a^-ab-^b* 

5. I went fi'om Toronto to Niagara, 86 miles, in the steamer 
•* City of Toronto ** and returned in the " Eothsay," making the 
round trip in 5 hours and 15 minutes; on another occasion I 
went in the " Eothsay ** (whose speed on this occasion was 1 mile 
an hour less than usual), from Toronto to Lewiston, 42 miles, and 
returned in the " City of Toronto,'* making the round trip in 6 
hours and 80 minuses ; find the usual rates per hour which these 
steamers make. 

6. Solve 

^ ^ X y " cL X y " a 

(2) a:3 -f 5a; = 5 /(a;2-f 5a; +28) -4. 

7* Find three consecutive numbers whose product is 48 times 
the middle number* 
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8. Km and n are the roots of aa;'+&a;+c = 0, then 

ffic^ + ^ic + c = «(« — w) (a: — n). 

Show that if ax^i-hx+c = has equal roots, one oi ilicm ij 
given by the equation 

{2a^^2ah)x+ab-b^=Q. 

m n x^ y^ 

9. If — = — and-r- + ^^ =1, pia)ve that 



si 



?7?2 77'^ ?7/2 4-n* 



VI. 

1. Simplify 

iax^—ay^-\-^lxy \ ^ i by^ - hx^ 4- ^axy \ ' 

2. Divide a^—h^—c^—Zahc by a— 6 — c, and show, without 
expansion, that 

(1 +a;+a;3)3 - (1 -a;+;c3)3 -6x^3;* +a;3 + 1) -ea;3 =0. 

8. Resolve into factors «* — Jx^/z^+t/*^ and 

7x* - 6j/» - «//+ 19a; + 33?/ - 36 ; and prove that 
53(c-ra)+6"2(rt + Z/)-a2(^-[-c)+a&c is exactly divisible by 

h + C—CL 

4. Apply Homer's method of division to find the value of 
6a;»+497a;4-f 200^3 4- 196aj2-218x- 2000 when a; =-99, and 
the va ue of Qx^ +hx^ - 17^3 -6a;2+ 10a; - 2 when 2a;' = -8a;+l. 

5. Find what 

* ^yi'\-x)-\-v\(t—x) jjgQQjj^gg ^iien a; = - ~-. 
V{if'+x)-' V{ct-x) l + 6» 

6. If a and 6 be any positive numbers, prove that 

1 a ^ ^ ^ n. 
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7. Solve the equations — 

(1) a;* + y* = 6, 

(2) a; +2?/ +92 = 14, 
2« + 8i/ + 2 = ll, 
8a;+r/+2z = ll. 

(3) (a:+l)(a;+3)(a;+4)(«+6)=.16. 

8. There are three consecutive numbers such that the sum of 
their cubes is equal to 16|^ times the product of the two higher 
numbers : find the numbers. 

9. (1) Form an equation three of whose roots are 0, |/(-8), 

and 1 — ]/2. 

(2) If one of the roots of the equation a;'+2'aj+5=0, isa 
mean proportional between 'p and q^ prove that 

10. Two trains start at the same instant, the one from J9 to ^1, 
the other from ^ to JB ; they meet in 1^ hours ; and the train for 
A reaches its destination 52^ minutes before the other train 
reaches B : compare the rates of the trains. 



VII. 



1. Give some application of the *'rule of signs" in Algebraic 
Multiplication and Division. 

2. Find the numerical value of the quantity 

hc(c — a){a — 5) — ca(a — h){h — c) ■\-ah{h - c)(c — a), 
when rt = 10, i = -01, c = ; and prove that if 

X = , then will (a 4 6) . — -L — ^K — 

a + 6 ^ a+b-c-^x 
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■L 



& InTeBtigAie a method of finding bj inspection the remainder 
after diyiding any rational and integral function of x by a;^-^- 

Show that the quantity 

a863-a63a;-(aa+26«)aj»+aa;8+2aj* 
is divisible by each of the quantities x-^%, a;+6, a— 2aj, 6-;b. 

4. Investigate the rule for finding the H.C.F. of two algebraic 
quantities, showing under what limitations factors may be inko- 
duced or suppressed at any step. 

Find the H.C.F. of 

(1) 6^4-7a;3-18a;^+19aj-6 alida:3 + 24;8-l. 

(2) (aj+2/)(aa:«-6.v-)-ajy(a-/>)(a-+y),and 

5. Prove, by general reasoning, that the value of a fraction is 
not altered by multiplying or dividing both the numerator and 
denominator by the same quantity. 

13 7 aj-4 



Simplify (1) 



12{2aj-3) 12(207+8) 4a:«+9 



(2) { 



1^1 



+ 



(aj+a)(a;-6) ^ (aj-a)(a;+6)) 
l(«+a)(«+6) ^ (aj-^)(aj-6)J 



6. SolvQ, with respect to a?, the equations 

iW ^-^^ 2a;-24 lla;-84 _ T^ 

^\ ""T~ + 11 + 22 ""44 

/ON 5«3+a;-3 7a;«~8a;-9 x-Z 

W - 



5aj-4 7a; -10 " 85a;2-78a;+40 

(8) a;' = ax-\-by, and y^=bx-\- ay. 



VIII. 
1. Define therms "power,*' "root," "index," and " coeflS. 
cient ; explain also the reasoning by which it is shown that 

flt — (&-c) = a-6-hc. 
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2. Multiply (x^+ry-^y^y by {x-y)^. 

Find the values of a and & which will make 

x^ -{-ax+b divisible by x+p, and also hy x^q. 

8. Divide a;« + ?/«+2j:»//» by {x+y)^, and 

4. Investigate a rule for the extraction of the square root of any 
algebraic quantity, and deduce the rule for the extraction of the 

. square root of a number. 

If to any square number be added the square of half the num- 
ber immediately preceding it, the sum will be a complete square: 
viz., the square of half the number immediately following it 

5. Find the square root of 

(1) a»x« + 2a6j:*+(6»+2ac)x» + c»ar2+26c. 

(2) }aj*-J:c*'Vi^* + 4^*-i.c** + iVa^*. 

6. IS x^'{-ax+b and a;'+a'j;-6 have a common measure, it 

a-|- f^' 
will be x+ — 2~» ^^^ *^® condition that they may have a com- 
mon measure is 46 = a* —a'*. 

Find the H. C. F. ofx^+p^x^+p^ and x^ -{-^px^ +p^x^ -p^. 

Find the L. C. M. of 2i(a;2+a;-20), 8i(a;«-a:-80), and 
4J(a;3-10a;+24). 

7. Find values of a and b which will render the fraction 

6x^-(Sa+b)x-a-rU9 
the same, for all. values of x, 

8. Solve the equation 2+i/(x+l)[x+6) - i/(x^^+5) = 0, 
anl account for the circumstance, that the values of a;, determined 

j^Uom it, apparently do not satisfy the equation. 
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IX. 



1. Prove that a(2n+l)(a« -\-n*n+l)-n{2a+l){n^ + a-a + l) 

2. If a, &, and c are positive quantities, and if a > 6 and c > a ~ 5, 
prove that 

Assuming this equation to hold good when a, 5 and c are unre* 
stricted, prove that the expression — (~ a), ocoarring in an algeb- 
raic operation, is equivalent to -\-a. 

8. If a;^+^a;*+i and x^+px+q have a common measure of 
the form otx^+mx+nf then a^bq = {h''q)^, 

4. Find the H. C. F. of 

^5_53 — a5a.y^.a5a;~^yS and a^x^ -b^ir^+a^hx^y^b^xir^. 

5. A and B are two numbers, each of two digits. The left- 
hand digit of A exceeds that of jB by a; ; the excess of A above B 
is y ; but the sum of the digits of B exceeds the sum of the digits 
oiAhyz. Prove that y+z = 9x; and give an example of two 
such numbers as A and B. 

a h c 

6. If -T- =! — "IT' P^^^® *^^* ®*®^ ^^ these ratios 

= -^6' *^^ ^^^ = hV^d' 

7. Solve the equations 

/-v a5+.« x—a ^ h+x h—x 
x — a x-^a "" b — x b+x 

(2) a{x^+y^)-'b(x9-y^-):=2a 
(a3-i8)(a;«-?/2) =4r/!». 

8. A farmer buys a sheep for $P and sells 5 of them at a gain 
of 5 per cent. ; at what price ought he to sell the remainder to 
gain 10 per cent, on the whole ? 

9. The sum of three numbers is 70 ; and if the second is divided 
by the first, the quotient is 2, and the remainder 1 ; but if the 
third is divided by the second, the quotient is 8, and the remaiA* 
der is 8 ; what are the numbers^ 
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X. 

1. Divide ax^+2cxf/x+hy^'\-ax^{y'{'z)-{-hy^(z+x)'i-2cxy{z+y) 
by x+y+z. 

2. Prove that if z^+px^+qx+a^ be divisible by a?'-l, it 
is also divisible by «* -a*. 

8. Explain the reason for introdncing or sappressing factors in 
the process of finding the H.C.F. of two algebraical quantities. 

Why is the name '* Greatest Common Measure *' objectionable ? 
Find the H.C.F. of x^-x^-x^-x-^ and 8a;5-7aj«+3aj-2. 

4. A traveller leaves ^ for ^ at the same time that another 
leaves £ for ^ ; the former walks at the rate of 8 miles an hour 
till he has performed half the distance ; he then rests for an hour ; 
after which he resumes his journey, walking now at the rate of 4 
miles an hour ; the second traveller goes at tho rate of 4 miles an 
hour till he has got over one-third of the distance between B and 
A ; he then rests for 40 minutes ; after which he resumes his 
journey, walking now at the rate of 8 miles an hour. The tra- 
vellers reach A and B respectively at the same time. Find the 
distance between A and B. 

5.* Show by examining the square of a+b how the square root 
of an algebraical quantity may be found. 

Find the square roots of 

(1) 25x^ -SOax^+ida^x^ -2ia^x+iea\ an* 



m 



6. Show that a = V^*"* when m and n are integers, and m is 
divisible by n ; and state the principle on which you would main- 
tain the truth of the equation for all y^ii^Q of m mi n. 

7. Solve the equations 

,^v 6x^+x-'S _ 7a;^-8a;~9 
^ ^ 5a; --4 ^ 7aj~10 ' 

(2) (8;c-l)8+(4»-.^f rrijsx-^^^. 
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8. Two regular polygons are so related that the number of 
their sides is as 2 to 3, and the magnitude of their angles as 8 to 
4 ; find the figures. 



XL 

1. State in words the several operations to be peiformedin 
order to obtain .the result expressed by the following algebraical 
expression : 

V 7— '• 

Also find its value when a = 6 = 4. 

2. Two men, A and B, dig a trench in 8| days. If A were to 
do more work by one-third than he does, and B more work by 
one-half than he does, they would dig the trench in 2f f days. In 
what time would each dig it alone, at his present rate of work ? 

8. Perform the multiplications in 
(1) 

/ 2x^+Qy^ ) ( ^^^"" ^y^ ) ( ^^'+ ^''^y^'^ ^^' ) ( ^'*'* ~ ^""^^^ "^ ^^* \ 
(2) {ix^ ■^ixy^pj^){ix^-^lxy+ly^). 

4. Divide 

(1) a;*+9-h81aj-* by x^-S+dx-^. 

(2) x^ — {a'{-b-\-p)x^ + [ap+bp-c+q)x'^-{aq+hq--C2))x — qc by 
a;2 ^px+q. 

6. Show that aj'"»+i-aj«'»-i is always divisible by a? 4-1, m and w 
being any positive integers. 

6. Define a fraction ; and from your definition prove a rule for 
adding together two fractions with different denominators, 

Add together the fractions, 

a^ — bc b^ — ca c*—ab 

{a + b){a+cy (b + c)(b+ay {c^a){c + b)' 
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7. Solve the following equations : 

^ ' x-^-l "^ x+'k ~ x+2 -^ ^"3 • 

(2) (x^+y^)^ = 1??, (;.»-y«)J^ = ^ 

xn. 

« 

1. When 7/1 and n are whole numbers, and m greater than n, 

a*" 1 , . 

show that — = a"*~* and that — is correctly s3rmbolized by a"" . 

2. Multiply (a -5)(a+ft)K+62)(,^4+i,4) . . . to (n + 1) factors. 

8. Divide 1— « by 1— 2aj, to 5 terms, and write down the 
(r+l)th term, and the remainder after (r+1) terms. 

4. If the number three be divided into any two parts, show 
that the difference of the squadres is three times the difference of 
the numbers. 

6. Find the L. C-M. of l-8aj+17a;2+2a;3-24a;4, and 

1 - 2a;- 13.c3^88a;3 - 24a;4. 

6. What relation must there be between the coefficients m, n, 
p and g, in order that 

{x^ -^-mx+n)^ '\-px^ -\-qx 
may be an exact square for all values of a; ? 

7. Solve the following equations : 

1+x ^ \-x^ 

(1) (l+a;j2 + (l-x)2 - ^• 

(3) -/- = 1, -■^- = 2, and -^ = 3. 

8. Givena;+^+2 = fl^ = ^i ^ndi {x+y+z)^z. 

9. Find a number expressed in the decimal notation by two 
digits, whose sum is 10 ; and such, that if 1 be taken form its 
double, the remainder will be expressed by the same dig^its in ^ 

jvv^rs^d order. 
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xm. 

1. Find the value, when a = 2J, i = 8j, c = ^ioi 

2. Show that the value of the expression, in the preceding 
question, is not altered by changing a into a+x, h into &+», and 
cinte c+a?. 

8. Multiply (l+a^a;)(l+rt2^)(l.+^3^) ••• (1 +«n^) to 3 terms* 

4. A speculator borrows a sum of money at the yearly interest 
of 7 per cent. ; part of the amount he Invests at S\ per cent., and 
the remainder at 9 ; and, at the end of the year, he finds that he 
has made a profit of $75 ; but, had the former part been invested 
at 9 per cent., and the latter at 8.}, his profit at the end of the 
year would have been only $65. Find the whole sum borrowed. 

5. Given ax'\-by = Cy a'x+b'y = c'j determine the value of 
mx+ny, and find the conditions under which the value becomes 
indeterminate. 

b. It — ^—T^* = '» 

thenwillai+rt3+a3+ . . . + ^n = "T~I77 — • 

7. Eliminate x and y from the equations 

'i % 'i 

X -^ y = a 

^ \ I 
« =s x-\-Sx fj 

8. If aaj-+^a;+c = Oa- d Tiaj' + 6ia;+Ci =0, then will 

(a&j '-a-J)){bc^—b-^c) = (ac^ — a,c)3. 

9. Find that number of two figures to which if the number 
formed by changing the places of the digits be added, the sum is 
121 ; and if the same two numbers be subtracted, the remainder 
is 9, 
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XIV. 

1. Simplify 

a(6+c)24.i(c+a)2 + c(a+6)3-{(a-5)(a-c)(6+c)+ 
(h-c){b-a){c'[-a)-\-(c-a){c-h)(a-^b)}. 

2. State the law of Indices, and prove it for positive integral 
indices ; and assuming it to be general, interpret the expressions 



m 



a:""*, x" , where m and n are positive integers. 
8. Having given the equations, 

prove that a^{]/z-y'z')+b^{zx-z'x')'\-o^{xi/-x^y^=^0, 

4. A traveller P sets out to walk from A to By proceeding at 
the rate of 3 miles an hour ; and, 82 minutes afterwards, another 
traveller Q sets out to walk from i^ to ^, proceeding at a uniform 
rate. Tliey meet half way betwixt A and B. P then quickens 
his pace by 1 mile an hour ; and Q slackens his 1 mile an hour. 
Q reaches A at the same time that P reaches £. Find the dis- 
tance between A and B. 

5. How are equations classified ? 
Solve the equations — 

(1) mnx+amn^n^x+atu^, 

(2) x^-x^+y^'-y^ = B4:, 

6. What two numbers are those whose difference, sum and] 
product are to each other as the three numbers 2, 8, 5 ? 



XV. 

] . What is the meaning of the symbols a, a^, a^ . . ? 
Sliow a priori that a° * 1 ; how do you know that ab^ba? 
How is it proved that the mwltipUcation of like signs gives A 
positive, and that of unlike Bigns, ^ xl^%^\a:s^ x^^xiXx. 
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2. Find tlie value of 

(6-c)»+2(c-a)3 4.(a-5)3-8(5-c)(c-a)(a-.5) 
when a = 1, 5=— J*, c = f. 

8. Simplify the following expression : 

(ac-b'^){ce-d^) + {ae-c^)(bd-c^)'^{ad-hc){be-ca) 

4. P and Q are travelling along the same road in the same 
direction. At noon P, who goes at the rate of m miles an hour, 
is at a point A ; while Q who goes at the rate of n miles in the 
hour, is at a point B, two miles in advance of A. When are they 
together ? 

Has the answer a meaning, when m— n is negative ? Has it a 
meaning when m = n ? If so, state what interpretation it must 
receive in these cases. 

6. Show how to find the Least Common Multiply of two or 
more algebraic quantities. 

(1) x^''ax-2a^, x^+ax^ SLuiaz^-x^. 

(2) x^ -x^y —a^x-^-a^y and x^+ax^ —xy^ —ay^. 

In what algebraic operations is the Lowest Common Multiple 
of two or more quantities required ? 

6. State and prove the principle upon which the rules of Addi- 
tion and Subtraction of fractions are founded. 

Simplify the following expressions : 

(a+h-c)^-d^ (6+c--a)2--(i« {c +a-b)^--d ^ 

(1) (rt^^,)2_(c+d)2 + (6 + c)2-(a+rf)2 + (c+a)2-.(6+d)»- 

rf,2 ^ y2 ^ z^ -{'2xy a^+a^b a(a-b) 2ab 

(2) x'^-y^-Z'+^yz a^b-b^ ~ (a +6)6 "" oS^T^i" 

7. llax-'by-\-c{x-y) = {a-b){a-^b-c), 

by - cz +a{y-z) = (6 - c){b +c-a), 
cz—ax-\-b(z-x) = {c-a)(c+a-'b) 
then will a2(6-.c)+62(c-a)+c2(a-7>)=:0. 

8. P is a number, of two digits, x being the left hand digit, and 
y the right. By inverting the digits, the number Q is obtained, 
Prove that 11 (a?+2/)(P- Q)»9 (x-y) (P+Q). 



224 EXAMINATION PAPERS. 

XVI. 

1. Show that 

(a4-64)(a:*-y4); and that ^ 

2(a_6)(a-c)+2(6-c)(6-a)-f2(c-6)(c-«) 
is the sum of three squares. 

2. If « = a+5+c-f &o. to n terms, then 

« — a 8 — b 8 — c . . ^ 

-j -I + &c. = w — 1. 

« « « 

8. Show that a — h^h—c^ and c—a cannot be all three positive 
or all three negative. 

4. Extract the square root of 

4*8+9^6 _ I2a;4+16a;2 +9 -. 2a;(6a;« -8a;* +9ic« - 12). 

6. Given «^ — i(«+&)(p+g')+W = 0, 

find the value otp—q, and show that if either a or 5 is equal to e 
or d, then /> is equal to q, unless a+b=c+d. 

ST 

6. Find the value of — , having given 

y 



x^^'+ay^ af+b{x—yY 

7. Prove that (a— ?»)(6— c)(c— a) is a common measure of the 
quantities 

c*(a-6) + a4(6-c)+6*(c-a). 

8. Find the conditions that a^x+h^y^c^, ^s*+^2y = ^3> ^^ 
a^x+h^yr=^c^ may be satisfied by the same values of a; and y. 

9. Two persons, A and -5, start at the same instant from two 
stations (c) miles apart, and proceed in the same direction along 
the line joining the stations with velocities (a) and (b) miles per 
hour. Find the distance (x) from the stations where A over* 

iakes J3, and interpret lixe ie«vj\l ^\i«ii a iLb% 
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XVIL 

1. Express in symbols the result of subtracting from unity the 
quotient obtained by dividing the sum of a and b by their product. 

2. Multiply together a:+|,/a-f6, sb— \^a+b, x+i/a-b and 
X" Va-h; and divide 24a8—22a26-|-2a3c—6a62 4- 27a6c-84ac« 
4-66»-2262c+165c3+8c» by Sa-2b+Ac. 

8. K z+a be the H. C. F. of x^+px+q and x^+p'x+q\ 
their L. C. M. will be {x+a){x+p'-a){x+p' — a). 

Show that the difference between 

X , x X ^ a b , e 



+ r— :and— — + — -T + 



x—a 07—6 x—c aj— a «— 6 a;— 'c 
is Uie same whatever values be given to x. 

4. Prove, if the four fractions 

bx'\'Cy-\-dz cx-\'dy-\'az dx+ay + bz ax + by -i-cz 
b+c+d — a c-i-d+a—b* d+a + b^c a+b+c —d 

are equal to one another, their common value will be equal to 

x-\-y+z 

— 2 — *s l^^S *s a + b+e+d does not vanish. 

5. What do you mean by solving an equation. Show that 8 is 
a root of the equation 

6. Eliminate x between the equations 

a;s-f-— + 3 (•« + — ) = ^» *°* 



-— - 8 (a; ) = w. 

a;3 \ a; / 

7, If — + - « — —7 , «, 6, c are not all different* 

a 6 c <*+ — c 

8. A cask, A, contains m gallons of wine and n gallons of water • 
anc) another cask, jB, contains p gallons of wine and q gallons of 
water, how many gallons must be drawn from each cask so as to 
produoe by their mixture 5 gallons of wine andc ^Uona of ^«Aflst X 
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xvm. 

1. Multiply together the factors 

l-«, l+ar, l+a;^ l+«*, and 14-a;«, 
and show that if n is any uneven number, the sam of the nth 
powers of any two numbers is always divisible by the sum of the 
numbers. 

2. Find the numerical value of the expression 

e Va+ ^c 
b ^/a-^ ^0 

where a, 5, c are connected by the equation a;[5-c)3 — c(i^+c)2=:0. 

8. A has a younger brother, B. The difference between their 
ages is f of the sum of their ages. By adding twice JB's age to 
5 times A!%y we obtain the age of tiie father; and by subtracting 
twice B*s age from 5 times yl's, we obtain the age of the mother. 
Show that the age of the mother is ^ that of the father. 

4. Find the H.C.R of 

aj3-(2a+6)a;3+a(2a+/i)a;-a2(a+i), and 
ajS -(26+a)a;S+6(26+a)a;-6»(6+a). 

5. If — + — ss — , shew that 

be a 

(a+6-c)3+2(6+c-a)3 + (c+a-6)s = 2(5+c)». 

6. Show fully how the rule for findmg the square root of a 
given number is obtained. If n+l figures of the square root of 
a number have been obtained, prove that the remaining n may be 
obtained by division. 

Ei^tract the square root of 

a;2(a;3+2/3+«3)4.y2>552+2a;(2/+«)(3/«-a;3). • 

7. Find the value of the expression 
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8. Solve the equations : 

(1) i{x^2a)-l(x + da) + l(x'-6a) = 0. 

(2) V(2a;8+l)+V'(2.i-3+8) = 2(l~a;). 

9. Divide 21 into two parts, so that ten times one of them may 
exceed nine times the other by 1. 

XIX 

1. Multiply together 

x^ + ^^ax — tt* — Ja;+§«— i» 
Divide this product by 

ix'^ + lax^2a^''lx+2a^l; 
and extract the square root of the quotient. 

2. JI x-rhy+z^ 1 H = 0, shew that 

•^ X y z 

(x^+y^+z^)'^{x^+y^'\-z^)r=xyz. 

8. Find the H. C. D. of 20x4 +«2 - 1 and 75aj* +lox^-dx-S; 
also of {x+yy -x^ -y^ and (x^ -y^)'. 

4. Given that fl6-(a4-ft)(a;+2/)+4^;/ = 0» 

cd-'(c-{-d){x—y) 4- ^xy = 0, 

find the value of (x—y)^. 

5. Having given 

x^=y^Az'-2ayz 

y^=z^-\-x^-2lzx 
z^=x^+y^+2cxyy 



Show that 



aj2 y^ Z' 



l-a» 1-62 - i_cj 

l+x-^^ (2 x-\-x'') 
6- i-x+V{2x+x^) " ^ ""^^ 

7. Determine a; in terms of a and h in order that a;*+2<ra;'' + 
85*a;2_4flSa._}.4[,4 may be a perfect square. 

8. A company of 90 persons consists of men, women, and 
children ; the men are 4 in number more than the women, and 
the children exceed the number of men and women bv 10. How 
pian^r men, women, and children avc lAiex^i \a>\\^ <io\£i\vcK^^ 
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XX. 

1. Divide (l+m)a;*-(m+w)a?y(jJ-y) — (»— l)i/* l>y 

2. If x^ '\-px^ +qx+r is exactly diyisible by aj^+jyuj+n, then 

nq — n* = rm, 

8. Prove that if m be a common measure oip and ^, it will also 
measure the difference of any multiples of p and q. 

Find the G.C.M. of a:* -px^ + (ff - 1)«^ +/>« - ^ and 

4. Prove the rule for multiplication of fractions. 

Simplify ^'-(y)' X yl:±zf^ X ?!zi(?zyl% 

(y+2)2-^'* {2+ic)*-y^ (a:+2/)»-2« 

- a a a' 2a* — 6*— aft* 

a's+P' "" a2-6« ■*" (a-ft)(aa+62) a* -6* 

5. What is the distinction between an identity and an equation ! 
If a; — a = //+6, prove a5—i=y+a. 

Solve the equation 

16a; -13 40^-48 _ 82a; -80 20a? -24 
4a;-3 "^ 8a;-9 " 8a;-7 "*" 4aj-6 ' 

6. What are simultaneous equations ? Explain why there must 
be given as many independent equations as there are unknown 
quantities involved. If there is a greater number of equations 
than unknown quantities, what is the inference ? 

Eliminate x and y from the equations ax+bysse^ a'x+h'y^e, 
a^x + Vy = c". 

7. Solve the equations — 

(1) ^(w4-a;)+^(n-a;) = m. 

(2) 8a;+y+z = 13, 82/+2+a; = 15, 8«+a;+y = 17. 

8. A person has two kinds of foreign money ; it takes a pieces 
of the first kind to make one £, and h pieces of the second kind : 
he is offerei one £ for c pieces, how many pieces of each kind 

must he tofte P 
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9. A person starts to walk to a railway station four and a-half 
miles off, intending to arrive at a certain time ; bat after walking 
a mile and a half be is detained twenty minutes, in consequence 
of wbicb be is obliged to walk a mile and a balf an bour faster in 
order to reacb tbe station at the appointed time. Find at what 
pace he started. 

10. (a) If — = — then will , , , = -- . 

(b) Find by Horner's method of division the value of 
a;»+290a;*+279a;2-2892aj2-586x-812 when «= -289. 

(c) Show without actual multiplication that 
(a+&+c)3-(a+6+c)(a2-«6+63_6c+c2-ac)-8d6c = 
8(a+6)(i+c)(c + a). 



Note. — In. Ex. 6, p. 87, aftor proving that a+b+c is a factor, 
we may proceed as follows to discover the remaining quadratic 
factor : 

The quadratic factor must be of the form 

m(a^ + b^ +c^)-\-n{ab+bc+ca), 

in which m and n are independent, being either zero, or a positive 
or negative number. To determine them put c = 0, then the 
given expression gives 

{a^ -{-b^ -^Sabia-^b)} -^ {a+b) = a9 -^b^ +2ab, 

but also = m{a^+b^)+nab, :, m = l andn = 2. 

a3-f i3+c3+3(a+i)(^ + c)(c+rt)}^(a + i»+c)a 

a* +62 -|.c2+2(ai+6c-i-ra) = (a-|-6+c)». 



•• 



TO AVOW CONFUStOir, ASS: Pott 

mULER'Z SWINTOFS LANQUAQE LESSOITS, 

The new Authorized Orammar, S 

MILLER'S SWINTON'S LANGUAGE LESSONS, 

BY J. A. McMillan, b. a, 

THb onZfr Edition prepared as an Introductory Text Bock to 

Mason^s Grammar, 

In Miller*! Edition of Language Lessons The Deflnlf tons of 
the Parts ofiipeecli are now made Identical irltli 
mason's Oraumar. 

The Classllleatlon of Pronouns, Verb«9 Moods^ and 
CreneraA Vreaiment are the same as in Mason's Text 
Book* 

IQIIler's Kdltlon is prepared as an introductory Text Book 
for Mason^s Grammar, the authorized book for adranced dassea 
for Public Schools, so that what is learned by a pupil in an elemen- 
tary text-book will not hare to be unlearned when the adranced book 
Is used, a serious fault with many of the graded Public School Books. 

nilller's Edition containa all the recent examination Papen 
set for admission to High Schools. 

nililiBR'S SiriNTON'S IiANGfJAGB LESSONS 

Is authorised by the Education Department of Ontario, 
is adopted by the Schools of Montreal, 
Ib authorized by the Ck>uncil of Public Instruction, Manitoba. 

To th« President and Members of the Ckranty of Elgin Teacfaen 
Association: 

In accordance with a motion passed at the last regular meeting of 
the Association, appointing the undersigned a Committee to con- 
sider the respectiye merits of different English Grammars, with a 
Tiew to suggest the most suitable one for Public Schools, we beg 
leaTC to repcurt, that, after ftilly comparing the various editions that 
hare been recommended, we belieye that ** Miller's Swinton*s 
Language Lessons** is best adapted to the wants of Junior pupils 
and would urge its authorization on the Government^ and its intro- 
duction into our Public Schools. 

St Thomas, Not. 80th, 1878. 

A. F. BUTLEB, Co. Inspector. 

(T. McLEAN, Town Inspector. 

J. MILLEB. M.A., Head Master Si Thomas High School. 

A. STEELE, B A., •• Aybner High School. 

K. M. CAMPBELL, ** Co. of Elgin Model School. 

It was moTCd and seconded that the report be receiTed and 
adopted. — Carried unanimously. 

P]*ioe, Olotb. Eactra, - fiSa. 

, W. J. GAGE & COMPANY, 

_ (LAn ADAM MILLER & CO.) 



THE CANADA SCHOOL JOURNAL 

— BECEIVED— 

AN HONOR ABLE MENTION AT THE PARIS EXHIB ITION 1878. 

Recommended by the Minister of Education for Ontario, 
Recommended by the Council of Public Jnst., Quebec 
Recommended by Chief Supt. of Educ., Neu> Brunmrick. 
Recommended hy Chief Supt, of Educ, iVova Scotia. 
Recommended by Chief Supt, of Educ,, Brit. Columbia.^ 
Recommended &y Chief Supt. of Educ, Manitoba, 

—IS EDITED BT— 

-1 Connnitlee' of Some of the Leading EdacatioDists in Ontaiio,- 

— ASSISTED. BY— 

Able Provincial Editors in the Provinces of 

Quebec, Nova Scotia, New Brunswick, Prince Edward Is* 

land, Manitoba, and British Columbia, thus having each 

section of the Dominion fully represented. 

CONTAINS 

24 PA6ES OF READIM MATTER, 

Live Editorials; Contributions on important Ednca* 

ticnal topics; Selections— Readings for the School 

Koom; and Notes and News from each 

Province, 

PRACTICAL DEPARTMENT 

Will always contain useful hints on methods of teaching 

different subjects. 

MATHEMATICAL DEPARTMENT 

• Gives solutions to difficult problems, also to Examination 

Papers. 

OFFICIAL DEPARTMENT 

Contains such regulations as may be issued from time to time. 

Subscriptions: $i.oo per Annum, strictly in advance. 
Specimen Number Free. Address W. J. Gage & Co.^ 
Publishera. Toronto. 



New Work, Authorized by the Education Depart- 
ment in Ontario for use of Teachers. 



ANATOMY, PHYSIOLOGY AND HYGIENE. 

For Schools and Families. 
BY EDWARD PLAYTER,III.D.,EDITOR OF THESMITARYJOURHAL 

PRICE 90 CENTS. 



Not too large and Technical, nor too ele- 
mentary and incomplete. 

Comprehensive — comprising all parts of the 
subjects treated of. 

Concise, yet highly interesting. 
Well and practically illustrated ; and with 
copious questions and a full index. 

** As a text-book for schools, we have no hesita- 
tion in recommending it in preference to any oi 
the text-books on this subject now in use." — 
Canada Lancet. 

" A very judicious selection has been made of 
what is likely to be useful and absorbed by, the 
non-professional reader." — Canadian Journal of 
Medical Science, 

** An admirable little book. Specially adapted 
to High Schools and intelligent laymen." — Michi' 
gan Medical News Detroit. 



\r, J. GA^GiEi & com:i>a.]vy, 

Educational Publishers* 



BEATTY'S SYSTEM OF PRACTICAL PENMANSHIP. 



THE GREAT NllTIONIlL SYSTEM OF PENMIINSHIP. 



Xlie most fesuoeessf*ul aeriea of HeadUne 
Copy-Books ever publiaked in Canada. 

Nearly; )^,000,000 sold Annually. 

^utKoriaEed for collusive use in the Province 
of Manitoba. 

Adopted by the Toronto, London and Ottawa 
School Boards as the only series of Books to 
be used in their Schools. 

TJsed almost eocclusively in nearly aU the towns 
and vilUiges of the Province of Ontario. 

IntiToduoed into many of the Principal Schools 
of the Province of Quebec. 

IntiToduoed into a number of the Schools of 
Nova Scotia. 

Kndoi'sed hy the Press of the United States 
and Canada as one of the oest series extant. 

Approved by Leading Educationists in every 
Province of the Dominion. 



•:o:- 



GRADING perfectly adapted to the requirements oC.our 
Public Schools. 

PRINClPIiBS.— The fewest possible elements are in- 
troduced. 

THB PBNISANSUIP is plain, practical and easOjr 
written. 

BXPI< AlVATIONS on cover are dear, concls? and complete. 

PAPER is of the very best quality. 

nBCHANICAIi execution unrivalled. 

Can he had through any Bookseller in the Dominion, ^^^ 
W. J. GAGE & COMPANY. Toronix). 



"W. J. GACi^l & CO.»S 

Manuals for Teachers. 



No 2. 



MANUAL OF PENMANSHIP. 

S. G, BEATTY, late Principal of Ontario Business College, 
and author of Bej^tty's Practical Penmanship. 

A. F. MacDONALD, Principal of Wellesley School, Toronto. 



A Handbook intended to accompany 
Beatty's system of Penmanship, contain- 
ing a full exposition of the system. 



CONTENTS: 

Organizing Classes. 

Distribution dk Collection of Writing Materials. 

Position, Pen Holding, Pests and Movements. 

Movement Exercises. 

Counting in Concert. 

Spacing, Slope, Shade, ckc. 

Formation, Analysis, and Criticism of Stnall 

and Capital Letters. 
Continuation of Letters 
Fiaure Making. 
Hints to Teachers. 

Embellished with Guts, illustrating the length ^ 
and size of Letters, Spacing, Slope, Movement Ex^ 
erciscs. Rests, Position and Pen Holding. 

Printed on Toned Paper, Price 50 cents. 



tThis volume, taken with the eight small vol- 
umes containing the account of the different 
epochs, presents what may be regarded as the 
most thorough course ot Elementary English His- 
tory ever "pvLhliohed.— Aberdeen Journal, 

It is just such a manual as is needed ^ public 

school pupils who are going up for a High School 
coui*se. — Toronto Daily Globe, 

THE EPOCH PRIMER 

OF ENQLISH HISTORY, 

BY - **«^ 

REV. M. CREIGHTON, M.A., late Fellow 
AND Tutor op Merton College, Oxford. 



3rd E3D., — I^I^IOE 30 CEISTTS. 

O 



Teachers in every part of Canada have 
been loud in their complaints of the unauitdbility 
of the text books hitherto at their disposal to pre- 
pare pupils for admission to High Schools. With 
a view of meeting this want^ the Editor of the 
Epoch Series has prepared the Epoch Primer. 
Teachers will be glad to know that the Epoch 
Primer has been authorized by the Education De- 
partment in Ontario, for use of Pupil's preparing 
for (f^mission to High Schools. 

r-. O 

# 

W.; •jr. GA.GE &> Oo., 

EDUCATIONAL PUBLISHERS. 



DRILL & CALISTHENICS, 

FOR USE IN SCHOOLS. 

BT J. LAIGHLIN HUGHES, 

2*ublic School Inspector, Toronto, Oraduate of Military School, 

a, M.i9th Regiment 



T^HE WORK contains: 

The Squad Drill prescribed for Public 
Schools in Ontario, with full and explicit direc- 
tions for teaching it Free Gymnastic Exercises, 
carefully selected from the best German and 
American systems, and arranged in proper classes, 

German Calisthenic Exercises, as taught 
by the late Colonel Goodwin in Toronto Normal 
School, and in England. 

Several of the best Kindergarten Games, 
with the words and music of the songs u?ed and 
detailed explanations which will enable any 
Public School Teacher to introduce them. 

A Few Choice Exercise Songs ; several 
exercises to be performed with the aid of Good- 
year's Pocket Gymnasium, the simplest and most 
efficient single piece of apparatus used; and 
rules for School movements in general. 

The instructions throughout the book are di- 
vested as far as possible of unnecessary techni- 
calities. 

THE WORK IS ILLUSTRATED BY A NUMBER OF CUTS. 

PRICE, • 40 CENTS. 
W. J. GAGE & CO., Educational Publishebs. 



W. J. GAGE & GO'S. 
MANUALS FOR TEACHEES. 



No. 1, 

MISTAKES IN TEACHING. 

By «/. LA UG ULIN H UGHES, Supt. 
of .Public Schools^ Toronto. 

This work discusses in a terse manner OVER 
ONE HUNDRED of the mistakes commonly 
made by untrained 'or inexperienced Teachers. 
It is designed to warn young Teachers of the 
errors they are liable to make, and to help the 
older members of the profession to discard what- 
ever methods or habits may be preventing their 
highest •success. 

The mistakes are arranged under the follow- 
ing heads : 

1. Mistakes in Management. 

2. Mistakes in Discipline. 

3. Mistakes in Methods- 

4. Mistakes in Manner- 



Toned Paper. Cloth Extra. 

Price ^O Ocnts. 



The Best Elementary & Grammar Composition 

—OF— 

Miller's Swinton'sLan^age Lessons 

NOW m INDESTRUCTIBLE IRON BINDINQ. 



5t1i Bdltlon. 50th Thousaod. With Bxamlniitloii 
Papers for admlMnloo Co Hleh Sohools, Adapted an 
an lotrodnctorjr Text Book to mason** Grammar. 

' ■ I— ^— — — 

Proofli of the Snpeiiorlty of miUer's Bdition* 



Miller's Swinton^s is authorized hy the Education 
Department for use in the Schools of Ontario. 

Only Edition adopted by the Protestant Board of 
Education of Montreal, and used in many of the 
principal Schools of the Province of Quebec. 

Only Edition used in the Schools of Newfoundland. 

Only Edition adopted by the Supt. of Education 
for the Schools of Manitoba. 

Miller's Revised Swinton is used in nine-tenths of 
the principal Schools of Ontario. 

Only Edition prepared as an introductory Book 
to Mason^s Grammar, both having the same 
Definitions. 

(A TBOROUQH EXAMINATION GIVEN), 

St. Thomai, Not. 80tb, 1878. 
To the President &, Members of the Goont j of Elgin Teacher's Assoe^a :-> 
In ftflcflitlan— with a motion paited at tb« last reralar meeting of the AMoelatlon, 
appointing tbo nndenigned a Committee to eondder the respectiTe merits of different 
EngUsh Orammars, with a Tiew to raggeit the most ■oitable one for pmblie Mi04l>. 
we beg leare to report, tbat, after folly comparing the TarioaB editions that have been 
recommended, we beUere that ** Miller's Swinton's Langoage Lessons ** is best adapted 
to the wanta of Junior pupils, and would urge its authorisatioa on the QoTenunentt 
and its introduction in to our Public Schools. 
Signed, A. F. BUTLER Go. inspector. 
J. McLean, Town Inspector. 

J. MILLER, M.A., Head Master St. Thomas High SchooL 
A. STRELE, MA., '* Aylmer High School. 

N. CAMPBELL " Co. of Elgin Model SchooL 

It was moTed and seconded that the report be reeelred and adopted.— 

Carried unanimously 

^^"TO AVOID MISTAKES, ASK FOB 
REVISED EDITION MILLER'S SWINTON 



' One •rthe most popular Text Roolu ever pabllsHe^' 

ELEMENTARY ARITHMETIC 

ON THB 

UNITARY METHOD. 

BY THOMAS KiRKLANDt M.A.f Bclenoe Master, Normal fikdiool, 
and WM. 8COTT» B.A4 Head Mister Model School, Toronto. 

hleDd.d at u Ltrodoctorj Text Bool to Eamblk Smith's Arithmttic. 



CLOTH EXTSA^ 196 Paget wUh EXAMINATION PAPERS 

added. PRICE 25e. 



Prescribed by the Council of Public Instruction 
for exclusive use in t he Schools of Nova Scotia. 

Adopted in many of the best Schools in Quebec. 

Adopted in a number of the Schools of New- 
foundland. 

Authorized by the Council of Public Instruction^ 
Prince Edward Island. 

Authorized by the Council of Public Instruction^ 
Manitoba, 

Highly recommended by the leading Teachers of 
Ontario, 

Nearly 100,000 have been sold within first eighteen 
months of its issue. 

Commended by the Press of Canada and the United 
States. 

Highly commended by the leading Teachers in 
every Province of the Dominion. 

H. J. GAGI a CO., XDUOATIOHAL PUBLISBfeSS. 



^Zpocihi in Hiitonr mark m knlddh la tb« Stiidf of 11** 

O. W. Jranw, IULM.&, H>m«lna. 

An Acceptable Tezt-Book on English Bstory 



*j»'. 



EPOCHS OF ENGLISH HISTORY. 



REV. M. CREIGHTON, M.A. 



Antliorized by tlie EdnemUoB Depftrtm^nt* 



AdopUd by the Public Schools of Montreal^ and a tmmhif Oj 

the best Schools in Ontario* 



" Giaracterized by Brevity and Comprehensiveness.*'— 
Canada Presbyterian, 

"Amongst manuals in English Histoir the Epoch 
Series is sure to take high rank.'' — Daily dooe. 

" Nothing was more needed than your excellent 
Primers of English History."— Fred. W.Kelly, M.A.3J[>.i 
LcMct. in English History, High School, Mont eaL 



In Eight Volumes, 20 cents each« \ 



WHOLE SERIES in TWO VOLS. ONLY 60o. each. 

Part I. Contain First Four of the Series. 
Part II. Contains Last Four of the Series. 

W. J. GAGE & COMPANY, 

(LlTB ADAM MILLER ft CO.) 



MANUALS FOB TEAGHEES. 



IN THE ]?K.C:SS« 



No. a 

HOW TO SECURE & RETAIN 

ATTENTION. 

By J. LA TJGHLTN nVGHES, Supt. 
of Public Schools^ Tcronto. 



o- 



Ready, March 1st. Toned Paper, Cloth extra. 

o 

Trice SO G€irk.tHm 

No. 4. 

HOW TO TEACH ARITHMETIC 

By J. A. McLELLAN, M.A., L.L.D., 
High School Inspector ^ Ontario. 



Ready March 1st. 

I»i*ice SO Ocnts. 

o 

W, J. GAGE & CO., 

EDUCATIONAL PUBLISHKIt& 



W. J. GAGE & CO/S EDUCATIONAL SERIES. 



NEW WORK ON BOTANY. 



AN 



ELEMENTARY BOTANY 

INTENDED FOR THE USE OP SCHOOLS. 
With special reference to the study of 

GANADIAIff PI.ANTS; 

TO WHICH IS ADDZD A 

SELECTION OF EXAMINATION PAPERS, 

EY 

JOHN MiACOTJN, Mi.-A.., IB'.X^.^ 

Professor of Botanj in Albert University. 

AND 

H. B. SPOTTON", M. iL.; 

Haad Master of Barrie H gh SchooL 
ILLUSTRATED BY THE AUTBiORS. 

ISO Paarcs, Toned l?aper, ^l.OO. 



ittiUcr ^ <[o*e €bncatiotml iSeries. 

HAMBLIN SMITH'S 

MATHEMATICAL WORKS, 

4U USED ALMOST BZCLUtlVnT 

In the Nonnal and Model Schools. Toronto, 
Upper Canada College ; Hamilton and 
Brantford Collegiate Institutes ; Bow* 
manville, Berlin, Belleville, and a lajcge 
number of leading High Schools in the 
Province 



HAMBLIN SMITH'S ALGEBRA, 

with Appendix, by Alfred Baker, B.A., MatbemAtical Tutor, Uniyer 
•itj Oollegv, Toronto. Prioe, 00. cento. 

THOMAS KIRKLAKD, lf.A., Science Vutter, KomMl Sdiool. 

" It !• the text-book on Algebra for cuidldatee for eeoond-ckMi 
seitiflcatet, and for the Intermediate Examination. Not the least 
valuable part of it Ib the Appendix hy Mr. Baker.*' 



GEO. DICKSON, R.A., Head Master, Collexlate Instltiita, HamOtoii. 

" Arrangement of subjects Kood ; explanations and proofs exhaos- 
tive, concise and cleat ; examples, for the most part from University 
and College Examination Papers, are numerous, easy and pr ogres s ive. 
There is no better Algebra in use in our High Schools ana Oolkgiate 
In.'ttitutes;'* 



WM. R. BIDDELL, B.A., B-So., Mathematical Master, Nonnal 

School, Ottawa. 

** The Algebra Is admirable, and well ai^apted as a genenl t«xt- 
book." 



W. B. TILLET, BJL, Mathematical Msster, BowmanviDe High SchooL 

" I look on the Algebra ss decidedly the best Elementary Work on 
the subject we have. The examples are excellent and well arranged. 
The explanations are easily understood. 



R. DAWSON, B.A., T.C.D., Head Master, High School, BeHevUle. 

** With Mr. Baker's admhrable Appendix, there would seem to.be 
nothing left to be desired. We have now a first-dass book, well 
adapted in all respeoto to the wanto at puidls of all grades, from the 
begrinner in our Public Schools to the most advanced student in our 
lk>llegiate Institutes and High Schools. Ito publication Is a great buo& 
to the over- worked mathematical teachers of the Frovinea 



EXAMINATION PAPERS 

ARITHMETIC^ 

67 J. A. McLellan, LL.D., Inspector High Schools, and 

Tuos. KiRKLAND, M.A., Science Master, Normal School, 

Toronto. Second Edition. 

PRICE $1.00. 



From the GUELPH MERCURY. 

. . . The work ia divided Into six chapters. The flrrt It on the 
(Jnitary Method, and gives solutions showinjr its apfdicatlon to a 
variety of problems, in Simple and Compound nroportum ; Peroentaffe^ 
Interest, Discount, Profit and Loss; Proportional Parts, Partnenhrp; 
Chain Rule, Exchange, Alligation; Conunission, Insufance, &&, 
Stocks ; and Miscellaneous Problems. The second is on Elementary 
Rules, Measures and Multiples, Vulgar and Decimal Fractions. Ibe 
third contains Examination Papers for entrance into High Schools and 
Coll^^te Institutes, the fourth for candidates for third-class certifi- 
cates, the fifth for candidates for the Intwmediate Examfamtion and 
second-class certificates, and the sixth for candidates for third-clsss 
certificates and University Honours. It will be observed that the work 
b^na with the fundamental rules— those principles to be acquired 
when a pupil first enters upon the study <» Aritpmeti4^ and carries 
him forward till [nrepared f<w the hb^hest class of certificates and for 
Honours of the University. . . . Teachers will find in it a necessary 
help in supplying questions to give their classes. Those who aspire to 
be teachers cannot have a better guide— 4ndeed there is not so good a 
one— on the subject with which it is occupied.* 



From the ADVERTISER. 

... By all who are groping after some method better than 
they have at present* this volume will be cordially welooroed, and 
mangr^who have never suspected the possibility. of accomplishing so 
much by independent methods, will be, by a penuial of the introduc- 
tory chapter, impelled to think for themselves, and enabled to teach 
their pupils how to do so. • . . It is far superior to anything of the 
kind ever introduced into this countrv. ... The typographical 
appearance of the work is <^ a very high character— qmte equal, In 
fact, to anything of the khid issued by the best iHiblishing houses of 
London or New York. 



From the TELESCOPE. 

. . . The plan of the work is excellent^ the exercises bdng 
arranged progresavely, each series preparing the student for the next. 
The problems are all original, and so constructed ss tO prevent the 
student using any purely mechanical methods of rolutlon. . *. . We 
should really feel proud of our Canadian Authors and publishing 
houses, when we consider the infancy ot our oounUy and the progress 
it has made and is making in educatfonal mattets^ and parUcularly io 
the recently pr^liShed educational woika. 



Mental Arithmetic. 

By J. A, MeLELLANt UJL.^ LL.D , Itupeetm 
of High SehooU, OnL 

PART l.-FUNDAMENTAL RULES, FRACTIONS, 
ANALYSIS. PRICE, 80c 

PART II.-PERCENTA6E, RATIO, PROPORTION, ftC. 

PRICE, 45C. 

W. D. DIMOCE, A3., H^. 
Provincial Model School, Nova Scotia. 

Dr. McLellan's Mental Arithmetic sappliei 
a want that we ahoold have had supplied in 
our Schools long agp. Same progress cannot 
be made in Mathematical work, unless what 
we call Mental Arithmetic is thoroughly and 
systematically pursued. A boy who is oon- 
versant with the principles of Mental Arith- 
metic, as given m this UtUe text-book, is worth 
as a clerk or accountant 60 per cent mors 
than the prodigy who can boast of haviog 
** gone " through his written arithmetic half a 
dozen times. 

J. 8. DEACOli^, Principal IngenoU Model School. 
Dr. McLellan'i Mental Arithmetic, Part L, ia a 
credit to Canadian!, and it supplies a long-felt 
want. Itii JQit what is wanted for "waking up 
mind" in the school room. After two weeks nse en 
the book with my class I am oonyinced tBat it is. 
much superior to any of the American texts that 
haTc been used here both as to the grading of ques- 
tions and the style of the problems. 

J. A OLABEE, M. A., H. M. H. 8., Picton. 
Dr. McLellan's Mental Arithmetic contains a 
mat nwnber of useful problems well adiqyted to 
develop by regular gradations the thinking powen 
of the pupil, and to suggest similar examples for tiie 
use of the teacher. . 



D. J. OOGOIN, Head Master Model and Pablic 

Schools, Port Hope. 
Simple in its arrangement, varied in its types of 
practical questions and sugegestive in its methods, 
It is the best book of its kind that I have examined. 



From THE WE8LEYAN, Halifax, Nova Scotia. 
The series bids fair to take a good place in aebo* 
Isstto work. 



W. J. GAGE & CO.'S EDUCATIONAL SERIES. 
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ENGLISH GRAMMAR 

- ""--^i" — BY — 

MASON AND MACMILLAN. 



Msvon's Advanced Grammar. 

Including the principles of Grammatical Analysis. By C. 
r. Mason, B.A., F.C.P., Fellow of University College, London. 
Enlarged and thoroughly revised, with Examination Papers 
added by W. Houston, M: A. 27th edition, . • . , $0 75 

'* I asked a Grammar School Inspector in the old country 
to send me the best grammar published there. He immedi- 
ately sent Mason's. The chapters on the analysis of difficult 
sentences js of itself sufficient to place the work far beyond 
any English Grammar before the Canadian public." — Alex. 
Sims. M.A., H.M.H.S., Oakville. 

Mason's Shorter English Grammar* 

With copious and carefully graded exercises, 243 pages — New 
and improved edition f o 60 

Mason's Outlines of English Grammar. 

Fqr the use of Junior Classes • • ..$0 50 

English Grammar Exercises. 

By C. P. Mason. Reprinted from Common School Edition, 

$0 30. 

REVISED EDITION 

Miller's Swinton's Language lessons. 

Adapted as an introductory Text Book to Mason's Grammar. 
By J. A. Macmillan, B.A. It contains the Examination 
Papers for admission to High Schools, and teaches Grammar 
and Composition simultaneously. 5th Edition, 50th thousand, 

«o 25. '' 



BCOKS FOB TEACHERS * STUDEIVTS, 

bt dr. McLELLAN. 

** In oar ODininti the hast Collection of Prohleinf on the Ameri .an 
CooUDeuL*^Aa<tdaal Teaehen^ MaittklM, N.T. 

By J. A. McLcLLAX, M. A., LL.D., Inspector High SchoolSw Ont., and 
TuoMAA KiBKLAJTD, If .A., Science Master, Normal School, Toronto. 

Fourth Complete Edition, Price, 9I.OO. 



Examination Papers in ArUlimetic-Part 1 

Bj J. A. KcLkllax, K. a., IX.D., and Tnoa. Kbklaxd, ]ff.A. 
Price, - --- .-.50 Cents. 

This Edition has heen issiied at the request of a larige numher 
of Public School teachers who wished to hare a Cheap Kdltkin 
for the use of their pupils preparing 'or admission to High 
bchooL 



Hints and Answers to Eianination Papers In ArithmetlCi 

Bjr J. A. McLellaji, ICJL, LL.D., and Tnoa. Kbelaxd, ILA. 
2nd Edition, • - - - - • - $1.00. 

HeLellan's Mental Arit]imetie.--Fart 1. 

Containing the Fundamental Bules, Fractions and Analysis. 

By J. A. McLELLAN, M.A., LL.D., Inspector High Schools, Ontario 

2nd Edition, ... 30 Cents. 



MeLellan's Mental Arithnietle,—Part n. 

Specially adapted for Model and High School Students, 

Second EditioNi 
Price, •-.... 45 Cents. 



W. J. Gage & Co., Educational Publishers- 



